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distributed randomly in space, with small density ε > 0, and
Gaussian velocities (Thermal infinite-volume state of gas)
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A simple physics model for Brownian motion

Elastic collisions between billiard balls. At time t = 0,
distributed randomly in space, with small density ε > 0, and
Gaussian velocities (Thermal infinite-volume state of gas)
X (t) position of tracer particle

|X (t)|2 ∼ 6Dt , t →∞

Common wisdom ⇔ Tough math

Simpler Model, same phenomenon: Eliminate all collisions
except those involving the tracer particle⇒ ’Rayleigh gas’



Goal for mathematical physicists
Prove that the particle exhibits diffusion. Relates to
→ Emergence of irreversibility from deterministic dynamics
→ Extended states in Anderson tight-binding model
→ Continuous symmetry breaking in σ-models

Goal for nonequilibrium physicists
Right tools, concepts to study phenomena (far) from
equilibrium. (e.g. which variables characterize molecular
motors)

Goal for poets
Diffusion is everywhere around us. It should be possbile to
construct mathematically tractable models.



Rayleigh gas: Heuristics and Recollisions
Let ρ0 be law of positions +velocities of all gas particles at t = 0.

Conjecture

lim
t→∞

(Eρ0 |X (t)|2/(6t)) = D

(or) CLT: Xi(t)/
√

t d−→ N (0,2D).

Heuristics to see diffusion
After collision with gas particle A, assume that future collisions
of tracer are independent of A (Markov property): Tracer gets
random, independent kicks: Xt =

∫ t dsV (s) with V (·) an
exponentially fast mixing Markov jump process: ⇒ CLT for X (t).

Recollisions: After collision with A, get a kick from B to retrieve
A. ⇒ Markov property breaks down.

.....Still CLT? We do not know how to deal with it....
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Simpler Problem: Markovian limit

Consider a scaling limit s.t. ”No recollision approximation” is
exact. Let ε density of gas.

Time for 1 collision ∼ ε−1, Time for a recollision ∼ ε−2

So in a time of ∼ ε−1,

Prob(collision) ∼ 1 Prob(recollision) ∼ ε.

Then,

Deterministic evolutionε(ε−1x , ε−1t) →
ε→0

LBE(x , t)

where LBE= ”linear Boltzmann equation”. Markovian limit ε→ 0
forces sharp separation of scales: Jump process on momenta;



Philosophy of Markovian limits

Tells us only what happens up to time ε−1:
Random kicks ≈ random walk ≈ Diffusion
Is this perhaps transient behavior and does one get truly
different behaviour at larger times? Well, no, but...
Markovian limits popular in math-phys
Aim of my work is to go beyond Markovian limit: Want to
keep ε small but fixed and set up expansion around
Markovian limit
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Is this perhaps transient behavior and does one get truly
different behaviour at larger times? Well, no, but...

...sometimes yes

2D Anderson model with disorder λ qualitatively well-described
by Markovian limit (LBE) for intermediate times λ−N , but
localized for large times expλ

−2

Hydrodynamic suicide: hard spheres superdiffusive in d = 2
(next slide)
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Philosophy of Markovian limits

Tells us only what happens up to time ε−1:
Random kicks ≈ random walk ≈ Diffusion
Is this perhaps transient behavior and does one get truly
different behaviour at larger times? Well, no, but...
Markovian limits popular in math-phys Existing results
(NOT exhaustive) on scaling limits

Yau, Erdös, ’99, Yau, Erdös, Salmhofer, ’05, Lukkarinen,
Spohn, ’08, quantum or wave models
Toth, Holley, Dürr-Goldstein-Lebowitz, ’81, Rayleigh gas
Komorowski, Ryzhik, ’04, particle in random force field
Dolgopyat, Liverani, ’10, coupled Anosov systems.

Aim of my work is to go beyond Markovian limit: Want to
keep ε small but fixed and set up expansion around
Markovian limit



Failure of Markovian limits: Hydrodynamic suicide

Correlation decay: Prob. of recollision decays polynomially

Hard spheres, recollision Prob. is t−d/2 ⇒ both particles
X (t),X ′(t) assumed diffusive,⇒ recollision Prob is

P(X (t)− X ′(t) ∼ 0) ∼ t−d/2

Slow decorrelation of velocity E(V (t)V (0)) ∼ t−d/2 generic in
momentum-conserving Hamiltonian system: (Alder,
Wainwright, ’70).
⇒ anomalous diffusion in 1D and 2D systems:

E(
X 2(t)

t
) ∼

∫
ds E(V (s)V (0)) =∞, (Green-Kubo relation)

However, Markov approx. has 〈V (s)V (0)〉 ∼ e−C|s|
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Quantum model: Particle+ Free Phonon Field

Hilbert space

H = l2(Zd )︸ ︷︷ ︸
particle position

⊗ C2︸︷︷︸
spin

⊗ HE︸︷︷︸
Environment: phonon field

Hamiltonian

H = λ2Hhop ⊗ 1⊗ 1︸ ︷︷ ︸
free flight

+ 1⊗ Hspin ⊗ 1︸ ︷︷ ︸
spin

+ 1⊗ 1⊗ HE︸ ︷︷ ︸
free phonons

+ λ
∑

x

V (X − x)⊗W ⊗ (ax + a∗x )︸ ︷︷ ︸
creation/annihilation of phonons at point x

X : position of particle, V : smooth potential, W : effect on
spin, λ small parameter, ’spin’ = internal degree of
freedom (e.g. vibrational levels of molecule)



Result

Let the initial state (∼ density matrix) be ρ0 = ρP,0 ⊗ ρE where
ρP,0 is localized particle state and ρE is thermal (Gibbs) state of
phonon gas.

Diffusion (D.R., Fröhlich 2009, D.R., Kupiainen 2011)
Assume

V̂ is sufficiently smooth and sufficiently non-trivial, and has
sufficiently small support.
d ≥ 3

Then, for |λ| small enough but not zero:

Tr[ρ0e−ik X(t)√
t ] −→

t→∞
e−k2Dλ .

with Dλ = λ2(Dm + o(|λ|0)), Dm diff. const. of Markov approx.



Plan of the argument

I Derive a ’Markov’ approximation in limit λ→ 0, t = λ−2τ .
Here: Lindblad evolution or Bloch-Boltzmann equation.
Unlike the Rayleigh gas, no space rescaling: long time λ−2

but small velocity λ2 ⇒ distance O(1).
Creeping particle⇒ think of it as random walk.

II Set up perturbation theory of random walk by
nonmarkovian effects:
Analogy: Random walk in time-dependent -slowly
decorrelating- random environment.
Try to apply tools of statmech since itH → βH.
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Markov Approx: Van Hove limit

Convergence of particle density matrix [Davies, 74]

Let ρP,t ≡ TrE ρt = TrE(e−itHρ0eitH) (E traced out), then,

eit[Hspin,·]ρP,t
λ↘0−→

t=λ−2τ
eτLρP

where L is a “Lindblad operator”.

Transport and dissipation L = −i[Hhop, ·] + Ldiss.
Ldissρ describes jumps of εspin,p (spin/momentum) by
emission/absorption of phonon with momentum q

(ε,p)→ (ε′,p′)+q with

{
p = p′ + q

ε = ε′ + ω(q) +������
∆Ekin ∼ λ2

Spin brings new energy scale: separates randomization of
p and motion x .
Decoherence in x ,p, εspin.
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eit[Hspin,·]ρP,t
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L is quantum analogue of a (forward) Markov generator,
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RWRE I (random walk in random environment)

Let Uτ∈N be random transition kernels on Zd

Transition kernels

Uτ (x , x ′) ≥ 0,
∑
x ′

Uτ (x , x ′) = 1

Law of Uτ invariant under space and time-translations.
E(Uτ ) = T is transition kernel of simple random walk, say.
Hence, Uτ = T + Bτ with Bτ ’dynamical disorder’.
”Disorder correlations”:

G(γ)
τ2−τ1

(x2 − x1) :=
∑
x ′1,x

′
2

E(Bτ1(x1, x ′1)Bτ2(x2, x ′2)) eγ
∑

i=1,2 |x ′i −xi |

Unique parameter if Bτ are Gaussian⇒ assume for
simplicity.



RWRE II

CLT (Ajanki, D.R., Kupiainen, 11), inspired by (Bricmont,
Kupiainen, 90)
Assume (for some γ, α) a ’small disorder’ condition:∑

τ∈N
sup

x
(1 + τ)α

∣∣∣G(γ)
τ (x)

∣∣∣ ≤ δ,
Then, if δ < δ0 and α > 0: Central Limit Theorem∑

x

e−ik x√
N [E(UN . . .U1)] (0, x) −→

N↗∞
e−D2k

Intuition: Let J(τ) ∼ |Gτ | ∼ |τ |−1−α and στ steps of walk.

1 dim long-range Ising H =
∑

τ1,τ2∈N
J(τ2 − τ1)στ1στ2

For α > 0, at small δ (high temp): unique phase ∼ Markov
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Renormalization group for RWRE I

Recall kernels (random except T )

Uτ (x , x ′), T (x , x ′), Bτ (x , x ′)

Renormalization step, for some L >> 1.

RUτ (x , x ′) := Ld
(

UL2τUL2τ−1 . . .UL2(τ−1)+1

)
(Lx ,Lx ′)

We denote

U ′τ = RUτ , T ′ = E(U ′τ ), B′τ = U ′τ − T ′

Find new coupling constant δ′

E(B′τ2
⊗ B′τ1

) ∼ δ′|τ2 − τ1|−1−α

Then, rescaled model ∼ original model, but flow T → T ′, δ → δ′

Of course, B′ in general not Gaussian, even if B is: need also
higher moments.
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Renormalization group for RWRE II

Each step is perturbative:

Denote the heat kernel Ht (x , x ′) = (4πt)−d/2e−
(x−x′)2

4t .
Action of flow:

δ → δ′ → . . .→ 0: disorder vanishes (B → B′ → . . .→ 0)
T → T ′; Both T ,T ′ 1-step transition kernels of random
walks on finer lattice, but D → D′

T → T ′ → . . .→ HD?
. This is indeed a Fix point by scale

invariance

HL2D?
(Lx ,Lx ′)d(Lx ′) = HD?

(x , x ′)dx ′

A simple and intuitive way to prove CLT and invariance
principle for random walks, but how does it relate to our
model?
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Analogy with RWRE

1 timestep time-interval λ−2[τ − 1, τ ] (stochasticity visible)

Uτ dynamics ρ→ e−itHρeitH for time t = λ−2

T (close to) Markov approx. (emerges on times ∼ λ−2)

Bτ Uτ − T ⊗ 1 effect of recollisions

E Partial trace over the environment wrt. Gibbs state

δ function of λ, measures effect recollisions
effect collisions

α quantifies correlation decay of the free phonons

Duhamel expansion quantum evolution up to time λ−2N
∼ expansion (T + B)N = T N + . . ..

All we ever use is
T := E(Uτ ) and Uτ = T + Bτ .∑

x,x′ Bτ (x , x ′) = 0 (conservation of probability ⇒ Ward
identity)
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Related approach to (quantum) P+E models

Liouvillian L generator of positive-temp dynamics.
Translation-invariance L =

∫
⊕ dpLp with p total momentum.

Proving thermalization: L0 has a.c. spectrum+one
eigenvalue (Gibbs state).
Proving diffusion: Resonance of Lp dominates:

〈ψ,eitLpψ′〉 ∼ e−t(Dp2+O(p4)), ψ, ψ′ ∈ “smooth subspace”

Beautiful techniques (complex deformations, Mourre
theory, RG) imported from Schrödinger Op. to QFT and
used for confined systems: (Bach, Derezinski, Fröhlich,
Jaksic, Merkli, Pillet, Sigal,. . . )
I did not manage to rephrase proofs in this language, but
there must be a firm connection.
Classical models for particle+wave field: (Asymptotic)
coupling techniques = supergun?
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Jaksic, Merkli, Pillet, Sigal,. . . )
I did not manage to rephrase proofs in this language, but
there must be a firm connection.
Classical models for particle+wave field: (Asymptotic)
coupling techniques = supergun?



Related approach to (quantum) P+E models

Liouvillian L generator of positive-temp dynamics.
Translation-invariance L =

∫
⊕ dpLp with p total momentum.

Proving thermalization: L0 has a.c. spectrum+one
eigenvalue (Gibbs state).
Proving diffusion: Resonance of Lp dominates:

〈ψ,eitLpψ′〉 ∼ e−t(Dp2+O(p4)), ψ, ψ′ ∈ “smooth subspace”

Beautiful techniques (complex deformations, Mourre
theory, RG) imported from Schrödinger Op. to QFT and
used for confined systems: (Bach, Derezinski, Fröhlich,
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Semi-realistic many body Hamiltonian model for Brownian
motion: Everything tractable.
Model has a Markovian limit: Lindblad equation, exhibiting
diffusion.
By perturbing around Markovian limit, some tools/intuition
from stat-mech. In particular renormalization approach to
dynamical RWRE.
Still far from a serious (sufficiently general) rigorous
understanding of Brownian motion in Hamiltonian systems.

Thanks for your attention!
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