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ICON-IAP:  
A non-hydrostatic global 

model designed for 
energetic consistency 



ICON-IAP is a model on a Voronoi mesh: 
The divergence lives on Voronoi cells (mostly hexagons) 

Where does the vorticity live? 

On 1 triangle? On 3 rhombi? 



The case for the 3 rhombi. Why? 

1. The dispersion relation 

2. The momentum diffusion (including 
dissipative heating) 

3. The prevention of Hollingsworth‘s instability 
(and an argument against vorticity-
constrained numerics in three-dimensional 
equations) 



1. The dispersion relation 
Compare hexagonal and quadrilateral C-grid 

SWE: wave equation 

SWE: vorticity divergence form 

SWE: momentum form 

C-grid structure 



SWE: vorticity divergence form 

Observation 
The average of the three vorticities on rhombi has the same meaning on the 

hexagonal C-grid as one dual grid vorticity on a quadrilateral C-grid. 



vector  
Laplace 

The Helmholtz decomposition provides the linear dependency of the vector components only if the 
tilde average is used for the stream function. The stream function is not defined on triangle centers, 

but on hexagon centers and occurs only as an averaged quantity. 

Is there a deeper reason why the vorticity must be defined on rhombi? 

Helmholtz  
decomposition 

position 
of the 
stream 
function 
and the 
vorticity 



2. The momentum diffusion 
Consider different forms for a constant Kh 

1. Second order finite differences  

2. Vector invariant form 

3. Divergence of a turbulent friction tensor 

They all give the same result! 

F: shear deformation, E: strain deformation 

physically meaningful 

We observe the equivalence between the three forms only if the 
vorticities and the shear deformations are defined on rhombi. 



Relevance of the momentum diffusion in the Smagorinsky form  
(divergence of a symmetric stress tensor)  

Kinetic energy equation 

Stationary TKE equation 

Internal energy equation 

Energy conservation requires that dissipated kinetic energy is fed back to the internal energy. 

The 2nd law of TD requires positive entropy production, hence ε must be positive. 

Turbulent dissipative heating 

General form of the dissipative heating on a Voronoi mesh 
• shear deformation F on rhombi 

• diffusion coefficient averaged to rhombi 
→ Positivity can be proven for equilateral grids 



Example:  
Baroclinic wave test 

 up to 40 days 

without momentum diffusion with horizontal momentum diff. (no vertical diff.) 
gray: without frictional heating 

internal energy potential energy kinetic energy total energy 

850 hPa 



 Held-Suarez test 

Temperature relaxation towards an equilibrium temperature. 

Contours: run with dissipative heating 
Colours: run without dissipative heating  − run with dissipative heating 
 
Results average last 1000 days of a 1250 days run. 



3. Hollingsworth‘s instability 

Vorticity contribution as  
in Thuburn et al, JCP, 2009 

Vorticity contribution as  
in Gassmann, QJRMS, 2012 

Why does the instability occur in the TRSK energy conserving scheme? 



Often we consider the vorticity equation as a benchmark when constructing numerical 
schemes, e.g. the APVM or the Arakawa-Lamb scheme. This is OK for the SWE, but for 
three-dimensional equations, the numerically generated divergence equation might 
cause problems… 

History of model development for grid-point models: 

• Quasi Geostrophic age (till the 70ies): prognostic vorticity equation, Arakawa Jacobian, 
explicitly set balance equation (not numerically derived) as the torso of the divergence 
equation. 

• Primitive Equation age (starting the late 70ies): prognostic momentum equations, 
vorticity and divergence equations live implicitly in the background as numerically 
derived equations. 

• When trying to inherit the Arakawa-Lamb scheme to the three-dimensional equations, 
Hollingsworth‘s instability occurred the first time. Why? 

Discretisation of this term  
is constrained 

by APVM, AL scheme, or TRiSK 

However, LHS and RHS are not numerically equivalent 
This does not matter in the vorticity equation (rot grad vanishes), but it does in the divergence equation! 



Numerical non-cancellation error ε 

Quasigeostrophic view on the consequences of an error ε: 

 Consider a zonal flow… 

Theoretically, the error in the vertical velocity must increase for  
decreasing thermal stability and increasing vertical wind shear. 
This is excactly observed in the numerical experiment. 



 How can we get around this problem for a hexagonal C-grid? 

Minimize the numerical non-cancellation error ε! 

Modify the vorticity flux term 
• use a Sadourny (1975) -like scheme 
• practical observation of Holl. et al. 1983 
• Sadourny (1975) energy cons. scheme: 

Only the two adjacent vorticities of an 
edge enter the generalized Coriolis term. 
On the quadrilateral C-grid, the non-
canellation error does not appear at all! 

• stencil is the most compact 

Modify the kinetic energy term 
• enlarge the stencil for the kinetic energy 
• original proposal of Holl. et al. 1983 
• side effect: Mass flux in the divergence 

term has to be modified, too, in order to 
restore energy conservation 

• stencil becomes artificially large 

Because we know the correspondence 
between the three rhombi on the hex C-
grid and the vertex box on the quad. C-grid 
we can guess a suitable discretisation. 

Vertex vorticity scheme 

or 



 Conclusion 

• All shown examples (wave equation, momentum diffusion, vertex vorticity scheme) 
suggest that the vorticity and the shear deformation on a hexagonal C-grid have to 
be defined as the average of three rhombus values. 
 

• Open question: What does happen for non-equilateral grids? We only know what 
has to happen in the limit of regular grids. 
 

• Physical reasoning for our models: The explicit or implicit dissipation in a numerical 
model will have an impact on the physical behaviour, at least in the long term, and 
especially for climate applications 
 

• The talk focused on numerics on the hexagonal C-grid. ICON-IAP includes moist 
physics and turbulence parameterisations as well as sophisticated tracer transport. 


