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Nuclesome
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Size = 11 nm

The size is
conserved
throughtout
the eukaryotes
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Nuclesome

Why are the diameters of the nucleosomes
conserved across the eucaryotes?

Which principle determines the packing of DNA?
(local packing principle)

Which principle determines the coiling geometry?
(global packing principle)

Torus Knots and Links, Twist Neutrality and Biological Applications, Isaac Newton Institute, 6. December 2012
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Generic Double Helices

Torus Knots and Links, Twist Neutrality and Biological Applications, Isaac Newton Institute, 6. December 2012

What determines the pitch of
a (molecular) helix?

What determines how a double
helix behaves under strain?

Figure 2.

a)

b)

c)

d)
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Diameter of Double Helix

Torus Knots and Links, Twist Neutrality and Biological Applications, Isaac Newton Institute, 6. December 2012

a - helix diameter

D - strand diameter

ν⊥ - pitch angle

DTU Nanotech 5/18



Volume Fraction of a Double Helix

Twist Neutrality, Isaac Newton Institute, 6. December 2012

Figure 8

fV =< ρ >
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CP Structures

3.2 Minor and major grooves

Some double helices have a broken symmetry such as the B
form of DNA, which results in a minor and a major groove.
They can be modeled in the same fashion as above if one

introduces a phase shift D as an order parameter for the

symmetry breaking. The transient equation then becomes

sin t ! h2

a2
t ! "1# D$ph

2

a2
% 0: "16$

In Fig. 9 the solutions are shown for D = 0.21, which

approximately corresponds to the B form of DNA. In Fig. 7

is also shown the result for 2a/D when D = 0.21, and in
Fig. 8 the packing fraction fV as a function of v?: As can be

observed the densest packed structure appears for v&?
around 38.3! and is about fV

* = 0.597.

3.3 Polydeoxyribonucleotides

There are several different helical structures of DNA, here

we compare the above results with the structures of double
stranded A-, B-, and Z-DNA. For each of these the helical

pitch, H, is well defined and easy to obtain from the

literature. The arduous question is how to represent the
molecular structure with helical lines. For DNA, the helical

backbones are often represented by the phosphorus atoms.

The phosphorus atom sits distinctly in the peripheral of the

structure and can therefore not be said to be an approximate

locator for the helical tubes. As a qualified first guess of the
position of the helical lines we shall take a point 2.5 Å

closer to the central line. This estimate is the basis for the

numbers reported in Table 2, and for the calculated pitch
angles which are shown in Fig. 8 as vertical lines. From

Table 2 one can see that A and B DNA both are near the

optimum close-packed structures when the symmetry
breaking in B DNA is taken to be a priori.

Presumably, there is chemical insight to be obtained

from noticing that the absolute packing ratios for B and Z
DNA are nearly identical. One could speculate that this

would allow the two structures to change into each other

without much change in their hydration state. I.e. their
hydration would involve the same, or near the same,

numbers of water molecules. Even if the hydration is

changed, there is little volume swelling (or contraction)
involved in the transition.

4 Conclusion

We have calculated some simple requirements for packing
of single and double helices and demonstrated the geo-

metrical constraints that lead to specific limitations for the

helical line. Tight helices can in certain cases be obtained,
while open helices in others, governed by the maximum

value of the pitch angle v? for which there are nontrivial

self-interactions. The helices are specified by their pitch
angle, v?; cylinder radius, a, and tube diameter, D. We

define an enclosing cylinder and consider its measure of

volume as an indicator of how closely packed the helices
are.

Certain helical structures have more efficiently packed

volumes than others and we have calculated the close-

Fig. 8 Volume fraction fV for the symmetric packed double helices
with D = 0 (solid curve). The maximum packing fraction on the solid
curve is 0.796 and is obtained for v&? about 32.5!. Also shown is the
volume fraction for the case D = 0.21 (dotted line). For this case, the
densest packing is 0.597 and is obtained for v&? about 38.5!. The three
vertical lines indicate the helical pitch angles calculated for the A, B,
and Z forms of DNA, from left to right, respectively

Table 2 DNA structures: helical pitch angle and estimates of the
fraction of volume occupied

DNA D n Xr

(!)
Hr

(Å)
h
(Å)

a
(Å)

v?
(!)

fV fV/fV
*

A 0 11.6 31.1 2.6 4.80 6.9 34.8 0.768 0.998

B 0.21 10.0 36.1 3.36 5.35 7.0 37.4 0.597 1.000

Z 0 12.0 -30.0 3.72 7.10 4.3 -58.8 0.585 0.760

D measures the symmetry breaking between major and minor
grooves, n is number of residues per turn, Xr is the rotational twist per
residue, Hr is the raise per residue, h is the reduced helical pitch, a is
the helix radius (here chosen to be 2.5 Å closer to the center than the
phosphorus atoms), v? is the calculated helical pitch angle, fV the
calculated volume fraction for a packed double helix, fV /fV

* the rel-
ative volume fraction compared to the ideal packed structure
(fV
* = 0.769 and fV

* = 0.597). The numerical estimates (Xr, Hr, posi-
tion of the phosphorus atoms) are from Blackburn, Gait, Loakes and
Williams [20], values for Z DNA are averaged over adjacent residues

Theor Chem Acc (2010) 125:207–215 213
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Physics: The helix that uses
space most efficiently is the
close-packed (CP) helix. It
depends on the number of
strands (N = 1,2,3,...).

Torus Knots and Links, Twist Neutrality and Biological Applications, Isaac Newton Institute, 6. December 2012
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Close-Packed Phenomena are ubiquitous

Volumen fraction defined for helical structures.
The close-packed helices calculated.
Alpha-helices and the A- and B-form of DNA are almost perfectly
packed.

Johannes Kepler
1611

Alph
a-h

elic
es

Proteins
DN

A

Packing oblate spheroids
2004

Paul Chaikin
Salvatore Torquato

Torus Knots and Links, Twist Neutrality and Biological Applications, Isaac Newton Institute, 6. December 2012
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Nuclesome

Volume fraction: fV = 2VS
VE

A Close-Packed Helix: D d
dH (fV ) = 0

Now define

Incremental twist: fθ = Dθ
L

What comes with: D d
dH (fθ) = 0 ?

Torus Knots and Links, Twist Neutrality and Biological Applications, Isaac Newton Institute, 6. December 2012
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ZT Structures

ZT
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Figure 3.

Figure 3: The total twist, θM , for a long segment of the double helix; the dimensionless quantity DθM/2LM

is shown as a function of the pitch angle, v⊥ [deg.]. The maximum value is obtained for the pitch angle
vZT = 39.4◦ and mark the transition from overwinding to unwinding. At the ZT structure there is zero
coupling between twist and strain.

This equation can be given a simple interpretation. The first term is negative and determines the amount
of unwind, while the second term is positive and determines the amount of overwind. The graph of this
derivative, that dictates the coupling between strain and twist, is depicted in Figure 4. Notice that the CP
double helix will always overwind since dΘM/dHM > 0. At the close-packed structure, the overwind is
(D/2)dΘM/dHM = 0.665. The extension is therefore universally determined just by giving the diameter,
D, of the tubes making up any close-packed double helix. At the zero-twist structure, vZT = 39.4◦,
there is neither overwinding, nor unwinding. For larger pitch angles the overwind, (D/2)dΘM/dHM ,
is negative and the double helix will unwind under strain. It is therefore crucial, that the pitch angle
is below that of the zero-twist (39.4◦) for overwinding to be observed, but it also indicates that elastic
properties of the material are not essential to understanding the phenomenon.

4 Discussion

In the following we discuss some molecular examples. The phenomenon of overwinding in DNA was
first observed in 2006, see Lionnet et al. [9] and Gore et al. [10] using magnetic tweezers to control the
wringing [9] and optical tweezers to control the pulling [10]: For small deformations, DNA overwinds
when stretched, i.e. it rotates counter to unwinding. During overwinding the extension of a long chain of
DNA-B has been reported to be 0.42 ± 0.2 nm per 2π rotation [9] and 0.5 nm per 2π rotation [10]. Very
recently, it has been suggested that in the absence of tension DNA is an order of magnitude softer [11].

Using the above mathematical solution for the double helical structure of DNA we find the change of
length ∆H to be determined by

∆H =
dHM

dΘM
∆Θ (4.6)

The diameter of the molecular tubes that make up the DNA helix is D = 1.15 nm, which is given from
our previous analysis of the close-packed structures [4]. We then estimate ∆H per full 2π turn to be
π(0.665)−1 × 1.15 nm = 5.4 nm, see Figure 4. Our result seems to support the findings of ref. [11].
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Table 1 The close-packed (CP) triple helix: a is the radius of the hosting cylinder, v⊥ is the
pitch angle, D is the diameter of the three tubes, Ri the radius of the central channel, and Ro

the radius of a cylinder circumscribing the triple helix; fV is the packing fraction. The bottom
row applies to the proposed collagen motif.

Type a [Å] v⊥ [◦] D [Å] Ri [Å] Ro [Å] fV

CP a 43.3 1.404 a a − D/2 a + D/2 0.744
CP 3.56 43.3 5.0 1.06 6.06 0.744

Table 2 The pitch angles of the zero-twist structures, vZT , and of the close-packed helices,
vCP , for the double, triple, and quadruple helices.

No. of strands 2 3 4

vZT 39.4◦ 42.8◦ 43.8◦

vCP 32.5◦ 43.3◦ 53.7◦

Twist (total rotation) versus
the pitch angle

θM = LM cos ν⊥
a

θM is the rotation of the strand
LM is the length of the strand

Zero-Twist Structure!
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The Wind of DNA

Torus Knots and Links, Twist Neutrality and Biological Applications, Isaac Newton Institute, 6. December 2012

K. Olsen and J. Bohr, 

Department of Physics, DTU
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How is it with bent helices?
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CP meets ZT!
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Base Pairs per 2π for curved DNA

Torus Knots and Links, Twist Neutrality and Biological Applications, Isaac Newton Institute, 6. December 2012
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The Nucleosome

Torus Knots and Links, Twist Neutrality and Biological Applications, Isaac Newton Institute, 6. December 2012

Crystal structure 2R = 84 Å Twist neutrality at 2R = 84 Å
(∆ = lBδB + lCδc = 0)
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Nucleosome Summary

The requirement for DNA to behave well under
tensile stress combined with being close-packed
suggest an unique radius of curvature for the
nuclesome.

The use of a tubular model gives a numerical
estimate for the diameter which are in fair
agreements with empirical numbers.
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Torus Knots and Links

Torus Knots and Links, Twist Neutrality and Biological Applications, Isaac Newton Institute, 6. December 2012

Links (2m, 2):
2πR = 2πhm

Knots (2m + 1, 2) :
4πR = 2πh(2m + 1)
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Ideal Knots as Zero-Twist Structures

Torus Knots and Links, Twist Neutrality and Biological Applications, Isaac Newton Institute, 6. December 2012

2.0 2.5 3.0 3.5 4.0 4.5 5.01.0

1.1

1.2

1.3

1.4

1.5

H�D

fΘ

Rope Length : L(p, q) = p
∫ 2π

0

[
( a

D )2 + ( qR
pD + qa

pD cos ps)2]1/2 ds

Rope Length : L(17, 2) = 75.277

Rope Length : L(19.2) = 83.758
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