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Introduction

Polymer Colloids Surfactants

•Complex fluids
•Something between fluid and solid
•Non-linear response

Liquid crystals 

Such phenomena can be discussed quite generally 
based on Onsager’s variational principle.

L. Onsager,  Phys. Rev. 37 405- (1931), 38 2265-2279 (1931)
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2. Onsager’s variational principle in irreversible 
thermodynamics

• What it is
• When it works
• A useful formula
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• Colloidal solutions
• Gels
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4. Summary



The Variational Principle in 
Stokesian Hydrodynamics



Particle motion in a viscous fluid
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Motion of two interacting particles
in a viscous fluid
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Reciprocal relation in the friction 
coefficients 
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Generalized coordinate
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Time evolution equation

Happel J. and Brenner H. 1963 Low Reynolds Number Hydrodynamics Kluwer
Kim S., Karrila S. J. 1991 Microhydrodynamics Butterworth-Heinemann



Reciprocal relation is NOT a trivial 
relation
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Lagrangean mechanics
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Ignore the inertia term



Onsager’s Variational Principle in 
Irreversible Thermodynamics



Onsager’s reciprocal relation
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Can be proven by the time reversal 
symmetry in the fluctuation at equilibrium
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Onsager’s variational principle

If T(temperature) is constant: 
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Onsager’s proof of the reciprocal 
relation
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Proof based on Kubo formula
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When Onsager’s prinicple is valid?

is a proper set of slow variables.,...)x,x(x 21

Given    ,...),x,x( 21 ,...)x,x( 21  is uniquely determined.
•All slow variables are listed.

•The fast variables are close to equilibrium
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A useful formula
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Forces neede to change external 
parameters
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Microscopic expression for stress 
tensor
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Applications



Sedimentation of colloidal particles
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Time evolution equation 
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Coupling with hydrodynamics
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Gel dynamics



Sol vs Gel

Sol Gel
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For small deformation
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Stress Relaxation of a Stretched Gel
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Ericksen-Leslie theory

Ericksen-Leslie equation for            and )t,(rv)t,(rn
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Dissipation function and free energy
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Diffusion equation approach




  2
0

r )(d
2
n ωωu

)'()(')('dd
2
nUlndTnkA 2

B uuuuuuu  

  )(wD
t 0mfr 

 ω RRRR

  pu)](w[n
3
1uuTnk mfB uR

)t,(u
u

Distribution function

)(  ω R

)'(')('dnU)(w 2
mf uuuuu  



Non-linear viscoelasticity 
in nematic state

Larson, Macromolecules 



Conclusion

•Many kinetic equations in soft matter dynamics can 
be derived from Onsager’s variational principle

•Diffusion and sedimentation of colloidal particles
•Gel dynamics
•Hydrodynamics of liquid crystals

•The variational principle is simple and easy to use.

Onsager’s variational principle is a useful principle 


