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Phenomena and Classical Models

A Molecular symmetry and shape
A Different phases

A Defects

A Classical models
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Defects

A Classification:

Point defects Disclination Lines

1. Boundary condition
2. Geometrical restriction

Hairy ball theorem:There is ho nonvanishing continuous tangent vector field
on even dimensionalspheres.

3. Dynamics

A Question:Can defect be astableor metastablestate?



Classic Static Models
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Classic Static Models

Polar molecule:

Nematic* (Cholesterics) : Continuum theory (Osedfrank, etc.),
Landaude Gennes

Blue: de Gennes, P.&Mol. Cryst. Liquid Crystl2, 193 (1971).
Hornreich, R. M., Kugler, M., and Shtrikman,Fys. Rev. Leti8,
1404 (1982).

SmecticA*, Smectic-C*: (?)

Bent-Core molecule:

Nematic (Uniaxial, Biaxial) : Geoffrey R. Luckhurstt.al,Phys. Rev.
E 85, 031705 (2012)

B1(Columnar): Arun Royet.al,PRL82, 1466 (1999)
B2(SmCP):Natasa Vaupotiet.al,PRL98, 247802 (2007)



Questions:

A Representation for the configuration space?

A How to choose order parameters?

A Molecular modeA Tensor modeR Vector model?
A Stability of nematic phases?

A Modeling of smectic phases?






Configuration of a rigid molecule

e Body-fixed orthogonal frame (O, My, My, M3).
Reference frame (O; ey, e, e3).

e Determination of configuration: xy = O—0Oand Pe S Os

(mla ms, m?)) — (817 €, eS)P

e Description of a fixed point on the molecule: coordinates in
the body-fixed frame x.
Its position in space:

r = Px + x



Density functional theory

e Virial expansion: valid when ¢ is small

kT

Flf] = Fo+—;

U dPdxf(x, P)log f(z, P)

%/demf(a:.P) =c

e Mayer function?
Gz, P2’ P')=1—exp(—=U(x, P,x’, P")/kT)

U(x, P,x’, P') . pairwise interaction

e Higher density correction: Carnahan-Starling theory?.

[1] J. E. Mayer and M. G. MayeStatistical Mechanics Wiley, New York, (1940).
[2] N.F.Carnahan and K.E.Starling, Chem. Phys 51, 635(1969)



Pairwise Iinteraction

We model the rigid molecule with spheres with radius
o, distributed in space with probability density p(&).

Ulz.P.a’ P') = / f didd p(&)Vo(|(Pa+a)—(P'é/+a')))

- 0 > 9
e Hardcore potential: Vy(r) = +7c>o :2 250,
3 0-

For lyotropic liquid crystal.

e Lennard-Jones potential: Vy(r) = 46[(%)12— (9)6].

r

For lyotropic and thermotropic liquid crystal.



Rod-like and bent-core molecules
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Properties of kernel function

e Proposition.
G(x,P,x’, P") =G(z', P x, P)

G(x,P,x',P)=G(x—x', P, P)
G(T(x—x"), TP, TP")=G(x—x',P,P), VT € SO;

e Define homogeneous kernel function
G(P, P') = /da:’G(m —x', P, P

G(P, P') is invariant with @, thus well-defined.



Spatially homogeneous phases

o
=
R
3

||

cf(P). Using homogeneous kernel function:

=Fy+ kgT'logc + kT [/ dPf(P)log f(P)

+3 / dPdP'f(P)G(P, P') f(P’)]

e Proposition. G(P, P') = G(P7'P") = G(P), where



Order parameters

e Molecular symmetries
= symmetries of kernel function
= symmetries of f(P)
= choice of order parameters.

e Symmetries of kernel function
= simplified form of kernel function
= (with intuitions from experiments and simulations) good
approximation of kernel function
= reduction of order parameters.

e Molecular parameters
= coeflicients in approximate kernel function
= further reduction of order parameters.



Properties ofthe homogeneous kernel
function

Molecular symmetries lead to symmetries of G.

Theorem.

A

1. If a molecule is symmetric under T p(T7) = p(7),

G(PT,P")=G(P,P)=G(P,PT).
2. Reflection symmetry about a plane with normal vector k
= G(PJ,P'J)=G(P,P)

where J represents the rotation of m around k.

In particular, when ’23 — M3, G = G(p113p127p217p22)-



Properties ofthe homogeneous kernel
function

Corollary.

e For bent-core molecules, G depends only on pi1, p12, P21, Po2,
with

G(P117P127P21ap22) = G(pnapma —DP21, —pzz) = G(mh —P12,P21, —pzz)

and
G(p117p129p217p22) — G(p117p217p12ap22)

e For polar rods, G depends only on p1;.

e For non-polar rods, G depends only on |p1].



Moments as order parameters

Using moments (m;, ... m;,) as order parameters.

Euler-Langrange equation

A+ f(P)+ /dP’G(P, PYf(P") =0
Theorem. If the molecule is symmetric under T', f(P) = f(PT).
Corollary.

e For rod-like molecules, odd-order moments of m4 vanish.

e For bent-core molecules, moments with msy and mg
occuring odd times vanish.



Polynomial approximations of kernelfunction

e Approximate G' by a polynomial of p;;.
A term p;, 4, - .. pi,j, leads to a product of two moments in the
energy functional:

(mil R m@n> . <mj1 c o 'mjn>
e By Euler-Langrangian equation, f is fully determined by

these moments. They naturally become order parameters.

e Where to truncate is decided by the results of experiments
and numerical simulations.



Polynomial approximations of kernelfunction

——
Symmetries of G decide non-vanishing terms.
e Rod-like molecules(nonpolar): p3;.
e Polar rods: pi1,p?;.
e Bent-core molecules:
Below second order: pi1, p?y, Dao, (Piy + D3y ).

Third order: piy, p11p3s, P11(Pis + P31), PriPi2pai.

The coefficients of these terms rely on temperature and molecular
parameterslhey alsaaffect the choice of order parameters.



Rod-like molecules

e Theorem.!?? For Maier-Saupe potential of rods G = cp?;,
f is axially symmetric:

1 1 T
(mym; — §I> = s(nn — §I) +b(n'n" — gI)

e The only order parameter is s.

e Consistent with experiments: uniaxial nematic is the only
homogeneous phase found other than isotropic phase.

[1] H. Liu, H. Zhang and P. ZhanGomm. Math. Sci, 2005.
[2] I. Fatkullin and V. SlastikoNonlinearity, 2005.
[3] H. Zhou, H. Wang, M. G. Forest and Q. WaNgnlinearity, 2005.



Polar rods

e Theorem.' For polar rods G = ¢;p1; + cop?,,

(my) parallels to one of the eigenvectors of (m;m;).

1.
2. (my) =0if¢; <1

o (mym,)=<I+s(nn—3I)+bn'n’—iI)withn L n'.
(my) = s1k with k=n,n’ orn x n'.

Three order parameters: s, b, s;.

e Numerical results indicate stable phases give uniaxial
(mymy), suggesting two order parameters are sufficient.

[1] G.Ji, Q.Wang H.Zhou and P.Zhaijyysics of Fluids 18, 123103 (2006).



Bent-core molecules

e Theorem. For bent-core molecules,
G = cipi1 + capyy + ¢3pss + ca(pls + p3;)

1. (m1> =0 ifCl S 1

2. If (mym,) and (mymy) can be diagnolized simulta-
neously, (m;) parallels to one of the eigenvectors of
(mymy).

3. (mymy) and (mymy) can be diagnolized simultaneously
when ¢; <1 and ¢ = cocs.

e Assume that (mymy) and {(moms) can be diagnolized simul-
taneously, five order parameters are sufficient for bent-core

molecules.






Modelling

Molecular Macroscopic
Interaction Models

Molecular \* Closure

Tensor Vector

(Bingham) Axiall
Model wm) |, 1,00~ | Model ) |ymmerry | Modelom

OP: ¢(x), s(x)
nx|

Exp. OP:e(x). Q(x)

1
Q(x) = (mm — ~1T) Qix) = s(x)(nn — =T)

OP: Order Parameter



Bingham Closure

There are a variety of Closure Models:

A The quadratic closuréQi closurg:
A Two Hinch Leal closures;

A Bingham closure

f(x,m) = %exp(BQ : mm)

where Z is the normalization constant:
Z(Bg) = / exp(Bg : mm) dm
im|=1

1. 1

1
= mm — —1I) fodm = mm — —I)—exp(Bp : mm)dm
Q= [ (mm—gnjam= [ (mm g0 Zew(sg :mm



Molecular Theory

Energy:
F= /p(x, m) lnp(x,m)dmdx—l—%/p(x,m)G(m, m’, x — x')p(x’, m")dm’dx’dmdx.

where
or

Let . Usingiaylor expansion



