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Mathematical Billiards

A mathematical billiard consists of:

a billiard table: P ⊂ R2;

a ball: point particle with no-mass;

Billiard motion: straight lines, unit speed,
elastic reflections at boundary:
angle of incidence = angle of reflection.

No friction. Consider trajectories which
never hit a pocket: trajectories and motion
are infinite.

Tables can have various shapes:
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An L-shape billiard in real life:

[Credit: Photo courtesy of Moon Duchin]



Why to study mathematical billiards?

Mathematical billiards arise naturally in many problems in physics, e.g.:

I Ehrenfest windtree model

Paul and Tatjana Ehrenfest, 1912

(periodic version by Weber)

many numerical simulations, many

rigorous results very recently

I a system of two masses on a rod...

...reduces to a billiard in a triangle:
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Dynamical Systems

A mathematical billiard is an example of a dynamical system,
that is a system that evolves in time.

Usually dynamical systems are chaotic and one is interested in
determining the asymptotic behaviour, or long-time evolution of the
system.

Basic questions are:

I Are there periodic
trajectories?

I Are trajectories dense?

I If a trajectory is dense,
is it equidistributed?
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More questions for infinite systems:

I Are orbits recurrent, i.e. do points come back infinitely many times
close to where they started?)

I Are there orbits which diverge?

I Are there dense orbits?

I What is the largest distance reached by a trajectory after time t?
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Polygonal billiards and Teichmueller dynamics

We will focus on billiards in planar polygons:

I Rational billiards (angles are
π-multiples)
are well understood thanks to the
beautiful connection with
Teichmüller Dynamics
(very active area past 30 years)

I Periodic (infinite) polygonal billiards
(new and active area)

I Any angles (irrational multiples of π):
widely open!
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Unfolding a billiard trajectory: the square

From a billiard to a surface (Katok-Zemlyakov construction):

Instead than reflecting the
trajectory, REFLECT the
TABLE!

Four copies are enough, with
opposite sides identified:

the billiard trajectory
becomes a linear trajectory
on the torus (doughnut)
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Unfolding a billiard trajectory: higher genus

The unfolding construction works for any rational billiard, i.e. billiard
with angles of the form π pi

qi
.

E.g.: billiard in a triangle with π
8 ,

3π
8 ,

π
2 angles.

I Unfolding, one gets linear trajectories in the regular octagon.
Opposite parallel sides are identified together.

I Which surface do we obtain and how do trajectories look like?
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Flat surfaces (translation surfaces)

Consider the octagon with parallel sides identified:

Topologically, this is a surface of genus 2 (like the surface of a bretzel).
Since out of the octagon is a flat surface: it locally looks like the
Euclidean plane.
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Linear flow
Vertices give rise to conical singularities. Outside singularities, there is a
well defined notion of lines in direction θ.

Definition
The linear flow ϕθ

t in direction θ sends a point p ∈ S to the point ϕθ
t (p)

reached moving with unit speed along the line in direction θ.

Remark: ϕθ
t is not defined at singularity points, where there are many

lines in direction θ: singularities give rise to saddle points of ϕθ
t .
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Ergodicity for linear flows

Remark: the map ϕθ
t : S → S preserves the Euclidean area.

Definition
the linear flow ϕθ

t : S → S is ergodic if it has no non-trivial invariant sets,

i.e. ϕt(A) = A (A invariant) ⇒ Area(A) = 0 or Area(Ac) = 0.

Theorem (Kerkhoff-Masur-Smillie)
For any translation surface and almost every
direction, the linear flow ϕθ

t is ergodic.

Corollary
For any rational billiard, billiard trajectories
in a random direction are dense and
uniformely distributed.
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Mixing
Definition
an area-presering flow ϕt : S → S is mixing if
for any A,B ⊂ S

Area(ϕt(A) ∩ B)
t→∞−−−→ Area(A)Area(B).

I Linear flows NOT mixing (Katok, ’80)

(hence also billiard flows in rational billiards are not mixing).

I locally Hamiltonian flows:
smooth area-preserving flows
[minimal components are
time-changes of linear flows]

Conjecture (Arnold, 1991): are locally Hamiltonian flows mixing?

My contribution: full classification of mixing properties
for typical locally Hamiltonian flows

Refs: Ulcigrai ’11 Annals of Mathematics, Ulcigrai ’09 J. Modern Dynamics,

Ulcigrai ’07 Ergodic Th. Dynam. Systems
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Periodic translation surfaces

Another example of a periodic translation surface:

a Z−periodic staircase

Consider the linear flow ϕθ
t on the above staircase.

Theorem (Hooper-Hubert-Weiss, 2011)

For a.e. θ the linear flow ϕθ
t on the above staircase is recurrent and

ergodic: in particular almost every trajectory is dense.
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Results for the Ehrenfest model
The following results hold for squares of size 1/2 or more in general if the

lenghts of the sides of the rectangles are either random, or rational.

Theorem (Fraczek-Ulcigrai ’12)

For a.e. direction θ the billiard in the
Ehrenfest model is not transitive and not
ergodic.

Corollary
For random directions, there are no
trajectories that are dense.

I Further recent results on the Ehrenfest model:

I For a.e. θ trajectories are recurrent;
(Hubert-Lelievre-Troubetzkoy, Avila-Hubert for all side lenghts)

I There are uncountably many divergent trajectories; (Delecroix)

I Diffusion exponent (Delecroix-Hubert-Lelievre): the distance
d(ϕθt (p), p) from the initial point after time t satisfies

lim sup d(ϕθt (p), p) ∼ t2/3.
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An abstract mathematical tool

The proof of this results (and many other dynamical results on flows on
surfaces and polygonal billiards) exploit the idea of renormalization in the
space of flat surfaces (studied in Teichmueller dynamics):

I Consider the space Mg of all flat surfaces with the same genus g
(moduli space of translation surfaces)

I A point in this space Mg is a flat surface S with a direction θ.
Deform this point as follows: at time t, contract lines in direction θ
by e−t and stretch lines in the orthogonal direction by et (modulo
equivalence of translation surfaces).

I This family of deformations parametrized by t is called the
Teichmueller geodesic flow gt on Mg ; it is used as a tool for
renormalization, i.e. to zoom in the flow direction.
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A beautiful connection:

dynamical properties of
the linear flow ϕθ

t on a
given translation surface S
(which is a point in Mg )

correspond
to

properties of the
Teichmueller geodesic
through S (deformations of

S via the flow gt) in the
space Mg

Examples:

I Ergodicity in a.e. θ for compact surfaces (Kerkhoff-Masur-Smillie)
is based on the following Masur’s criterium for ergodicity:

the linear flow on S is
(uniquely) ergodic if

the corresponding
Teichmueller geodesic is
recurrent

I For periodic surfaces one can still exploit renormalizaton for the
compact surface. E.g. for the Ehrenfest model :

Non-ergodicity (Fraczek-U)

Diffusion exponent
(Delecroix-Hubert-Lelievre )

exploit
the Lyapunov exponents

of the Teichmueller
geodesic flow
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Irrational billiards: many open question

For (bounded) polygonal billiard with angles irrational to π, there is no
known ”‘renormalization”’ and many basic open questions are open, even
for billiards in triangles e.g.

I Is there a closed trajectory in any triangular billiard?

I Is the billiard flow in a random triangle ergodic?

[A. Katok in the Nineties promised a 10, 000 dollars prize for the proof.]
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Irrational billiards: many open question
For (bounded) polygonal billiard with angles irrational to π, there is no
known ”‘renormalization”’ and many basic open questions are open, even
for billiards in triangles e.g.

I Is there a closed trajectory in any triangular billiard?

I Is the billiard flow in a random triangle ergodic?

[A. Katok in the Nineties promised a 10, 000 dollars prize for the proof.]

In any acute triangle,
there is a periodic trajectory
(the Fagnano trajectory)

Take an obtuse triangle: is there
a periodic trajectory?

99% YES, computer assisted proof
(McBilliard, by R. Schwartz)


