
On the Gap Inequalities for the Max-Cut Problem

Joint with K. Kaparis & A.N. Letchford

Polynomial Optimisation, INI
July 2013



Introduction

The max-cut problem (MCP) is a classical problem in
combinatorial optimisation, with many applications.

In 1996, Laurent & Poljak introduced a very general class of
cutting planes, called gap inequalities, for this problem.

Strangely, these inequalities were largely ignored thereafter.

We decided to study them.



Introduction (cont.)

So far, we have three main contributions:

1. Defining gap inequalities for a much more general class of
problems (non-convex Mixed-Integer Quadratic Programs).

2. Results on the computational complexity of various problems
related to gap inequalities.

3. Presenting the first ever computational results obtained when
using gap inequalities within a cutting-plane scheme.



Literature Review

Given a graph G = (V ,E ) and a set S ⊂ V , the set of edges

δ(S) = {{i , j} ∈ E : i ∈ S , j ∈ V \ S} ,

is called an edge cutset or simply cut.

Suppose one is also given a weight vector w ∈ Q|E |. The MCP
calls for a cut of maximum weight.

The MCP is NP-hard in the strong sense (Garey, Johnson &
Stockmeyer, 1976), but when w ≥ 0, it can be approximated to
within 0.878 in polynomial time (Goemans & Williamson, 1995).



Literature Review (cont.)

A vector x ∈ {0, 1}(
n
2) is the incidence vector of a cut in the

complete graph Kn if and only if it satisfies the following triangle
inequalities:

xij + xik + xjk ≤ 2 (1 ≤ i < j < k ≤ n)

xij − xik − xjk ≤ 0 (1 ≤ i < j ≤ n; k 6= i , j).

The cut polytope (CUTn), is the convex hull of such vectors
(Barahona & Mahjoub, 1986).

CUTn has been studied intensively and many classes of valid
inequalities are known (see Deza & Laurent, 1997).



Literature Review (cont.)

Given any vector b ∈ Zn, define

I σ(b) =
∑

i∈V bi (the sum of b)

I γ(b) = min
{
|zTb| : z ∈ {±1}n

}
(the gap of b).

E.g., if b = (6, 7, 8), then σ(b) = 6 + 7 + 8 = 21 and
γ(b) = 6 + 7− 8 = 5.

The gap inequalities (Laurent & Poljak, 1996) take the form:∑
1≤i<j≤n

bibjxij ≤
(
σ(b)2 − γ(b)2

)
/4 (∀b ∈ Zn).

Every gap inequality defines a proper face of CUTn.



Literature Review (cont.)

Gap inequalities are remarkably general.
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Literature Review (cont.)

Unfortunately, computing γ(b) is NP-hard.

(Testing whether γ(b) = 0 is equivalent to the NP-hard
PARTITION problem.)

Perhaps for this reason, the gap inequalities have received little
attention.

Apart from us, only Avis (2003) seems to have looked at them.



Extension to MIQP

A procedure is known to convert valid inequalities for CUTn into
valid inequalities for unconstrained 0-1 quadratic programs
(Barahona, Jünger & Reinelt, 1989; De Simone 1989; Padberg,
1989).

In this way, one can define gap inequalities for such problems.

We extended this result, by defining gap inequalities for
non-convex Mixed Integer Quadratic Programs (MIQPs).



Extension to MIQP (cont.)

Consider a MIQP of the form:

min
{
cT x + xTQx : Ax ≤ b, x ∈ Rn, xi ∈ Z (i ∈ I )

}
.

and suppose the objective function is non-convex.

As usual in global optimisation (e.g., McCormick, 1976), we
linearise the objective function by defining new variables Xij = xixj
for 1 ≤ i ≤ j ≤ n.

These variables can be arranged in a square symmetric matrix
X = xxT .



Extension to MIQP (cont.)

We then reformulate the MIQP as:

min cT x + Q • X
s.t. Ax ≤ b

X = xxT

x ∈ Rn

xi ∈ Z (i ∈ I )

X ∈ Rn×n.

To obtain a tractable relaxation, we drop the integrality
constraints, and replace the constraint X = xxT with the
constraint that X − xxT should be psd.

The relaxation can be strengthened, e.g., via the
Reformulation-Linearization Technique of Sherali & Adams.



Extension to MIQP (cont.)

Now, for any α ∈ Rn, let L and U be any two scalars such that the
disjunction

(αT x ≤ L) ∨ (αT x ≥ U)

holds for all feasible solutions to the MIQP.

Then the following quadratic inequality is clearly valid:

(αT x − L)(αT x − U) ≥ 0.

From this, we obtain the gap inequality:

αTXα− (U + L)αT x + LU ≥ 0.

Our hope is that these inequalities could be used as cutting planes.



Complexity Aspects

Now we return to the MCP.

The following two results imply that there exist gap inequalities
with ‘nasty’ coefficients:

Theorem
Suppose that every gap inequality is either a gap-1 inequality, or
implied by gap-1 inequalities. Then NP = CoNP.

Theorem
Suppose that there exists a polynomial p(n) such that every gap
inequality is implied by gap inequalities with ||b||1 ≤ p(n). Then
NP = CoNP.



Complexity Aspects (cont.)

To use a class of inequalities as cutting planes, one needs to solve
the separation problem for that class.

The only (slightly!) positive result we have is:

Theorem
The separation problem for gap inequalities can be reduced to the
solution of O(22

n
) IQPs, each with O(n) variables and O(2n)

constraints.



Computational Results

We designed a cutting-plane algorithm for the MCP, with the
following ingredients:

I A fast heuristic for finding triangle inequalities violated by a
large amount.

I Exact separation of triangle inequalities by enumeration.

I Heuristic separation of gap inequalities based on scaling and
rounding of eigenvectors.

I Optional ‘primal stabilisation’ based on the construction of a
box around the SDP solution.



Computational Results (cont.)

I Application on instances taken from the Biq Mac Library 1.

I ANSI C implementation using ILOG CPLEX 12.1 callable
library.

I The workstation is a PC Intel Xeon with a 2.4 GHz processor
and 12GB of RAM.

1http://BiqMac.uni-klu.ac.at



Computational Results (cont.)

% IG TIs % IG SDP Mult.GAPs+TIs+Stabil.
% IG Time (scs)

g 05 60 10.83 2.52 1.84 275
g 05 80 13.26 2.18 1.59 2685
g 05 100 15.28 2.23 1.93 15383
pmd1 80 102.1 22.3 15.12 3650

I g 05 n: Average % integrality gap and running time (scs) for 10
unweighted instances (n = 60, 80, 100) with 50% density.

I pmd1 80: Average % integrality gap and running times (scs) for 10
uniformly weighted instances in {−1, 0, 1}, n = 80 and 99% density.

I The CSDP library (Borchers, 1999) is used to solve the SDP relaxation in
the stabilisation phase.



Concluding Remarks

Some open theoretical questions:

I Does there exist a singly-exponential-time separation
algorithm for the gap inequalities?

I Is the convex set defined by the gap inequalities a polytope?

I Is there a gap inequality with γ(b) > 1 that induces a facet of
CUTn?

Also we are experimenting with techniques for generating sparser
gap inequalities in our cutting-plane algorithm.
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