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1 Introduction

In the 1960s, we learned that GR knows thermodynamics. This powerful idea implies that quantum gravity is a

statistical-mechanical theory, a statement that has a precise realization in the form of holographic dualities.

Over the past decade, we’ve been learning that GR also seems to know quantum information theory. One precise

realization of this statement occurs in the form of holographic EE formulas.

There are two holographic EE formulas:

• static (Ryu-Takayanagi ’06)

• covariant (Hubeny-Rangamani-Takayanagi ’07)

Both have been widely applied. We will not discuss particular applications, but rather (possible) general prop-

erties. First static, then covariant.

Static is a special case of covariant, so why bother discussing it separately?

• As we will see, RT is far easier to work with, so makes a good warm-up, and reveals many interesting

properties that may carry over to HRT.

• The evidence for RT is far stronger than for HRT; it is possible that RT is correct but HRT is not.

• One needs to check that HRT agrees with RT in the static case.

Notation: dot (as in Ṁ) for conformal boundary (of bulk or object in it), ∂ for other boundary.

2 Static case

2.1 RT formula

N = constant-time slice of bulk

Ṅ = constant-time slice of boundary

H = horizon (possibly H = ∅). Entropy of whole system:

SBH =
1

4GN
area(H)

RT formula: Given region A ⊂ Ṅ ,

S(A) =
1

4GN
min
r⊂N :
ṙ=A

area(∂A)

r(A) = minimizer, m(A) = ∂r(A). Automatically ṁ(A) = ∂A.

ṄNH

m(A)

A
r(A)

We will now “prove” a list of properties of the functions S, r,m.

• (*) Some are required for consistency of formula, based on properties of EE in general quantum systems,

hence: (1) support validity of RT; (2) give us a window into how fundamental properties of quantum

information are encoded in spacetime geoemetry.

• Others are not required a priori, and therefore (presuming the correctness of the formula) are special

properties of holographic theories. We will try to give an interpretation.

Two basic facts about RT underlie most of the proofs:

• r(A) is codimension 0

• S(A) is defined by a global minimization

On the other hand, GR itself will hardly play any role.

2.2 Basic properties

1. Existence: (*?) Minimizer r(A) exists.

Proof: “Obvious.” (Note that r cannot run off to Ṅ , since metric goes to ∞ there.)

2. Continuity: S(A) varies continuously with A (although r(A), m(A), ∂AS(A) may not: Klebanov-

Kutasov-Murugan ’07, MH ’10, . . . ).

Proof: Set of values of area(∂r) varies continuously (see also Hubeny-Maxfield-Rangamani-Tonni ’13).

r

area(@r)

r

area(@r)

r(A) r(A)

Interpretation: The phase transitions are large-N phenomena, must be smoothed out at finite N . Pre-

sumably when there are competing minima, roughly

ρA = ρ1 ⊕ ρ2 , S(A) ∼ ln(earea(m1)/4GN + earea(m2)/4GN)

2.3 Properties of the function r

1. Empty set: r(∅) = m(∅) = ∅, (*) S(∅) = 0.

Proof: Obvious.

2. Whole system: r(Ṅ) = N , m(Ṅ) = H, (*) S(Ṅ) = SBH.

Proof: Using null energy condition, one can show that H is the only closed minimal surface.

3. Two boundaries:

With two static regions N1,2 joined along

bifurcate horizon H (Einstein-Rosen bridge),

r(Ṅi) = Ni, m(Ṅi) = H, (*) S(Ṅi) = SBH.

Proof: Same as for 2.
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H

4. Monotonicity: B ⊂ A⇒ r(B) ⊂ r(A).

Proof: This can’t happen:
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In particular, with N1,2, (*) A ⊂ Ṅi ⇒ r(A) ⊂ Ni.
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5. Disjoint regions: A ∩B = ∅ ⇒ r(A) ∩ r(B) = ∅.

Proof: This can’t happen:
m(A)

A

B

m(B)

Interpretation: These properties, together with S(A) = area(∂r(A))/GN, suggest that r(A) is the holographic

description of (part of) ρA, in some large-N sense (cf. related but distinct speculations by Czech-Karczmarek-

Nogueira-Van Raamsdonk ’12).

2.4 Subadditivity-type inequalities and their saturation

Here A,B, . . . are disjoint, AB = A ∪B etc.

1. (*) Strong subadditivity (Headrick-Takayanagi ’07):

S(AB) + S(BC) ≥ S(B) + S(ABC)

S(AB) + S(BC) ≥ S(A) + S(C)

(Note that here these are independent.)

Proof of first inequality:

m(ABC)

m(B)
≥=

m(AB)

B CA

m(BC)

2. SSA implies (*) subadditivity

S(A) + S(B) ≥ S(AB)

and (*) Araki-Lieb

S(A)− S(B) ≤ S(AB)

In particular, if S(AB) = 0 then S(A) = S(B). This can only happen when AB = Ṅ and SBH = 0.

3. Saturation of subadditivity (MH ’10, . . . ):

Barring degeneracies, I(A : B) := S(A) + S(B)− S(AB) = 0 iff

r(AB) = r(A) ∪ r(B) and m(AB) = m(A) ∪m(B)

A

B

A B

m(AB)

m(B)m(A)

Interpretation: I(A : B) = 0 exactly iff ρAB = ρA ⊗ ρB (no

correlations). Here, in fact, I(A : B) = O(G0
N), so ρAB ≈

ρA⊗ρB? Roughly speaking, glueballs are correlated, not gluons

(MH ’10). (Same for any pair of systems in thermodynamic

limit coupled only through macroscopic observables.)
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4. Saturation of Araki-Lieb:

S(A) = S(AB) + S(B) iff

r(A) ∪ r(B) = r(AB) and m(A) = m(AB) ∪m(B)

(Note: If whole system is pure, this is equivalent to saturation of sub-

additivity between B and (AB)c.)
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In particular, for AB = Ṅ , S(A) = SBH + S(B) iff

r(A) ∪ r(B) = N and m(A) = m(B) ∪H

(see Hubeny-Maxfield-Rangamani-Tonni ’13 for examples).

More particularly, if H = ∅ then r(A) ∪ r(B) = N , m(A) = m(B)

(since necessarily S(A) = S(B)).
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Interpretation: S(A) = S(AB) + S(B) implies HA admits a decomposition HA = H1 ⊗ H2 such that

ρAB = ρ1⊗ρ2B, where ρ2B is pure and S(ρ1) = S(AB) (Zhang-Wu ’11). In words: A can be decomposed

into two uncorrelated sets of degrees of freedom, one of which carries all the entanglement with B and

the other all the entropy. Here, since S(AB) + S(B) − S(A) = O(G0
N), this should be true in some

large-N sense. Note that this decomposition cannot be spatial; must be among gluon degrees of freedom.

5. Saturation of SSA:

S(AB) + S(BC) = S(B) + S(ABC) iff B = B1B2 such that

r(ABC) = r(AB1)∪r(B2C) and m(ABC) = m(AB1)∪m(B2C)
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Interpretation: S(AB) + S(BC) = S(B) + S(ABC) implies that

HB =
⊕
j

HLj ⊗HRj

such that

ρABC =
⊕
j

pjρALj ⊗ ρRjC , pj ≥ 0 ,
∑
j

pj = 1

(Hayden-Jozsa-Petz-Winter ’04). For us, apparently only one term in the sum dominates.

6. Monogamy of mutual information (Hayden-MH-Maloney ’11):

S(AB) + S(BC) + S(AC) ≥ S(A) + S(B) + S(C) + S(ABC)

Proof: More elaborate version of SSA proof (see paper).

Implies (*) Linden-Winter ’04 constrained inequalities and infinite set of (*) Cadney-Linden-Winter ’11

constrained inequalities.

Interpretation: See paper.

2.5 Conclusions

• RT formula satisfies all applicable known general properties of EE.

• With little input, we got a lot of information about holographic theories (but not about GR).

• Conjecture: Many of these properties hold for general large-N theories, not just holographic ones (MH

’10, Hayden-MH-Maloney ’11; evidence: Hartman ’13, Swingle, . . . ).

3 Covariant case

3.1 HRT formula

M = bulk spacetime.

Ṁ = boundary spacetime.

HRT formula: Given codimension-1 spacelike region A ⊂ Ṁ ,

S(A) =
1

4GN
min
m∈M

area(m)

where M = {extremal spacelike codimension-2 surfaces in M homologous to A}. Homologous means ∃ co-

dimension-1 surface in M such that ṙ = A, ∂r = m (automatically ṁ = ∂A). Again, m(A) = minimizer

(however r is not unique, so no r(A)).

One property: (*) S(A) depends only on D(A) = causal domain in Ṁ .

Proof: If D(A) = D(A′) then A,A′ are homologous.

D(A)

A

A0

Harder to prove properties of S(A), m(A) than for RT, because:

1. m(A) is given by minimizing over extrema, not global minimum.

2. r is codimension 1, not 0.

Also, new issues about causality to be addressed in Lorentzian setting.

Black-hole thermodynamics is about behavior of horizons. To understand holographic EE, it appears we need

to understand behavior of extremal spacelike surfaces.

3.2 Properties we would like

We will list a set of conjectures about the functions S and m, similar to the ones we proved for RT, plus a

couple that don’t arise in the static case. Again, (*) some are required for the consistency of the formula, while

others we think might be true based on our experience with RT.

1. Basic properties:

(a) (*?) M is non-empty, i.e. m(A) exists.

(b) (*?) In the static case, m(A), S(A) agree with RT.

(c) S(A) varies continuously with A.

2. Existence of a spacetime region R(A) such that:

(a) m(A) is (the spacelike part of?) the boundary of R(A).

(b) R(∅) = ∅.
(c) R(Ṁ) = M .

(d) If A ⊂ B then R(A) ⊂ R(B).

(e) If A,B are spacelike-related then R(A), R(B) are spacelike-related.

3. Subadditivity-type inequalities and their saturation: Same as for RT.

4. Causality: Being spacelike, m(A) can and does go behind horizons (Abajo-Arrastia-Aparicio-Lopez ’10,

. . . ). Nonetheless, causality imposes constraints on m(A) (MH-Hubeny-Lawrence-Rangamani work in

progress).

Let C be a Cauchy surface for Ṁ s.t. A ⊂ C. If we

perturb the boundary Hamiltonian at a point p ∈ Ṁ ,

it will create a wave propagating into the bulk, and can

alter the bulk metric at any point in J+(p). However,

if p is in the future of C, then S(A) should not change.

So m(A) must not enter J+(C).

D(A)
D(Ac)

C

C 0

Ṁ

The argument holds no matter how close C is to the past

boundary of D(A) and D(Ac). Hence m(A) must not enter

J+(D(A) ∪D(Ac)). D(A)D(Ac)

A

Ac

J+ (D(A) [ D(Ac))

M

Ṁ

Time-reversing the argument, we conclude that m(A) must be spacelike related to both D(A) and D(Ac).

An extreme example is when there are two boundaries Ṁ1,2, rep-

resenting two CFTs that are non-interacting but in an entangled

state (EPR pair). The entanglement cannot be used to send a

signal, so S(A ⊂ Ṁ1) cannot be affected by any perturbation

of the CFT on Ṁ2. Hence m(A) must be spacelike-related to

Ṁ2.

In particular, m(Ṁ1) = m(Ṁ2) must lie inside the “causal

shadow”, the region that is spacelike-related to both Ṁ1 and

Ṁ2.

Ṁ1 Ṁ2

causal shadow

3.3 Progress towards these theorems

1. Examples and special cases:

(a) Existence of m(A): Many examples.

(b) Agreement with RT in static case: Seems obvious at first . . . but a spacetime can be partly static.

Potential counterexample: “bag-of-gold” spacetime (Hubeny-Maxfield-Rangamani-Tonni ’13).

(c) Strong subadditivity:

• Tested in AdS-Vaidya examples (Allais-Tonni ’11, Callan-He-MH ’12)

• Can be proven for 3d bulk, using geodesic deviation equation, assuming: (1) null energy condi-

tion; (2) no conjugate points on m(A); (3) no phase transitions (Headrick unpublished, Casini

unpublished).

(d) Causality constraint:

• Obeyed in AdS-Vaidya examples (Hubeny-Rangamani-Tonni ’13).

• Also obeyed for m(Ṅ1) in spacetimes with with spherical symmetry.

Proof: area of null congruence sent out in any direction from m(Ṅ1) may not increase, therefore

may not hit Ṅ1 or Ṅ2, where area →∞; hence m(Ṅ1) is in causal shadow.

2. Towards general proofs:

(a) Wall ’12: Significant progress towards many of these theorems (but still some gaps).

Key idea: Extremal spacelike surface is locally minimal-area in transverse space direction, maximal-

area in time direction. These two extremizations can both be made global if done in the right

order:

S(A) =
1

4GN
max

Cauchy slice σ:

∂A⊂Σ̇

 min
r⊂Σ:

ṙ=D(A)∩Σ̇

area(∂r)


In words: (1) for arbitrary Cauchy slice Σ, apply RT; (2) maximize over Σ. The maximin surface

(if it exists) must be m(A). Global extremizations make it possible to prove global theorems (sim-

ple example: continuity). Also, new conceptual point of view on HRT—physical interpretation or

derivation?

(b) MH-Hubeny-Lawrence-Rangamani work in progress: Proof of causality constraint . . .
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