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Studying critical transitions



What is a critical transition?
The classical picture.

• Lenton et al. 2008



This is more of a metaphor
Let’s see in 2D

• Attention: What is the effective 1D potential? What happens when we
change a parameter?



What is a critical transition in Earth sciences?
A popular example: The day after tomorrow

• Critical transition: abrupt change of the properties of a system.
• Corresponds often to a bifurcation, which results into a change

of the physical measure (supported in the attractor).
• Three main classes of tipping points: parametrically induced,

rate-induced, and noise-induced (Arshwin et al. 2013).



What is a critical transition in Earth sciences?
The Snowball Earth example.

• Analysis performed with the PLASIM climate model at Uni. Hamburg
(Boschi et al. 2013, Icarus).

• Ice-albedo feedback is key element in this problem. General
mechanisms of transition? Precursors?



What is a critical transition in Earth sciences?
The Snowball Earth example.

• Efficiency of the climate engine: η = Φh−Φc

Φh = TW −TC
TW

• At critical transitions η decreases→ system closer to equilibrium→
system more stable X.



What is a critical transition in Earth sciences?
The Snowball Earth example.

• Attention: width of the bistability range changes with length of the year
(y? = y/tE ), we have phase transitions



What about detecting tipping points? Traditional approach

Mainstream approaches - see e.g. Scheffer et al. (2009):

• Critical slowing down: as the system approaches such critical
points, it becomes increasingly slow in recovering from small
perturbations.

• The slowing down should lead to an increase in
autocorrelation in the resulting pattern of fluctuations.

• Increased variance in the pattern of fluctuations is another
possible consequence of critical slowing down: the effect of
perturbations accumulates.

• As made clear by Ditlevsen: if we want to the usual simple model
of tipping point to interpret data, all of these properties must be
observed near a critical transition



Traditional approach... and its limits

• These indicators are so and so when a Hopf bifurcation is
approached: slowing down & long transient oscillations.

• Departure from Gaussianity not useful if even far from bifurcation
the time series is not Gaussian, and already in few d.o.f. systems,
the two-well model may lead to major mistakes in the time scales

• Internal fluctuations (which bring the system to the border of a
basin of attraction) are not associated with particular
properties of specific stable or unstable points

• Spatially extended and/or high dimensional systems may
have very complicated bifurcation patterns

• Freidlin-Wentzell theory may allow for studying rigorously tipping
points, we are not quite there.



The advantages of using Extreme Value Theory

• The indicators used by Scheffer cover statistical properties
which are related only to the first moments of the data
distribution.

• This lacks universality; we want to look for more intrinsic
characterizations of large fluctuations.

• ... well, this is exactly what Extreme Value Theory does!

• Recently, rigorous extreme value laws have been established for
chaotic dynamical systems for various classes of observables.

GOAL

Find sensitivities of extremes when nearing tipping points
Study the boundary between the basins of attraction



The Plane Couette Flow



The Plane Couette Flow

• This flow is ideally obtained by
shearing a fluid between two
infinite parallel plates at a distance
2h moving in opposite directions
at speeds Uw , which defines the
stream-wise direction x , y and z
being the wall-normal and span-wise
directions, respectively.

• The laminar profile is just
Ub(y) = Uw = y/h

• The Reynolds number is
Re = Uw h/ν.



Motivations
Transitions in the Plane Couette flow

• The linear velocity profile is linearly stable at all values of
Re: no gradient of background vorticity.

• In fact, the laminar flow is observed only for a limited range
of Re < Reu, It is known that for larger values of Re, the size
of the basin of attraction to the laminar state is extremely
small but non-vanishing.

• Whenever we observe in practice a persistent turbulent
state, we in fact in a regime where the system is multistable:
the laminar and turbulent states cohesist

• The transition to turbulence of the plane Couette flow is an
open problem of fluid dynamics



Phenomenology of the Plane Couette flow
Bifurcations

• For Re < Reu ' 280, the laminar profile is rapidly recovered
whatever the intensity of the perturbation brought to the flow.

• For Reu < Re . Reg = 325, turbulence is only transient but as
Reg is approached from below, the lifetime of turbulence
increases.

• For Reg . Re . 360 turbulence takes the form of irregular large
spots.



Phenomenology of the Plane Couette flow
Bifurcations

• For 360 . Re . Ret = 415 the spots merge to form oblique
stripes. These stripes are characterised by a regular modulation
of the turbulence intensity which dies out when Ret is
approached from below.

• For Ret . Re a regime of featureless turbulence is observed.



Phenomenology of the Plane Couette flow
More on the bifurcations

• The presence of bands structure in numerical simulations is an
encouraging sign of the robustness of the structure itself and
on the possibility of investigating numerically the problem.

• Not yet a theory explaining the transition with the suppression
of the bands

A spatiotemporal process if system is extended.



A (Very short) survey on
Extreme Value Theory



What is an Extreme Value? (1/2)
The Block Maxima approach

From the f (t) series we select a total of n maxima Mn.
Each maximum is taken every m observations



What is an Extreme Value? (2/2)
The Generalized Extreme Value (GEV) distribution

For independent and identically distributed variables (i.i.d.),
Gnedenko stated conditions on the parent distribution of f (t) such
that the cumulative distribution of maxima Mn converges,
asymptotically, to the GEV distribution:

FG(x ;µ, σ, κ) = exp

{
−
[
1 + κ

(
x − µ
σ

)]−1/κ
}

which holds for 1 + κ(x − µ)/σ > 0.

• µ is the location parameter.
• σ is the scale parameter.
• κ discriminates the type of distribution:
κ→ 0: Type 1 (Gumbel distribution)
κ > 0: Type 2 (Frechet distribution)
κ < 0: Type 3 (Weibull distribution).



Extremes in practice
Rare, large, and few of them

The convergence is ensured only asymptotically and two limits
must be ideally satisfied:

1 The number of observations m in each bin should be large
enough to provide a real extreme value.

2 The number of maxima n should provide a wide enough
statistics.

The dilemma in the statistical inference of extremes:

What about n and m? One can show that we need at least
n = 1000 and m = 1000 to achieve good agreement with respect

to the theory and low uncertainty.



Chaos and decent observables

• Freitas, Todd and Collet et al. have shown that for mixing
systems the convergence is achieved if a particular class of
observables is chosen.

Now it is clear that to obtain convergence to the GEV distribution
in dynamical systems we need:

• To prove some mixing conditions.

• To choose proper observable functions.
Good observables:

gζ(y) = f (dist(y , ζ))
where the point ζ will be chosen on the attractor and g unction must
achieve a global maximum at y = ζ.



Extreme Values in Dynamical Systems:
The choice of the observable functions (2/2)

The behavior of the tail of the distribution discriminates the type of
GEV we get. It has been proven that:

1 g1(t) = − log(dist(y, ζ)) ensures convergence to the type 1dist.

At the first order: κ = 0, σ = 1
d(ζ) , µ = 1

d(ζ) log(m)

2 g2(t) = (dist(y, ζ))−1/α ensures convergence to the type 2 dist.
The parameter α > 0, α ∈ R

At the first order: κ = 1
αd(ζ) , σ = m

1
αd(ζ) , µ = m

1
αd(ζ)

3 g3(t) = C− (dist(y, ζ))1/α ensures convergence to the type 3
dist. The constant C ∈ R.

At the first order: κ = − 1
αd(ζ) , σ = m

−1
αd(ζ) , µ = C.



Extreme Values in Dynamical Systems:
A geometric perspective

Geometry:
Maxima of gi(t , x0, ζ) = f (dist(T t(x0), ζ)) are close returns to ζ.

GEV distributions are given in terms of the mass of the ball:
this explains why the parameters depend on the local dimension.



Peak Over Threshold and Generalised Pareto Distribution

Three steps

• Only events above a given
threshold are selected: tail
of the distribution

• Probability of events smaller
than a certain value, given
that they are ¿

• Like for the GEV, xi gives
the qualitative properties

• For variables obeying D’,
D2: GEV iff GPD (Pickands
1975, Leadbetter 1983);
corrections otherwise
(Freitas, Freitas, Todd
2010),



GPD and GEV are step brothers
R. Deidda: Valerio, why using GEV, are you a fool? GPD works way better!

Extremes should be extremes

• Cumulative Generalised
Pareto Distribution

• Asymptotic link between
GEV and GPD

• Fact: shape parameters are
the same

• GPD methods used to fit
GEV



Let’s make sure that this makes sense...

• Selecting extremes→ magnifying glass near ζ.
• Depending on gi , we can diverge or not as x ∼ ζ.
• Same results as with GEV
• If system is e.g. Axiom A, local→ global



Extremes of Physical Observables
Physical observables

• Physical observables have bounded fluctuations→Weibull EVL

• General result: κ ∼ −1/(ns + nu/2)



Extremes of Physical Observables
A problem of time-scales



Extremes of Physical Observables
A problem of time-scales

• if we have two hardly connected portions of the two attracting set
or two disjoint attractors (and noise)→ two time scales (transitive
dynamics and jumps)

• On the short time scale→Weibull

• On the long time scale, noisy excursions directed toward the
saddle-state and can trigger jumps from one to the other
component (Swans, Dragons, Unicorns, Nessie, ...)

• We change a parameter λ and make the global transitions more
likely; at λcrit Weibull→ Frechet, κ crosses 0 from below.

• That’s how we define a tipping point!

• Close to a large deviations point of view



Back to Plane Couette flow:
experiments and results



Phenomenology of the Plane Couette flow
Bifurcations

• Robust properties when model resolution is altered



Numerical Experiments in Plane Couette flow
Methodology and numerical tools

The data analyzed have been provided by numerical simulations
performed by P. Manneville using the code channelflow.
• Low: Ny = 15, Nx = 108, Nz = 192→ [Rg ;Rt ] = [275;350]

• Medium: Ny = 21, Nx = 216 Nz = 384→ [Rg ;Rt ] = [300;380]

• High: Ny = 27, Nx = 324, Nz = 384→ [Rg ;Rt ] = [325;405]

The typical length of the series is
k = m · n ' 3 · 105 time units.

• We proceed from above!

• The observable taken is the Perturbation Energy E (the mean
square distance to the laminar flow).

• The series of E is divided in bins. Maxima and minima of each
bin are extracted and fitted to the GEV distribution.



The Results on Plane Couette numerical simulations (1/3)
Analysis of Shape GEV parameter κ for the maxima and minima distribution VS Re

• The shape parameter for minima distribution changes,
changing the type of GEV observed.

• The distribution of maxima is less modified by the changes in
Reynolds number.



Results on Plane Couette numerical simulations (2/3)
Maxima and minima distribution VS Re − Reg

• Consistent results for increasing resolutions!



The Results on Plane Couette numerical simulations (3/3)
Some Remarks on the results

• When The Reynolds number move towards the critical value Reg
we observe a clear change in the sign of the shape
parameter of the GEV distribution for the minima whereas
the maxima distribution belongs to the same family.

• The amplitude of fluctuations of the minima increases more than
that of the maxima, as the system ”feels”the presence of the
laminar state, which rises the probability of very low levels of
turbulence when Re is decreased.

• This is instead related to the presence of the competing
attracting state, which causes the increase in the skewness
for the distribution of minima



Some theoretical models for
critical transitions



Barkley’s model

• We consider the following system of SDEs:

dX/dt = −(µ+ uξ(t))X + Y 2

dY/dt = −νX + Y − XY

• where µ, ν ∝ 1/R describe viscous effects and
E = 1/2X 2 + 1/2Y 2 is conserved by the nonlinear terms, u > 0
and ξ is a white noise. u contributes to viscosity.

• For µν ≤ 1/4 we have multistability, and competition between the
(0,0) solution (laminar) and a turbulent state.

• We set µ = 1, ν = 0.2475 and ν = 0.2487 and test the escape
rate from the turbulent state as a function of u.

• n = 103, m = 106



Noise-induced bifurcations in Barkley’s model
Transitions turbulent→ laminar



Particle in a double well potential
The experiment

For the potential V (x) = ax4 + bx2 + cx we keep a,b fixed while we
modify c in such a way that the system is pushed towards the left
well. This happen in the deterministic system when c = ccrit .

1 We select an initial condition x0 ∼ 0.63 and make 100
realizations of the systems, with ε fixed.

2 For each realizations we obtain a series of length k = 106 data.

3 We split the series in 1000 bins each containing 1000
observations.

4 For the gi , i = 1,2,3 observables and the maxima and minima
we fit the GEV distribution and study the behavior of the shape
parameter.

If the particle falls in the left well, we interrupt the series and
create another transient.



Particle in a double well potential
Analysis of Shape GEV parameter κ for the maxima and minima distribution VS c



Particle in a double well potential
Analysis of Shape GEV parameter κ for the maxima and minima distribution VS c

The results show the same quantitative behavior as obtained
analysing the Plane Couette flow:

• Also in this case the shape parameter for the minima
distribution approach zero when we push the system
through a critical transition.

• The shape parameter for the maxima remains more or less
constant when the potential is modified.



Final Remarks



Final Remarks

1 Extremes can provide early warnings of critical transitions when
the Reynolds number is decreased to Re ∼ Reg

2 Change in the minima linked to the presence of the laminar
attracting state

3 Same quantitative results have been obtained on a simple
models

4 Extremes and critical transitions

5 Connection with Large Deviations Theory

6 Thanks a lot!
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