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Compressed Sensing

Let U ∈ Cn×n, x0 ∈ Cn and consider

y = Ux0.

We want to recover x0 from y .

I This is obvious if U is invertible and we know y .

I What if we do not know y , but rather

PΩy ,

where PΩ is the projection onto span{ej}j∈Ω and
Ω ⊂ {1, . . . , n} with |Ω| = m, i.e. we have taken m < n
samples.

I Can we recover x0 from PΩy?
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Where?

Typical inverse problems:

(i) Magnetic Resonance Imaging (MRI)
(ii) X-ray Computed Tomography
(iii) Thermoacoustic and Photoacoustic Tomography
(iv) Single Photon Emission Computerized Tomography
(v) Electrical Impedance Tomography
(vi) Electron Microscopy
(vii) Reflection seismology
(viii) Radio interferometry
(ix) Single pixel camera
(x) Lensless camera
(xi) Fluorescence Microscopy
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Use sparsity, randomness and convex optimization

I Sparsity: Suppose that x0 has only s nonzero elements.

I Randomness: Choose the set Ω at random (with |Ω| = m).

I Convex optimization: Solve

min
x
‖x‖`1 , PΩUx = PΩUx0, (1)

I How big should m be so that if x is a minimiser of (1), then
x = x0 with high probability? Answer:

m ≥ s · log(n).
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Why sparsity?

The world is sparse in ”you name it”-lets.

Wavelets and their cousins curvelets, contourlets, shearlets etc.
yield sparse expansions of natural images. Suppose that f is an
image and {ϕn}n∈N is a ”you name it”-let system of functions,
then

f =
∞∑
j=1

αnϕn,

where only few of the αns are important. One keeps these and sets
the rest to zero. This is the key to modern compression.
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Compression

The right image is compressed where 99% of the coefficients
(Daubechies 4 wavelet) are set to zero.
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Test of compressed sensing in MRI

The MRI machine samples the continuous Fourier transform of the
brain.
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Test of compressed sensing in MRI

Classical MRI scanning with 512× 512 full sampling (= 262144
samples) with 2048× 2048 zero padding. Can you see the details?
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Test of compressed sensing in MRI

Compressed sensing with 6.25% subsampling from 2048× 2048
(= 262144 samples, the same number of samples as the previous
example).
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... and of course it need not be a brain image
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Classical MRI scanning with 512× 512 full sampling (= 262144
samples) with 2048× 2048 zero padding. Can you see the details?

11 / 15



The result

Compressed sensing with 6.25% subsampling from 2048× 2048
(= 262144 samples, the same number of samples as the previous
example).
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... and we can do even better
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Key message:

I We do not alter the MRI machine.

I This is only done with mathematics.
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r-level Sampling Scheme

Figure : The typical sampling pattern that will be used.
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