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The 2D hyperbolic plane is 
the universal cover of the 
P(rimitive cubic), 
D(iamond) and G(yroid) 
minimal surfaces. 
!
The *246 tiles are the 
smallest asymmetric patch 
of the minimal surfaces.
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Tree and Line Packings

Given the properties of the hyperbolic plane, we can pack trees and 
lines in a variety of ways. We choose these packings to be the densest 
packings commensurate with the *246 tiling. These packings have *2223 
symmetry.



The tree packings, or forests, can also be transferred to the minimal 
surfaces, here to the Gyroid. The resulting structures are multiple 
inter-threaded networks. The structures inherit a specific edge 
geometry, rather than simply a topology.



Here, the *2223 line packing pattern is transferred to one unit cell of 
the G surface. If the lines are considered as trajectories in 3D space, 
and the surface removed, we get a packing of helices.



Given rotational symmetry, rather than mirror symmetry, we can pack 
the trees in an infinite number of distinct ways. A systematic 
enumeration of these is given in Evans et al. 2013, Acta Cryst, A69, 
241-261, using Delaney-Dress tiling theory and geometric proofs. 
!
The geodesic packings are the convex hulls of the tree packings, and 
vice versa.



Given rotational symmetry, rather than mirror symmetry, we can pack 
the helices in an infinite number of distinct ways. A systematic 
enumeration of these is given in Evans et al. 2013, Acta Cryst, A69, 
262-275, using Delaney-Dress tiling theory and geometric proofs.



Minimal energy 
configurations





Model three-phase star copolymer liquid crystals, during self 
assembly via a coarse-grained simulation, separate into two gyroid 
channels and a hyperbolic membrane. The membrane segregates 
further into “hyperbolic lamellae”.



Which hyperbolic stripings do we have?

Distribution functions for each structure
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Theory
Simulation

Which hyperbolic stripings do we have?

Membrane Thickness as a function of X
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Stripe width as a function of x



Counting number of stripes that pack around 
each collar of the surface in the structure





x

3 5 15 53 99 195 675 725

x=3.66x=1.75 x=7

Adjusting the relative length of C/D to A/B, three distinct hyperbolic 
striping patterns emerge, which we can categorise precisely from our 
theory of hyperbolic packing. These mesostructures in three-
dimensional space are spectacular and among the most complex self-
assemblies identified to date. It shows that our ideas of hyperbolic 
packing are physically relevant.



4 layers of HCB   54 SRS nets   2 SRS nets

ALL CHIRAL!


