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Definitions (1) 

 Value at Risk (VaR) is the minimum loss that the Trading  

Portfolio can suffer over the next n-days (the holding period)  

at predefined Confidence level. 

 The confidence level for Regulatory Capital calculations  

is set to 99% 

 The Holding Period for Regulatory Capital calculations  

is set to 10 days. 

 

 Horizon Period is the historical period used 

for the calibration of the VaR model; minimum 1 year. 
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Definitions (2) 

 Backtesting is the specified process used to test the  

accuracy of the VaR model. It counts the number of times that  

daily trading losses exceed the corresponding 1-day holding  

period VaR (backtesting exceptions). 

 

 Risk Factors are the market observables that impact the  

value of the trading portfolio. 

 

 The trading portfolio is assumed to stay fixed over the  

holding period; the risk factor moves over the holding period  

are assumed instantaneous. 
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Typical VaR Calculation 

Step Description 

Determine the 

horizon period 
 Balance relevance and responsiveness with sufficient 

memory to cover business cycles 

Identify the Risk 

Factors 
 Identify the market observables impacting the value of the 

portfolio 

Scenario 

Generation 
 Using the horizon period for calibration, generate the 

multivariate distribution of the risk factor  n-day moves and 

corresponding scenarios which will be used to re-price the 

portfolio. 

P&L Generation  Calculate the change in the value of the portfolio for the 

combined risk factor scenarios. Generate the P&L 

distribution that will be used for the percentile calculation 

VaR Calculation  Calculate the required percentile of the P&L distribution. 
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Scenario Generation 

 VaR models typically generate risk factor move scenarios. 

 First need to decide on the model to be used for the risk  

 factor in question. Typical models for Monte Carlo 

 Generalised  Wiener Process:  

 

 GBM: 

 

 The drift factors are typically set to 0. 

 

 The equivalent approach for Historical Simulation is to use  

 actual or relative returns in the risk factors, respectively. 

 Often more sophisticated approaches are used, mixing 

 actual and relative returns, depending on the risk factor levels. 

 An obvious problem: generating scenarios for correlations. 

 

𝑑𝑥 = 𝑎 ∙ 𝑑𝑡 + 𝜎 ∙ 𝜀 𝑑𝑡 

𝑑𝑥

𝑥
= 𝜇 ∙ 𝑑𝑡 + 𝜎 ∙ 𝜀 𝑑𝑡 
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Scenario Generation (2) 

 How do we decide which model best fits the risk factor? 

 

 If we switch between the two models how do we calibrate  

 the switching point? 

 

 How about using transformations of the risk factor time series 

 E.g. Box-Cox, Fisher-z, etc. 

 

 How do we deal with caps and floors in risk factor scenarios 

 and the behaviour near those? 

 

 Could the scenario generation process be different for positive 

 and negative returns? 
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PnL Generation 

 Problems in P&L generation are mostly related to use of 

 efficient approximations of the P&L calculation for the given 

 risk factor scenarios. 

 

 Difficulty is increasing with the number of risk factors driving 

 the P&L and the non-linearity of the relationships. 

 

 

8 



Percentile Calculation 

 VaR models typically generate a discreet sample of the  

 unknown P&L distribution. 

 

 The percentile calculation requires a continuous distribution 

 for the calculation. 

 

 The problem is more acute for Historical Simulation models 

 generating smaller samples with big distances in the tails. 

 

 There are a number of accepted models for this process; 

 Hyndman and Fan compare 9 of them in [1], others are based  

 on fitting continuous distributions to the sample, e.g. EVT, etc. 
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Percentile Calculation (2) 

 Each of the available methods makes an assumption of the  

 underlying distribution, either explicitly (EVT), or implicitly  

 as they all seek to allocate the observation probabilities 

 to the intervals. 

 The percentile calculation assumptions are back tested. 

 

 With the proposed move to Expected Shortfall it would be  

 useful to consider the consistency between the models used 

 for each calculation.  

 This is particularly important as the ES will be back tested via 

 the corresponding percentiles. 
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From 1-day to 10-day VaR 

 An 1-day VaR calculation is typically necessary, as this is the  

 measure used to back test the model. 

 However, Regulatory Capital is 10-day VaR based. 

 The calculation of both measures requires 2 runs. 

 Moreover, a 2-year or shorter historical horizon, most often  

 used for the calibration, gives us at most 52 independent   

 10-day move samples. 

 The use of overlapping 10-day intervals is the most common  

 approach to directly produce a 10-day VaR.  

 The other 2 popular alternatives are: 

 Scale the 1-day VaR by the Square Root of Time (SRT) 

 Scale the 1-day moves by SRT and recalculate VaR 
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VaR with Overlapping Intervals 

 Not great amount of research in this area. 

 Sun, Nelken, Han and Guo, in [2] show that the use of  

 overlapping returns underestimates VaR. 

 Levy processes were used for the theoretical analysis. 

 Brownian and shifted Gamma processes examined. 

 Test on real data requires long and stationary time series. 

 Method not compared to used alternatives. 

 Impact of non-independence 

 

 Our simulation analysis has confirmed those results plus: 

 Estimation error not autocorrelation dependent. 

 Under/over estimation can be process dependent and even 

 parameter dependent for jump diffusion process, with  

 underestimation decreasing with jump frequency. 
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VaR with Scaled 1-day Returns 

 A great amount of research in this area. 

 Some findings: 

 Matches volatility but overestimates its variance for a  

 GARCH (1,1) process. [3] 

 Performance dependent on market observable self-similarity  

 (persistent/anti-persistent). [4] 

 Typically overestimating VaR for studied data. [5] 

 Underestimating VaR for jump diffusion process with small 

 jump intensity. Positive drift reduces that. [6] 

 Good estimator for AR(1)-GARCH(1,1), process with small 

 autocorrelations, can over/underestimate otherwise. [7] 

 Paper [8] examines an ARMA(1,1)- GARCH(1,1) process with 

 added jumps. Similar findings to previous paper. Proposes a  

 correction for autocorrelations. Contrary to [6] finds that jumps 

 of much higher intensity than [6] cause overestimation of VaR 
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VaR with Scaled 1-day Returns 

 Main problem areas relate to failure of the IID assumption 

 Presence of autocorrelations in the data cause the model to  

 significantly underestimate for positive autocorrelations and  

 overestimate for negative ones. 

 Fat tailed distributions mostly point towards overestimation. 

 Jumps in the time series can lead to overestimation for jump 

 intensities of the order of 10d but underestimation for much 

 lower intensities. 

 

Our own analysis simulation confirms those findings. 
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Scaling the 1-day VaR 

 For linear exposures this approach is equivalent to scaling 

 the 1-day returns when scenario generation is based on 

 actual moves. 

 If relative moves have been used the approach will 

 underestimate positive moves and overstate negative ones 

 Obviously, non-linearity over the holding period is not captured 

 if assuming no trading action during that period. 

 Generally, the approach is equivalent to assuming constant  

 level of risk and daily rebalancing. 

 

Once the above is considered the previous findings apply. 
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Scaling vs. Overlapping VaR 

 Own analysis identified the following significant patterns: 

 The accuracy of the scaling method is significantly affected  

 by autocorrelations, while the overlapping one isn’t. 

 When jumps are present the scaling method is sensitive 

 to jump intensity, switching from under to over estimation 

 as the intensity crosses a holding period related threshold. 

 The overlapping method is almost predictably underestimating 

 but the degree of doing so is dependent on the process used.  

 When considering real portfolios of diversified risk factors 

 it is difficult to determine correction factors for either of  

 the two methods given the multiplicity and diversity of drivers. 

 Real portfolio comparisons show that biggest differences  

 can indeed be attributed to jumps and autocorrelations. 

 The resulting scaled VaR is typically larger than overlapping 16 



Scaling vs. Overlapping VaR 

 In historical simulation models the overlapping method will 

 use the implicit overlapping 10-day correlations (concurrent 

 moves) observed in the risk factor data. 

 Monte Carlo model users have a choice as to how they 

 calibrate their factor correlations, even independently of vols. 

 

 

 The scaling approach always uses the 1-day correlations 

 between the risk factors, assuming all inter-temporal  

 correlations to be zero. Consistent with diffusion models. 

 Avoids impacts of drifts in data as well as macro cause/effect 

 issues. Those issues become significant for longer horizons. 
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Summary of Comparison 

 Overlapping method 

 A more accurate, albeit underestimating, prediction of VaR 

 for single risk factors and small holding periods 

 Error of estimate increases with holding period length. 

 Corrupts risk factor correlations, particularly in historical  

 simulation, by mixing instantaneous relationships with inter- 

 temporal effects. 

 

 Scaling of VaR Method 

 Consistent with constant level of risk. 

 Accuracy dependent on a number of diverse factors 

 Uses instantaneous correlations and time independence 

 Economical to implement for various holding periods. 
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The New Regulations 

 The Fundamental Review of the Trading Book proposes 

 the following significant changes to the risk models 

 Replaces VaR with Expected Shortfall 

 Expected Shortfall calculation requires the use of different 

 “Liquidity Horizons” (a.k.a. holding periods) for each risk 

 factor.  

 Use of overlapping returns is specified for Historical  

 Simulation models 

 VaR is maintained for backtesting at 99% and 97.5% as a 

 means of backtesting the Expected Shortfall 

 Introduction of a test on the accuracy of the P&L generation 
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Expected Shortfall 

 Provides a measure of size of losses in the tail.  

 Common definition: 

 

 Alternative definition: 

 

 

 Expected Shortfall is a coherent measure while VaR is not 

 

 The use of VaR for backtesting raises the question of  

 consistency between the VaR and ES calculations. 

 What are the equivalent ES calculations for the 9 R VaR  

 calculations, for discrete samples? 

𝐸𝑆𝛼 ≡
1

1 − 𝛼
 𝑉𝑎𝑅𝑢

1

𝛼

 𝑋 𝑑𝑢  

𝐸𝑆𝛼 = −
1

1 − 𝛼
(𝐸 𝑋1 𝑥≤−𝑉𝑎𝑅𝛼   − 𝑉𝑎𝑅𝛼 1 − 𝛼 − 𝑃 𝑋 ≤ −𝑉𝑎𝑅𝛼   
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Liquidity Horizons 

 Proposed liquidity horizons range between 10 and 250 days 

 The use of overlapping returns is specified for HS models 

 A set of 250 concurrently starting returns is specified for the 

 Horizon Period, meaning a horizon period of 2 years if at  

 least one risk factor has a liquidity horizon of 250 days 

 Problems: 

 Exacerbation of the overlapping model bias 

 Returns for many risk factor dominated by trends 

 Risk factor correlations in HS models are corrupted. Unclear 

 how Monte Carlo correlations would be calibrated 

 The use of different Liquidity Horizons for each risk factor 

 worsens the correlations problem further. 

 Not consistent with typical hedging behaviour 

 The re-pricing of trades for those moves is problematic 
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Correlation Comparisons 

Risk Factor 

Liquidity Horizon (in 

days) 

S&P500 Equity Index 10 

S&P500 1Y ATM Volatility 20 

Deutsche Bank Equity 10 

Deutsche Bank 5y CDS  60 
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Liquidity Horizons - alternative 

 The use of the overlapping method, by scaling the P&L  

 vectors before the aggregation is a possible alternative. 

 Consistent with rolling over of risk/constant risk level 

 Maintains instantaneous correlation structure 

 Consistent with position management 

 Easy to implement 

 

 But, the use of various Liquidity Horizons (LH) means that: 

 More illiquid positions acting as hedges are overweighed 

 Inter-temporal relations between risk factor with different  

 LH are not uncorrelated, but driven by daily correlations 
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