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Model Predictive Control
How does predictive control work?

At each sampling instant, a predictive controller:

1. Takes a measurement of the system state or output

2. Computes a sequence of inputs over a finite time horizon
• Using an internal model to predict state at future times
• Minimising some cost function of future states and inputs
• Not violating any constraints on states and inputs

3. Implements the first part of the optimal sequence
• The rest of the sequence is discarded

This is a feedback control law

• Each new measurement is used to calculate a new input

• Prediction horizon “recedes” with time
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Model Predictive Control
The “receding horizon”
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Model Predictive Control
Ingredients of a predictive controller

“Online tasks” “Real world”

“Setup”

Objective
function

Prediction
model

Constraints

Optimisation
problem

Optimisation
algorithm Plant

Disturbances

(Observer)
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Model Predictive Control
Why predictive control?

Time-varying systems

• Combine with online system identification: indirect adaptive
control

Constrained systems

• No analytical solutions to infinite horizon problem even for linear
plant and quadratic cost

• Solve finite-horizon constrained OCP and implement in receding
horizon fashion to approximate infinite horizon optimal control

Non-linear systems

• Solving Hamilton-Jacobi-Bellman equation too hard

• Discretise and solve finite horizon OCP directly using numerical
methods — apply in receding horizon

• Much effort in the field on dedicated solvers.
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Model Predictive Control
“MPC person” Perspective

What do we (as “control people”) tend to focus on?

• Does it work “well” when we simulate/test/implement?
• Tuning issues/conceptual design.
• Does response to setpoint change or disturbances behave as

expected?

• Formal certificates of behaviour:
• Recursive feasibility
• Lyapunov stability of closed-loop system
• Robustness to characterised classes of uncertainty

• Priorities and assumptions vary with context
• (practitioner vs. technologist vs. theoretician)
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Model Predictive Control
“MPC person” Perspective

How do we interact with the optimiser?

• Real-time issues
• Real-time optimisation far more heavy than u = Kx: can we solve

the problem fast enough on appropriate hardware?
• How accurate can we expect the solution to be if we terminate after

a fixed number of iterations?
• Quite a lot of work in the field on dedicated QP/LP solvers for MPC

problems (multi-stage structure exploitation, hot-starting, iteration
bounds)

• Aware of embedded SOCP solver, but not aware of any embedded
LMI solvers (applicable to some Robust MPC methods)

• Data representation issues?
• Finite precision arithmetic? (Traditional: use double precision float

and ignore — but limits scope)
• Robustification against bounded solver error? (Pretend does not

exist? Treat as “just” another disturbance?)
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Addressing Real-Time Issues
Two examples

Hardware Acceleration of Convex
Optimiser using FPGA

• Programmable hardware

• Connect many basic logic
blocks to form custom circuit

• Control over parallelism, clock
rate, timing, data type

• Embeddable

Hardware Acceleration of Global
Optimiser using GPU

• NVIDIA Tesla C2070 GPU
board has 448 cores

• Single Instruction Multiple
Data (SIMD)

• Programmable in C-like
language
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Addressing Real-Time Issues: Example 1a
Spacecraft trajectory regulation

Reference trajectory

• Relative local reference frame
centred on target

• At 200 m, accelerate to 0.2 ms−1

• Slow down to 0.1 ms−1 at 100 m

• Open-loop drift from 3 m point.

x

z

y

Mars

Target

Figure: Relative reference frame

x

z
7.7 cm

3 m

Open-loop drift

100 m 200 m

Target

Chaser initial position

0.2 ms−10.1 ms−1

Figure: Nominal reference trajectory (not to scale)

10/30



Addressing Real-Time Issues: Example 1a
Constraints and nonlinearities

Constraints and oddities

• Input constraints (8 N)

• Minimum impulse bit

Uncertainty

• Sensor noise

• Thrust uncertainty

• Model parameter uncertainty

Timing

• Sampling time Ts = 1 s

u commanded

u delivered

+ve thruster

-ve thruster

Figure: Differential thrust to
counteract minimum impulse bit
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Addressing Real-Time Issues: Example 1a
Forming the optimal control problem

• States x ∈ R5 (out-of-plane, and nadir relative position), and in-track, out-of-plane and
nadir relative velocities

• Inputs u ∈ R6 (positive and negative thrusters in three dimensions)
• Prediction matrices (A,B) from Hill-Clohessy-Wiltshire Equations

min
xi,ui

(xN−r)TP (xN−r)+
N−1∑
i=0

(
(xi − r)TQ(xi − r) + uTi Rui + ‖Rλui‖1

)

Subject to: x0 = x(k)

xi+1 = Axi +Bui i ∈ {0, . . . , N − 1}
ui ≥ 0 i ∈ {0, . . . , N − 1}
ui ≤ umax i ∈ {0, . . . , N − 1}.

• Q ≥ 0, R > 0, Rλ ≥ 0 and diagonal, P ≥ 0. N = 20 =⇒ 120 decision variables.
• We can write this as a convex, bound constrained Quadratic Program (QP)
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Addressing Real-Time Issues: Example 1a
Predictive problem as a constrained QP

Convex QP

min
θ

1

2
θTHθ+ fT θ

s.t.

θmin ≤ θ ≤ θmax

The Good

• Convex

• H matrix constant from step to step

• Efficient solution algorithms (e.g.
Nesterov’s Fast Gradient Method)

Comments

• Aim to solve the QP fast, but keep clock frequency low

• Use fixed point arithmetic

• Use Mathworks HDL Coder to implement

• Connect to MicroBlaze for comms link
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Addressing Real-Time Issues: Example 1a
FPGA timing tests
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Addressing Real-Time Issues: Example 1b
Scenario description

Control objective

• Bring chaser spacecraft from 10 km to 100 m in a fuel efficient
manner

• Stop at a sequence of “holding points” reducing separation from
target
• (These are periodic trajectories centred at prescribed separations.)

xcrf

zcrf

Target

Chaser
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Addressing Real-Time Issues: Example 1b
Variable horizon optimal control problem

MPC Formulation to reach next holding point

• Elliptical orbit =⇒ LTV prediction model (Yamanaka-Ankersen)

• Fuel minimisation proportional to thrust =⇒ 1−norm cost

• Completion-type problem =⇒ variable horizon

J
∗
= min

N,θ

N−1∑
i=0

(1 + γ‖ui‖1) (1a)

s.t. x0 = x(k), (1b)

xi+1 = Aixi + Biui, i ∈ {0, . . . , N − 1}, (1c)

xN = xT (k +N), (1d)

0 ≤ ui ≤ umax, i ∈ {0, . . . , N − 1}, (1e)

N ≤ Nmax, (1f)
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Addressing Real-Time Issues: Example 1b
Variable horizon optimal control problem

Variable horizon MPC controller

Initialisation:
1. Jopt =∞, Nopt = 0, θopt = 0;
for j = 1 to Nmax

2. Calculate Aj , Bj using Yamanaka-Ankersen (2002) eqns;
3. Solve (1) s.t. N = j. If feasible, Jj = J∗, else Jj =∞;
if Jj < Jopt

4. Jopt = Jj , Nopt = j, θopt = θ∗;
end if

end for.
5. Return u0 from θopt.

• Non-convex problem converted to sequence of convex ones

17/30



Addressing Real-Time Issues: Example 1b
Primal-dual interior point method

Initialisation

Compute residuals

Linearise relaxed KKT
+ block elimination

Solve linear system

Update iterate

k ≤ kmax? Stop
yes no

Implemented
in custom

circuit

• Custom circuit used to
accelerate critical path

• Remainder of algorithm
implemented on MicroBlaze
soft-core processor.
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Addressing Real-Time Issues: Example 1b
Solution of linear system

Computational bottleneck[
H + Φk FT

F 0

]
︸ ︷︷ ︸

Ak

[
∆θk
∆νk

]
= bk

Solve using MINRES
(Minimum Residual)

algorithm

� Iterative method
! Dominated by matrix-vector multiplication
! Parallelisable
! Can trade number of iterations for accuracy
! Sparse structure of Ak can be exploited

% Sensitive to conditioning
• (scale model matrices to assist with this)

• (apply preconditioner of Jerez, Constantinides, Kerrigan for fixed-point Lanczos)

% Sensitive to precision (scaling, preconditioning helps here too)
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Addressing Real-Time Issues: Example 1b
Architecture and implementation

High-level architecture of controller implementation

FPGA

Outside
world

Xilinx
MicroBlaze

Ethernet

MINRES solver

Update QR,
Givens Rotn

Update Soln
Lanczos

Linear system
builder and

preconditioner

AXI-lite
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Addressing Real-Time Issues: Example 2
Air Traffic Control Using Nonlinear Predictive Control

• Centralised supervision of take-off
and landing aircraft in terminal
manœuvring area

• Prevent conflicts

• Minimise fuel consumption

• Highly nonlinear • Non-convex
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Addressing Real-Time Issues: Example 2
Air Traffic Control Using Nonlinear Predictive Control

• Need an algorithm which is capable of handling:
• Constraints: speeds, altitudes, control bounds and airport safety

constraints.
• Nonlinearity: aircraft model and rewards
• Non-convexity: constraints and aircraft model
• Multi-Agent: more than 1 aircraft flying around.
• Dense Conflict Resolution: small area for relatively large number of

aircraft.
• Uncertainty: wind, human error, control error.

• But in mitigation:
• Large-scale computing an option: bury a computer under the tower!
• Slow update requirement: 20 seconds to 2 minute updates.

• ∴ Use stochastic solver
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Addressing Real-Time Issues: Example 2
Air Traffic Control Using Nonlinear Predictive Control
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• Solve non-convex, and nonlinear optimisation problem using
Sequential Monte-Carlo method

• This is “Embarrassingly Parallel”
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Addressing Real-Time Issues: Example 2
Air Traffic Control Using Nonlinear Predictive Control

• 13–20 simultaneous aircraft

• H = 6 prediction horizon steps

• 3 control inputs per vehicle per time step

• 10240 particles

• Envisaged sampling time 20 seconds

• Ground-based so large-scale computation
valid option

• Too slow with just CPU: 98.5% speedup
using GPU

• GPU + Stochastic optimisation an
enabling technology!

• Could be applicable to satellite formation
planning/control too
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Global Optimisation for Automatic Controller Tuning
Tuning parameters

min
xi,ui

(xN−r)TP (xN−r)+
N−1∑
i=0

(
(xi − r)TQ(xi − r) + uTi Rui + ‖Rλui‖1

)

How do we choose Q, R, P , Rλ?

• Often multiple conflicting objectives, and weighting matrices end
up as tuning parameters.

• Not always clear what gives best “robust” performance

• Alternative interpretation: the online optimisation problem a way of
compactly encoding a non-linear feedback control law

• ∴ use “automatic” tuning?
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Global Optimisation for Automatic Controller Tuning
Objectives

• Q = diag(Qyz, Qyz, Qẋ, Qẏż, Qẏż),

• R = diag(Rx, Ryz, Ryz),

• Rλ = diag(Rλ,x, Rλ,yz, Rλ,yz)

• Use global optimisation to tune the parameters Qyz, Qẋ, Qẏż, Rx,
Ryz, Rλ,x and Rλ,yz by considering behaviour of closed-loop
simulations. (We used Simulated Annealing)

• Criteria: Tracking accuracy, capture accuracy, fuel usage.
• High cost on violating accuracy tolerance (i.e. soft constraint)
• Low cost on fuel usage
• Each function evaluation consists of multiple simulations for

different plant-model-mismatch and initial conditions — minimise
worst case over each scenario.
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Global Optimisation for Automatic Controller Tuning
Application

0	  

1	  

2	  
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4	  

5	  

6	  

7	  

8	  

9	  

10cm	  tol.	   12.5cm	  tol.	   15cm	  tol.	   17.5cm	  tol.	   20cm	  tol.	  
LQ	  Cost	   3.23	   3.23	   3.23	   3.23	   3.24	  

LASSO	  Cost	   0.91	   0.85	   0.71	   0.74	   0.72	  

L1	  Cost	   7.43	   4.82	   5.05	   4.79	   8.7	  

L1	  +	  Zone	  Cost	   1.71	   0.8	   0.76	   0.7	   0.7	  

De
lta

	  V
	  U
sa
ge
	  

• Use to evaluate different classes of MPC cost function
• Compare qualitative performance of “best” tuning of each
• (No guarantee of “best”, but identifies ease of tuning)
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Global Optimisation for Verification and Validation
Clearance strategies

• Alternative to Monte-Carlo simulation

• Worst case search

• Use global optimisation methods to try to “break” a control system

• Find the system parameters which lead to the worst behaviour for a
fixed control system design.
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Interesting current topics
Pertinent activity in the control community

*Although we aren’t working on this ourselves at the moment

• Tailored algorithms for predictive control

• Bounds on accuracy for a given number of iterations
• Using this information to guarantee real-time availability
• Using this information to “robustify” the control design

• How suboptimal a solution can be tolerated?
• How infeasible a solution can be tolerated?
• How does suboptimality/primal infeasiblity of solution affect closed

loop system?

• Effects of finite precision arithmetic?
• As above
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Conclusions
A (somewhat biased) control engineering perspective

• Optimisation can be used to design the controller or to implement
the controller or to validate the control system

• Substantial activity on raw speed for MPC problems (including
ourselves) including exploitation of
• FPGAs
• GPUs

• Current community activity on other real time issues (bounds on
solution accuracy for fixed # iterations)

• Current community activity on address effects of inexact solutions
due to early termination and finite precision arithmetic:
compatibility with existing results on recursive feasibility and
stability.
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