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Why Efficient Quantum Filtering? 



Continuous Weak Quantum Measurements 
•  For a quantum system with a Hamiltonian, H, subject to a measurement 

corresponding to a Hermitian operator, y, the Stochastic Master Equation 
(SME) for the conditional evolution of the density matrix is: 

–  where k is the measurement strength and dW is a real Wiener increment such 
that dW2 = dt. 

–  Non-Hamiltonian measurements and other ‘unravellings’ of the master 
equation are possible, but we will only consider this (relatively) simple case. 

•  The measurement records for this SME are given by: 

  

€ 

dρc = − i
 [H,ρc ]dt − k[y,[y,ρc ]]dt + 2k (yρc + ρc y − 2Tr(yρc ))dW

  

€ 

dy(t)


= 8k Tr(yρc )dt + dW



Role of the SME 
•  The SME turns the measurement record into an estimate of the current 

state of the system: 
–  The ‘best guess’ of the quantum state based on the information that is 

available. 

•  As such, the measurement comes first – ideally from an experiment. 

•  The integration should proceed as follows: 
–  Take measurement:    

–  Calculate the ‘innovation’ due to the measurement:  

–  Use the innovation to calculate an update to the conditional density matrix: 

  

€ 

dρc = − i
! [H,ρc ]dt − k[y,[y,ρc ]]dt + 2k (yρc + ρc y − 2Tr(yρc ))dW

  

€ 

dW =
dy(t)
!

− 8k Tr(yρc )dt
€ 

dy(t)



Role of the SME 
•  In our case, we have no experimental system to generate a 

measurement record. 

•  So… A measurement record is generated using one SME: 
–  SME 1 plays the role of an experimental system, generating 

measurements. 
–  SME 1 has two known, fixed quantities (Hamiltonian and 

measurement strength). 
–  SME 1 is initialised in a pure state. 



Role of the SME 
•  A second SME takes the measurement record integrates the SME to 

find the estimated quantum state. 

•  For the second SME, we assume: 
–  SME 2 has an accurate estimate of the system Hamiltonian. 
–  And the measurement strength, k. 
–  SME 2 is initialised in a completely mixed (unknown) state. 
–  SME 2 is run with small time steps and an non-ideal measurement record. 



How good is the estimate? 

•  The difference between the density matrices from SME1 (ground truth) 
and SME2 (estimated state) can be calculated using a range of 
distance metric, but we will stick with the fidelity: 

 or the ‘infidelity’: 

€ 

F = F(ρ2,ρ3) = Tr ρ3ρ2 ρ3( )
2

€ 

1− F =1− F(ρ2,ρ3) =1− Tr ρ3ρ2 ρ3( )
2



Numerical Integration – Milstein/Milstein-Platen 
•  For an Ito stochastic differential equation of the form: 

 where f  and g are functions of the system states, the simple (Euler-
Maruyama) integration over a finite time-step Δt is given by: 

–  This technique is only weakly convergent to first-order and strongly 
convergent to half-order. 

•  The Milstein ‘correction’ to this includes a term which is proportional to 
the difference (Δt − ΔW2), which vanishes as Δt tends to zero. 

–  which is strongly convergent to first order. 
–  A variant (the Milstein-Platen method) which uses numerical derivatives is 

also strongly convergent to first order. 

€ 

dXt = f (Xt )dt + g(Xt )dWt

€ 

yn+1 = yn + f (yn )Δt + g(yn )ΔWn

€ 

yn+1 = yn + f (yn )Δt + g(yn )ΔWn + 1
2 g(yn )

∂g(X)
∂X X = yn

(Δt − (ΔWn )
2)



Classical Aside ♯1 

Optimal Bayesian Estimation 

PHD Filter (Mahler) Intensity Filter (Streit) Random Finite Sets 

Multiple Hypothesis Tracking (MHT) 

Sequential Monte Carlo (SMC) Filters Particle Filters 

Interacting Multiple Models (IMMs) 

Unscented Kalman Filters 
Extended Kalman Filters 

Kalman Filters 

Alpha-Beta-Gamma (Steady State) Filters 

Paper-Practicality 
Discontinuity 



Classical Aside ♯1 

Track Clustering 
Track Deletion 

Clutter Rejection 

Track Linking 
Track-Data Association 

Meta-Analysis/Pattern of Life 



Qubit Frequency Estimation 
(with Kurt Jacobs and Charles Hill) 
PRA 84, 052119 (2011) 



Single Qubit with σz Measurement 
•  The specific example considered here is: 

–  A single qubit. 
–  A Hamiltonian that generates rotations around the Bloch x-axis. 
–  A measurement along the Bloch z-axis. 

•  Rewriting the SME in the Bloch vector representation gives: 

 with  

•  This represents a charge qubit quantum dot with an approximately 
constant tunnelling interaction and a weak charge measurement. 

€ 

drX = −4krX − 8krX rZ dW

drY = −ωrZ dt − 4krY dt − 8krY rZ dW

drZ =ωrY dt − 8k (1− rZ
2)dW

  

€ 

dy(t)
!

= 8k rZ dt + dW
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Bayesian Inference 
•  Making a continuous measurement will, in general, provide information 

not only about the state of a system, but also about the dynamics, and 
thus the parameters that determine the Hamiltonian.  

–  We will denote the parameters by the vector λ.  
–  Our task is to process the measurement results in order to extract that 

information.  
•  The full solution to this problem is given by applying Bayesian inference 

(classical measurement theory) in combination with quantum 
measurement theory. 

–  Quantum measurement theory being the quantum version of Bayesian 
inference.  

•  To begin with, our state of knowledge regarding the system and the 
parameters is described by a density matrix for the state of the system, 
ρc , and a probability density for the parameters, P(λ).  

–  Here we are concerned only with a single parameter (the frequency of 
oscillations), so we have a scalar parameter, λ.  



Bayesian Inference 
•  The solution to the continuous estimation problem tells us how to 

update both the density matrix and P(λ) in each infinitesimal time-step 
–  That is, it gives differential equations for ρc and P(λ), and these are 

stochastic because they are driven by the measurement record.  
•  We now present the stochastic differential equations that solve the 

combined state and parameter estimation problem.  
–  Since the Hamiltonian is a function of λ, we will write it as H(λ).   

•  The stochastic master equation for the density matrix is: 

 where the measurement record is: 
  

€ 

dρc = − i
! P(λ)H(λ)dλ∫ ,ρc[ ]dt − k[y,[y,ρc ]]dt

+4k(yρc + ρc y − 2Tr(yρc ))(dr −Tr(yρc )dt)

  

€ 

dr =
dy(t)
8k!



Bayesian Inference 
•  The equation of motion for P(λ) is 

 where the expectation value of y is the value that y would have if we knew 
the value of λ – and is calculated using ρλ – the density matrix representing 
the state of knowledge of the system, given λ. 

•  The update equation for the new density matrix is 

–  We refer to the three equations as the hybrid master equation, since they 
involve both quantum and classical states of knowledge.  

•  It is because we must propagate the density matrices for every value of 
our parameter that the full state-estimator is so numerically intensive.  

–  As λ is a continuous variable, and it is impossible to have a density matrix 
for all values of λ, we use a grid closely-spaced discrete values.  

€ 

dP(λ) = 8k(Tr(yρc ) − y
λ
)(dr −Tr(yρc )dt)P(λ)

  

€ 

dρλ = − i
! H(λ),ρλ[ ]dt − k[y,[y,ρλ]]dt

+4k(yρλ + ρλy − 2Tr(yρλ))(dr −Tr(yρλ)dt)
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Classical Frequency Estimation 
•  Finding a periodic signal in a noisy set of measurements is quite a 

common task in conventional signal processing. 
•  A large number of techniques have been developed over the years to 

provide good accurate estimates in a variety of situations: 
–  Fourier-based methods (periodogram, DFT interpolation). 
–  Notch filters (Quinn-Fernandes, Hannan-Huang). 
–  Noise sub-space techniques (MUSIC, Pisarenko). 

•  In the long time limit, some of these techniques should approach the 
optimal performance, as given by the Cramer-Rao bound. 

•  However, the situation here is complicated by two factors: 
–  The very low signal-to-noise ratio (SNR), approx. -30dB to -20dB. 

–  The back-action of the measurement interaction on the qubit broadens the 
Fourier peak so that the signal is not a simple sinusoid. 

€ 

SNR ≈10log10(4kΔt)



Periodogram (Fourier) Method 
•  The simplest way to find a frequency from a measurement record is to 

calculate the Discrete Fourier Transform (DFT/FFT). 
–  The peaks in the DFT correspond to the frequencies present in the signal. 
–  Inefficient and inaccurate. 

•  A better (if even less efficient) approach is to calculate the maximum of 
the ‘periodogram’ 

•  For a simple sine wave in white Gaussian noise, the maximum 
periodogram method should be optimal. 

–  However, it is very inefficient even if it is more accurate than the simple DFT 
method. 

–  More efficient variants of the DFT approach exist which interpolate between 
DFT values, but they will still be less accurate than the periodogram. 

€ 

I(ω) = yn exp(iωtn )n= 0

N−1
∑

2



Quinn-Fernandes Method 
•  The Quinn-Fernandes method operates in the time-domain. 

–  Hence, it is very efficient. 
–  For moderate SNR, it approaches the Cramer-Rao bound, accuracy O(T-3). 

•  It constructs a discrete-time filter which effectively removes the 
frequency of interest (a ‘notch’ filter). 

–  It is an example of pole-zero cancellation. 

•  A signal of the form: 

–  where A and ϕ are an amplitude and phase respectively. 
 should satisfy a filter equation: 

€ 

xn = Acos(nωΔt + φ) + εn

€ 

xn − 2cos(ωΔt)xn−1 + xn−2 = εn − 2cos(ωΔt)εn−1 + εn−2



Quinn-Fernandes Method 
•  Rewriting the filter equation as: 

–  Subject to the constraint α = β.  
•  We start with an initial estimate ω1 for ω and set j = 1 and 

•  We then calculate a new measurement record using: 

–  where ζn,j = 0 for n < 0. 
•  An estimate for β is then constructed using: 

•  and αj +1 = βj  until the algorithm terminates because |α - β| is less than 
some threshold value. 

€ 

xn −αxn−1 + xn−2 = εn −βεn−1 + εn−2

€ 

α1 = 2cos(ω1Δt)

€ 

ζ n, j = xn −α jζ n−1, j + ζ n−2, j

€ 

β j =
(ζ n, j + ζ n−2, j )ζ n−1, jn= 0

N−1
∑

ζ n−1, j
2

n= 0

N−1
∑
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MUltiple SIgnal Characterisation (MUSIC) 
•  MUSIC is a widely used frequency estimation technique. 

–  It uses the eigenvectors of the autocovariance matrix to decompose the 
measurement record into a signal sub-space and a noise sub-space. 

–  It is relatively efficient. 
–  For moderate SNR, its accuracy approaches O(T-1). 

•  Start by constructing an MxM symmetric matrix: 

 where the autocovariances are given by 

 where M > 2 can be varied to optimise the technique (M = 5 here). 

  

€ 

C =

C0 C1 ! CM −1

C1 C0 ! CM −2

" " # "
CM −1 ! C1 C0

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
⎟ 

€ 

C j = N−1 (yn − y )(yn− j − y )
n= j

N−1

∑



MUltiple SIgnal Characterisation (MUSIC) 
•  Once the autocovariance matrix has been constructed, the 

eigenvectors of the matrix (νm, m = 1…M) are found, and ordered so 
that the eigenvalues (γm) are in ascending order 

•  If there are p sinusoids (ie. p different frequencies) present in the data, 
the first M-p eigenvectors are used to find the MUSIC ‘spectrum’  

 where e(ω) = [1  exp(iωΔt)  exp(2iωΔt) … exp(i(M-1)ωΔt)]T  and the 
eigenvectors are normalised. 

•  The MUSIC spectrum contains p maxima (one in this case) and the 
value of ω that maximises S(ω) is our frequency estimate. 

–  Although MUSIC does not require an initial value for the frequency, the 
technique is unstable unless the data is pre-filtered with a bandpass filter to 
remove very high and very low frequencies. 

€ 

S(ω) =
1
e∗(ω)νm

2

m=1

M − p
∑

  

€ 

γ1 ≤ γ 2 ≤… ≤ γM
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Results 
•  The results for the Bayesian method are for: 

–  500 cycles. 
–  5000 realisations per k value. 
–  4000 steps per cycle and Milstein integration. 
–  301 frequency values per realisation. 
–  232 processors. 
–  approx. 33 hours per k value. 

•  The results for the classical methods are for: 
–  500 cycles. 
–  2000 realisations per k value. 
–  4000 steps per cycle for SME1 and SME2 (with Milstein integration). 
–  50 steps per cycle for the classical frequency estimation. 
–  1 desktop/laptop PC (modern dual core processor). 
–  approx. 36 hours per k value. 
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Reduced Information Measurements 
(with Neil Oxtoby) 
PRL 107, 260503 (2011) 



Measurement & Purification 
•  Obviously, the measurement record contains information about the 

state of the system. 
–  Taking an initial unknown (completely mixed) state and gradually 

accumulating information about its behaviour allows us to gradually purify 
the state of the system. 



Rapid Purification Protocols – One Qubit 
•  Rotation away from Measurement axis  

–  K Jacobs, PRA 67, 030301 (2003). 
–  Jacobs protocol maximises the average rate of purification. 
–  Purification is deterministic, although feedback is stochastic. 
–  Average purification rate increases by a factor of two as purity tends to one. 

•  Rotation towards Measurement axis  
–  Wiseman & Ralph, New J. Phys. 8, 90 (2006). 
–  Minimises the average time to reach a given purity level. 
–  Average time to reach a given purity level reduces by a factor that 

approaches two as purity tends to one (First passage time). 
•  The apparent discrepancy between these two protocols can be 

explained by: 
–  The majority of the controls/realisations purify the qubit faster when the 

Bloch vector is rotated towards the measurement axis. 
–  However, a small fraction of realisations take a very long time to purify – a 

long tailed distribution which affects the average disproportionately. 



The Measurement Record 
•  Let’s take a closer look at the measurement record as a classical 

signal. 

•  Bandwidth 
–  A high bandwidth signal means that the background in the measurement system is 

very noisy – typically the noise power will be proportional to the bandwidth. 
•  Dynamic range 

–  A high dynamic range signal (several orders of magnitude?) means that the 
measurement circuitry needs to have linear or near linear response over the entire 
range of the signal.  

•  Sampling frequency 
–  The bandwidth affects the minimum rate at which the signal can be sampled without 

introducing distortion – e.g. aliasing. 
•  Bit-depth 

–  The number of bits used to represent the signal in a digital system is driven by the 
dynamic range of the signal and the accuracy required to produce a good estimate.  

JFR, Neil Oxtoby, PRL, Vol. 107, 260503 (2011). 



Classical Aside ♯2 
•  Sub-Threshold Stochastic 

Resonance 

•  Bi-stable system driven by weak 
signal and noise. 

–  Resonance condition when escape 
time for bi-stable states matches the 
period of weak drive signal. 

–  Maximises signal-to-noise when 
noise is tuned to match resonance 
condition.  

•  Supra-Threshold Stochastic Resonance 

•  Multiple noisy channels with threshold 
detection. 

–  Independent noise in channel pushes signal 
over threshold and generates detection. 

–  Summing detections produces approximate 
input signal. 

–  Maximises information transport by 
adjusting noise level to generate threshold 
crossings. 



Classical Aside ♯2 
Lloyd-Max Quantization (Optimal – Gaussian) 

1.  Initialise the output levels: zi, i = 1… 2Nbits 

2.  Define the nearest neighbour sets of the quantiser:  

3.  Compute new output levels as the mean of the data in each region: 

4.  If the improvement in the mean square error is large enough, go to 2. 
Otherwise STOP. 

€ 

Ωi = x : (x − zi)
2 ≤ (x − z j )

2 all i ≠ j{ }

€ 

zi =
xp(x)dx

x j−1

x j∫
p(x)dx

x j−1

x j∫



Classical Aside ♯2 
Setting Quantization Thresholds 

Optimal Thresholds for a Gaussian signal in Gaussian noise (N = 15) 
− in  McDonnell, Stocks, Pearce and Abbott, Phys Lett A, Vol.352, pp.183-189, 2006. 



One Bit Measurement Record (OBR) 
•  So, if a classical signal is sent through a number of parallel 

(thresholded) channels, corrupted by Gaussian noise, then the optimum 
number of thresholds reduces to one as the noise level increases. 

–  Here, parallel channels (i.e. multiple measurement interactions) would 
introduce additional noise through the measurement back action.  

•  Instead, we use the fact that the underlying signal is slowly varying with 
respect to the measurement/purification rate to perform an (implicit) 
temporal average over the noise. 

–  For the one-bit measurement record, the discrete samples are replaced with, 

 where sgn(x) = ±1 depending on the sign of x. 
•  For the examples presented here, we use 10000 steps per cycle per 

qubit and k = 0.005ω0. 

  

€ 

ΔY (t) = (!Δt) sgn(Δy)



Single Qubit with σz Measurement 
•  The specific example considered here is: 

–  A single qubit. 
–  A Hamiltonian that generates rotations around the Bloch x-axis. 
–  A measurement along the Bloch z-axis. 

•  Rewriting the SME in the Bloch vector representation gives: 

 with  

•  This represents a charge qubit quantum dot with an approximately 
constant tunnelling interaction and a weak charge measurement. 

€ 

drX = −4krX − 8krX rZ dW

drY = −ωrZ dt − 4krY dt − 8krY rZ dW

drZ =ωrY dt − 8k (1− rZ
2)dW

  

€ 

dy(t)
!

= 8k rZ dt + dW



One Qubit – No Feedback 

(Dashed = full measurement record, solid = OBR) 



One Qubit – Feedback Control (W-R) 

(Dashed = full measurement record, solid = OBR) 



Two Qubits 
•  For two qubits there are two main ways to generate an entangled state 

from a separable initial state. 
•  An entangling Hamiltonian: 

–  A ZZ interaction will generate an entangled state when combined with two 
local Z measurements and no controls. 

–  The full record purifies the state effectively but the OBR generates an 
unstable state estimate. 

–  Using local controls for the individual (reduced) density operators, rotating 
onto the respective Z-axes using either record will purify the two-qubit state 
with a fidelity that tends to one in the long time limit.  

–  However, this has the disadvantage of removing entanglement between the 
two qubits, because the resultant state is separable with each qubit in an 
eigenstate of Z.  

•  An entangling measurement: 
–  We opt to use no feedback in this case, relying on the inherent X-rotations 

and a single (entangling) ZZ-measurement. 



Two Qubit Fidelity 
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 (a)

(Dashed = full measurement record, solid = OBR) 



Classical and Quantum Correlations 
•  We calculate classical correlations, 

 and the quantum discord  

 where S(ρ) is the von Neumann entropy S(ρ) = Tr(ρlog2ρ) and ρA and ρB  
are the reduced density matrices for the individual qubits, and the 
minimum is taken over the set of projectors on qubit A, {ΠA

a}. 
•  S(ρB|A) is the entropy of qubit B under the action of the projectors on 

qubit A, and pa is the probability associated with the result obtained for 
that projector on qubit A.  

•  Orthogonal projectors are used here because, although the minimum 
value that they give is not always the true minimum, the value of the 
quantum discord is very close to the true value. 

€ 

D(ρ) = S(ρA ) + S(ρB ) − S(ρ) −C(ρ)
€ 

C(ρ) = S(ρB ) −
min
Πa

A{ } paS(ρ
B A

Πa
A{ }
)

a
∑



Classical and Quantum Correlations 
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 (b)

(Dashed = full measurement record, solid = OBR) 
(Red = classical correlations, blue = quantum discord) 



Summary 
•  Efficient Quantum Filtering is needed for Feedback Control. 

–  Experimental systems are approaching the point where quantum state 
estimation is possible. 

•  Efficient classical techniques can be used for determining experimental 
parameter values. 

–  Eg. Qubit frequencies. 

•  Signals used in (incoherent) feedback control are classical signals, and 
should be treated as such. 

–  Bit depth. 
–  Bandwidth. 
–  Dynamic range. 
–  Sampling frequency. 



Thank you for your attention. 

Questions? 


