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Ericksen-Leslie’s system for liquid crystals

@ Hydrodynamic theory of liquid crystals: (Leslie’s paper
“Some constitutive equations for liquid crystals”. Arch.
Rational Mech. Anal. 28 (1968), no. 4, 265-283.)

pu = pF +divé,divu = 0, (Balance of momentum)
p1d = p1G + g +divr. (Balance of angular momentum)
(0.1)

@ Unknown functions:

o u: flow velocity.
e d: direction field of the liquid molecules, |d| = 1.

@ p: fluid density (constant, for simplicity).

@ p1 > 0: the inertial density.

@ & intrinsic force associated with d.

@ r: director stress.

@ F and G: external body force and external director body force.



Ericksen-Leslie’s system for liquid crystals

@ A = 1(Vu+ VTu): rate of strain tensor.

@ B = }(Vu- VTu): skew-symmetric part of the strain rate.

@ w=d=9d;d+ (u-V)d: material derivative of d.

@ N = w + Bd: rigid rotation part of director changing rate by
fluid vorticity. (“Oldroyd derivative”)

@ The constitutive relations for &, 7 and g are given by:

A oW —nd. oW
0= —Pdij + i~ g, dkj» i = Bidj +pgq;

. (0.2)
&j=ydi - Bidij - pSE + &

@ p: the pressure, vector 8 = (B1,--- ,Bn)" and the scalar
function y: Lagrangian multipliers for the constraint |d| = 1.



Ericksen-Leslie’s system for liquid crystals

@ W: the Oseen-Frank energy functional
2W =k (divd)? + kold - (V x d)[? + kald x (V x d)[?
+(ke + ka) [tr(Vd)? - (divd)?].

@ g: the kinematic transport g; = 41N; + A2d;Aj: the effect of the
macroscopic flow field on the microscopic structure. 1st term:
rigid rotation of molecule; 2nd term: stretching of the molecule
by the flow.

@ o stress tensor o = pydxAkpdpdid; + poN;d; + uzdiN;
+usAj + psAided; + pediAjdk . The coefficients u; are
called Leslie coefficients, divo- = JusAu + divé .

@ Al =p2—puz, A2=p5— .

@ o + uz = ug — us : Parodi’s relation.

@ For simplicity, assume p = 1, F = 0, G = 0. We also take
ki =ko=kz=1,ks =0.



The dynamic theory and inertia

@ The derivation of the dynamic equations was proposed by
Ericksen and then adjusted by Leslie and started from an
energy balance:

d 1 2 '2
— | {z Wid
T V{2IUI +p1ldi® + Widv

f(—A) dv 4 boundary terms and “harmless terms”
%

where A dissipation function and W the Oseen-Frank energy.
@ Concerning the inertial constant p1, F. Leslie in Adv. in
Physics, v. 4, 1978 stated:
“the term involving o represent rotational kinetic energy of the
material element and therefore o is an inertial constant. While this
contribution to the kinetic energy is undoubtely negligible in most
circumstances we retain it in the general form which follows, since it
could conceivably play a nontrivial rote when the anisotropic axis is
subjected to large accelerations...”



Ericksen-Leslie’s system for liquid crystals

@ Ericksen-Leslie’s hyperbolic liquid crystal model reduces to
the following form:

du+u-Vu— JusAu+ Vp = —div(Vd © Vd) + divé,
divu =0,
p1d = Ad + yd + A4(d — Bd) + 12Ad,
(0.3)
on R" x R with the constraint |d| = 1, where the Lagrangian
multiplier y is given by

y = y(u,d,d) = —py|d]2 + |Vd[® — 22d"Ad. (0.4)
@ Initial data:
ult—o = u"(x), dlt=o = d"(x), dlt=o = d"(x), (0.5)

where d" and d" satisfy the constraint and compatibility
condition: ' o
|dm| — 1 , dm . dm — 0 (06)



Special case: Navier-Stokes coupled with wave map

A particularly important special case of the hyperbolic system of
Ericksen-Leslie’s model is that the term divé vanishes. Namely,
the coefficients u’s, (1 <i < 6,i # 4) of divd are chosen as 0,
which immediately implies 11 = 1o = 0. Consequently, the system
(0.3) reduces to a model which is Navier-Stokes equations coupled
with a (damping) wave map from R" to §2:

du+u-Vu+ Vp = s Au - div(Vd o Vd),
divu =0, (0.7)
p1d = Ad + (=p1[d? + [VdP)d.

@ if d = constant vector, then u satisfies the standard
Navier-Stokes equations.

@ if u = 0, then d is called “twisted wave” (proposed by J.L.
Ericksen, 1968)



p1 = 0,14 = =1, parabolic model

@ If p1 = 0and 11 = —1 in the 3rd equation of (0.3), the system

reduces to the parabolic Ericksen-Leslie’s system.

The static analogue of the parabolic Ericksen-Leslie’s system
is Oseen-Frank model (Hardt-Kinderlehrer-Lin, 80’s).
Ginzburg-Landau approximation : partial regularity and
regularity (Lin-Liu, 90’s and early 00’s).

Global weak solutions with at most a finite number of singular
times (2D, Lin-Lin-Wang, 2010, 3D, Lin-Wang, 2015).

divu = 0, (0.8)

dru+u-Vu+ Vp = Au-div(Vdo Vd),
0ld+u-Vd=Ad+|VdEd, [d=1,

More general parabolic Ericksen-Leslie’s system: many
people - -



o1 > 0, hyperbolic model (inertial Ericksen-Leslie model)

@ Very few analytical works for general model, except for very
special case: u = 0 and 1-D, even this simplest case is very
subtle.

e Singularities of variational wave equation. (Saxton 1989,
Glassey-Hunter-Zheng 1996, Chen-Huang-Liu 2015 - - -)

e Orientational waves: splay and twist waves. (Ali-Hunter 2007)

o Dissipative and energy conservative solution to variational
wave equations. (Zheng-Zhang, Bressan, - --)

Uy — C(u)(C(u)ux)x =0.

@ Difficulties for general model:
e Double material derivative on d is a nonlinear operator on d

d = 62d + 2u - Vd,d + uVuVvd + u(V2d)u.

e The most troublesome part is the Lagrange multiplier y that
generates high derivatives. In particular, if add the unit lengh
constraint, the situation gets even worse.



Inertial model in Q-tensor framework

Qian-Sheng model (Physical Review E 1998):

U+ Vp—2Au = div(-LVQ © VQ + 81 Qtr{QA} + BsAQ + B QA)
+div(2(Q - [2.Q] + 1[Q. Q@ - [2.Ql))),
divu =0,
JQ +11Q=LAQ - aQ + b(Q® - §IQPIy) - cQIQP + ZA
+u1[Q, QJ,

where [A, B] = AB — BA, Aj = 3(vij + vji), Qj = 3(vij - v;) and
(VQoVvQ)j = Qu.iQx, -




Mathematical works for inertial Qian-Sheng model

@ Global existence and uniqueness for small initial data
(De Anna-Zarnescu 2016).
e key assumption 1: Newtonian viscosity 34 is large enough.
e key assumption 2: the coefficient a > 0 which gives “damping”.
e technical trick: higher-order commutator estimate.

@ A class of global “twist waves” (solutions of the coupled
system for which the flow vanishes for all time)
(De Anna-Zarnescu 2016).

@ A global existence of the dissipative solution which is inspired

from that of incompressible Euler equation defined by P-L.
Lions (Feireisl-Rocca-Schimperna-Zarnescu 2016).

@ First results involving second order material derivative, many
open questions left in this direction.



Compressible model

Ericksen-Leslie hyperbolic liquid crystal model for a compressible
flow has the form:

dip + div(pu) =0,
9t(pu) + div(pu ®u) + Vp =div(Xq + L2 + X3), (0.9)
pd = Ad +Td+ 24(d + Bd) + 12Ad,

on RV x R*, (N = 2, 3) with the geometric constraint |d| = 1. For
the simplicity, we assume that the pressure p obeys the y-law,
p(p) = ap¥ withy >1,a > 1, and

Y1 :=1ua(Vu + V'u) + &divul,
Yo :=3|VdPI-VdoVd,

23 =0 .



@ Well-posedness in the framework of classical solutions;
e Incompressible model, 4y < 0, (J-Luo, SIAM Math. Anal.
2019)
@ Incompressible model, 11 = 0, (Huang-J-Luo-Zhao, preprint
2018)
e Compressible model, 41 < 0, (J-Luo-Tang, Math. Models &
Methods in App. Sci. 2019)
o Compressible model, 1; = 0, (open!)
@ Zero inertia limit (01 — 0) to the corresponding parabolic
Ericksen-Leslie model.
@ Incompressible model, 11 < 0, u = 0 (J-Luo-Tang-Zarnescu, to
appear on Commun. Math. Sci. 2019)
@ Incompressible model, 11 < 0, (J-Luo, preprint 2019)

General principles: 1. 14 < 0 case is relatively easier, since it gives
some “damping” effect. 11 = 0 case is essentially related to the
wave map type equations with target manifold S2. 2. All above
results, we need some restrictions on the coefficients.




Part I: Well-posedness

(Basic energy-dissipation law) If (u,d) is a smooth solution to the
system (0.3) with initial conditions (0.5), then

32 (R, + prldiZ, + IVAE,) + FualVulZ, + mldT AdE,
—1ld + Bdf?, — 222(d + Bd, Ad) + (us + )|Ad?, = 0.

Moreover, the above basic energy law is dissipated if the Leslie
coefficients satisfy that either

2
U1 =0,u4>0,11 <0, /15+/.16+/l—220,

p1 > 0,04 >0, =0, (1 = 6)ualus + us) > 2|22

for some § € (0, 1).




Lagrangian multiplier v and constraint |d| = 1

Lemma: Assume (u,d) is a classical solution to the
Ericksen-Leslie’s hyperbolic system (0.3)-(0.5) satisfying
uelLPHEN L%Hf(“, Vd e L7 Hg, d € L7 H and [d|.yp < oo for
some T € (0, ), where s > § + 1.
If the constraint |d| = 1 is required, then the Lagrangian multiplier y
is

y = —p1|d? + |Vd? — 1,dTAd. (0.10)

Conversely, if we givejhe fqrm of y as (0.10) and d satisfies the
initial data conditions d” - d"™ = 0, [d"| = 1, then |d| = 1.
Proof: h = |d|> — 1 solves for a given smooth vector field u:

{p1h—/l1h—Ah:2yh, (0.11)

Our goal is to verify h(t,x) = 0 for later time 0 < t < T.



Equations for d(t, x) with a given velocity u(t, x)

For a given velocity field u(t, x), consider the equation of d € S2:

{ p1d = Ad + y(u,d,d)d + 21 (d - Bd) + 12Ad,

d(0,x) = do(x), d(0, x) = do(x). 0.12)

Proposition

Fors > 2 +1and T > 0, let vector fields

(d,d",u) € S"1 x R" x R" satisfy Vd™ € HS , d" € H® and

u e C(0, To; H%) N L'(0, To; H3*1). Then there exists a number

0 < T < Ty, depending only on d”, d" and u, such that the system
(0.12) has a unique classical solution d satisfying

Vd, d € C(0, T; H®). Moreover, there is a positive constant Co,
depending only on d”, d"” and u, such that the solution d satisfies
the following bound

112 2




Proof of the Proposition

Construct the approximate system

P191d° = —p1.T(uV - d°) + Ad® + T(¥(u, d5, d°)d)
+A1d€ = 11 T(Bd) + 229(Ad9),

. 0.13
0yd€ = d° = J(u- Vde), 013)
(d€, d)lt=0 = (Jedo, Tedo) -
Define the energy functional E.(t)
Ec(t) = prld“Es + IVARs + 1d° = Tedol?» ,
DE(t) < C1(1 + lulys1)[1 + E<(1)]? (0.14)
holds for all t € [0, T.). We obtain the uniform energy bound
P11 + [VdE, + 1€ — Fedol?, < 2E™, (0.15)

foralle >0andt € [0, T|. Pass to the limit e — 0, and use the
previous lemma to prove the limit satisfies |[d| = 1.



Main Theorem (l) (J-Luo)

Let the integer s > 5 4 1, and let the the initial data satisfy

u, dn e HS(R"), Vd" € HS(R"), |[d"| = 1, d" - d" = 0. The initial
energy is defined as E™ = [u"2, + p4|d"[2, + [Vd"2. If the Leslie
coefficients satisfy the relations that either

2
/,1120,/14>0,/11<0,/15+/,t6+%20, or (0.16)

120,08 >0,2 =0,(1 = 6)ua(us + ) = 2102 (0.17)
for some ¢ € (0, 1), then the following statements hold:
(I). If the initial energy E™ < o, then there exists T > 0, depending
only on E™ and Leslie coefficients, such that the system (0.3)-(0.5)
admits a unique solution u € L HS N L2HSH!, Vd € L HS and
d € L HS. Moreover, the solution (u, d) satisfies

-
sup ([ulfe + pldffe + VfEe) (1) + 3ua f [Vuffys(r)dr < Co .
0<t< 0

where Cy depends only on E, Leslie coefficients and T.



Main Theorem (1)

(1. If in addition, 11 < 0, henceforth the coefficients constraints
(0.16) hold, then there is a constant ¢y > 0, depending only on
Leslie coefficients, such that if the initial data satisfy EM < €, then
the system (0.3)-(0.5) has a unique global solution

ue L(0,00; HS) N L2(0, 00; HST), Vd € L™(0, 00; HS) and

d € L™(0, 00; HS). Moreover, the solution (u, d) satisfies

suop(lul,z.,s + prldiZe + V) + Sua f VuZedt < C1E™,
t> 0

where the constant C; > 0 depends upon the Leslie coefficients
and inertia constant p1.




The approximate system of (0.3).

The iterating approximate system: for all integer k > 0,

atuk-H + uk . Vuk _ %AUK—H + Vpk-H _
~div(Vdk o Vd¥) + dive-(uk+, dk, dk),
divukt! =0,

01 5tdk+1 + p1 uk . de—H — AdkH + y(uk, dk+1 , dk—H )dk+1

+24 (dk+1 + Bkdk+1) + /12Akdk+1 ,
= (u"(x),d"(x),d"(x)) e R" x S x R",

(0.18)

where d¥t1 = 9,d¥t1 4 uk . Vdk+1 is the iterating approximate
material derivatives, the iterating approximate Lagrangian
multiplier y(u, d*+1, d*1) is

(uk-H , dk+1 , gk—+1 )|t:0

,y(uk’ dk+1 ’dk+1) —_ _p1|dk+1 |2 + Ide+1 |2 _ /12(dk+1 )TAkdk+1 )



Uniform energy estimate

To simply state a priori estimate, we introduce the following energy

functionals: ) - ,
E(t) :|u|Hs +P1|d| s + |Vd|Hs s

D(t) =%ualVulZ .

Lemma

Lets > 5 + 2. Assume (u, d) is a smooth solution to the system
(0.3)-(0.5). Then there exists a constant C > 0, depending only on
Leslie coefficients and inertia density constant p+, such that

o)

T2E(t) + D(t) < CE2( WLCZEPT (1)D2(t).




A key lemma

We define the following energy functionals:
Eici1(t) = WH R+ pgldF 2 + [V,

Di41(t) = ualVu T2 .

Lemma

Assume that (uf*1, dk*1) is the solution to the iterating
approximate system (0.18) and we define

)
Test = {Te [0, T;,,); sup Exs1(1) +f Dics1 ()0t < M},
0

te[0,7]

where T, >0 is the existence time of the iterating approximate
system (0.18). Then for any fixed M > E™ there is a constant

T > 0, depending only on Leslie coefficients, M and E™, such that

Tkr1=2T>0.




Proof of Theorem (1)

o1
1 [96C( vp1 (11 +1e)+1A11-12)]? } we

Note E.(0) < EM . If EM < min{
have Q(E.(0)) < 1B. Define
T; = sup{T > 0; E(t) < 2 and Q(E(1)) < }Bhold forall t € [0, T]}.
Lemma ?? implies that E.(t) is continuous, thus T} > 0. So for any
fixed e > 0 and for all t € [0, T;]
19
20t
which implies E(t) < EMe?4Ci! holds for all e > 0 and t € [0, T7].

Thus let 0 < T < z5¢- In 25 such that for all t € [0, min{T, T;}]

Ec(t) + |18 — Q(E(1)]Fe(t) < 12C1Ec(t),

E.(t) < EMe®*CT < \EIn < 1,
which consequently implies that for all t € [0, min{T, T}}]

Q(EL(1)) < 12C 1 + te + L122)(EM)3



Proof of Theorem (I)— continued

1 p1p? i }
> [96C (Vo1 (u1+u6)+IA11-12)]2° [96C (o1 (u1+ue)+IA11-12)]* [
s.t. if EM < e, then for all t € [0, min{T, T7}], E.(t) < VE" <1, and
Q(Ec(t)) < §B. Thus, by the continuity of Ec(t), T > T. As a

consequence, for all t € [0, T],

Let g = min {

t
E€(t) + 1B fo IVu(7)dr < C1(EM, T), (0.19)

where C{(E", T) = EM +12C; T VE > 0. Thus the energy
estimate is closed. The rest convergence proof is tedious but
standard.




Proof of Theorem (lll)-Global solution

Need a new a priori estimate: For 1 < k < s, tak_e VX in 3rd
equation of (0.3), multiply by V~d. (we did it for d in local
existence.)
35 (prld + diE, + (4] = po)IdEE, — p1ldR,) = p1ldfa,, + IVdEE,
<(|A1] = 722)Vulps|Vdl s + Cp+ldls|Vulps|Vd|ps
+C(1 + p1)(diFs + VA, ) (IVdlks + 1Vd[F) (0.20)
+C(141] = 22)|Vulps|Vdl s (IVdlps + [Vd[Zs + [VdlFe) .

Taking a positive constant = 3 m|n {1, -, ’31' (0, %], we
multiply by 7 in the inequality (0 20) and then add it to the energy

estimate obtained in the local existence.



Proof of Theorem (lll)-Global solution

35 (s + o1 (1 = mIdiZs + (1 = np1)IVdLZs
+ npild + d2, + np1 VST A2, + mpslasldz, )
+3alVulZe + (104 = o1l + nVdE,
H

SC(1 +pt + 1l = Ao o+ pis = prdz + 1 + =) e + s + Z IVl
i=1

X (IVulps + Idlps + [Vd]gs ) Vulis ,

(41=722)%  2(7144]-222)?
- > 0.
n [A4]

where @ = 4 — 4ug —



Proof of Theorem (lll)-Global solution

We denote by

&(t) = uffs +p1(1 = n)ldEs + (1 = np1)IVdiEs + nosld + di3,
+ o1 VAT, + morl 4 11dE,

(0.21)
and _
D(t) = [Vuls + 1dZs + Vi, ,
We have a new energy estimate
) 4 .
2:8(1) +6D(t) < Cs D EMRD(), (0.22)

q=1

where 8 = min {a, 7, 5144 |} > 0. The rest is continuity argument
similar as before.



A1 = 0 case: no damping

dtu+ u-Vu+ Vp = uAu - div(Vd © Vd) + divo,
divu =0, (0.23)
d - Ad = (-|d? + [Vd[?)d.
on R3 x R* with the constraint |d| = 1, where u € R? is the velocity
field, d € R3 is the orientation field and

Tji = 10k dpAkpdid; + p2(0jdk Axi + didk Ag) »

where Aj := 2(diu; + d;u;).
Remark: Cai-Wang treated the case uy = u> = 0.




Define the perturbed angular momentum operators by
Q,’U = Qiu -+ A, Q,‘d = Q;d,

where Q = (4, Q2,Q3) is the rotation vector-field Q2 = x A V and
A is defined by

Al=ex®e3—e3®6e, Ap=e30€e1 —e1® es,
Az =616 —e®ey.
We define the scaling vector-field S by
S = 10 + xiOx,.

Let o
[ € {04,01,02,03,21,82, 3}

and Z% = S#T%, where a = (a1,a’) := (ar, az.--- ,as) € 78,
rd —rara...ra we define

u@ .= zay g@ .- zag,
I



Main theorem (Huang-J-Luo-Zhao, 2018)

Assume that Ny := 60, Ny := 6, h := 6, uy, u» satisfy

> -4+ 2) w2 >0, (0.24)

and (uo, do, dy) are initial data near equilibrium (0, 7,0) satisfying
the smallness assumptions

sup (Ul + 19PN + 10PN} < €0, (0.25)

lal<Ny

where N(a) = Ny — |alh for 0 < |a| < Ny. Then there exists a
unique global solution (u, d) of the system (0.23) with initial data

U(O) = Up, d(O) = do, 5td(0) = d1,

satisfies the energy bounds




Main theorem (Huang-J-Luo-Zhao, 2018)

Theorem

sup {[[u®@ e + IV, o o ey} + IVl + 19t < o,

[al<Ni

sup {10:d@ i@ + IVA@ v} < €(1 + t)°.

1<lal<Ny

forany t € [0,0), where 6 < 10~7 depends on €, Ny and Nj.

Remark: 2-D case will be much harder!




Part I, Zero inertia density limit: from hyperbolic to

parabolic E-L (11 < 0)

Formally, the inertia constant p1 — 0, the hyperbolic E-L system
converges to the parabolic E-L. Our goal is to rigorously justify this
limiting process. Main difficulties: 1. changing type of equations; 2.
coupled with NS.

@ Special case 1: the velocity flow u is given. (J-Luo-Tang,
2017)

@ Special case 2: completely forget u, redues to the scaling limit
from wave map to heat flow into S? (J-Luo-Tang-Zarnescu,
2017)

@ General case: global-in-time, small initial data, from
hyperbolic to parabolic E-L. (J-Luo, 2019)



We consider a hyperbolic system for functions d : R x R® — §2:
drd = —od + (VAP - 18,d1P)d, (0.26)
subject to initial data: for x € R3,

dli—o = d°(x) € §2, yd|i—o = d°(x) e R®,d%(x) - d°(x) = 0,
(0.27)

The system (0.26) is a wave map from R? to the unit sphere S2,
with a damping term 9;d. One way of interpreting this system is as

follows: setting the righthand side of (0.26) equal to 0, we obtain
od = (|Vd[? — |0;d|?)d. This is the well-known wave map, which can

be characterized variationally as a critical point of the functional

A(d) = % f f (IVd? - |8;d[?) dxdt, (0.28)

among maps d satisfying the target constraint, d : Rt x R® — §2.
Thus the full system (0.26) can be viewed as a “gradient flow” of
the functional (0.28).



Heat flow and wave map

The heat flow from R3 to S2:
did = Ad + |VdJAd. (0.29)

The corresponding harmonic map Ad + |Vd|?d = 0, is a critical
point of the energy functional E(d) = § [[Vd|? dx. Relation
between (0.26) and (0.29): let d*(t, x) := d({, %), de satisfies the
scaled wave map:

6td6 = —(Ean - A)dE + (|Vd6|2 - ¢5|atdé|2)d6 > (030)

d|_, =d"(x) € $2, 8,d|,_, = d"(x) e R®. (0.31)

It is easy to see that letting e = 0 in (0.30) will formally give the
heat flow (0.29). Question: Justify it.



Initial layer

The wave map is a system of hyperbolic equations with two initial
conditions, while the heat flow is a parabolic system with only one
initial condition. Usually the solution of the heat flow does not
satisfy the second initial condition in (0.31). This disparity between
the initial conditions of the wave map (0.30) and of the heat flow
indicates that in one should expect an “initial layer” in time,
appearing in the limiting process € — 0. A formal derivation
indicates that this should be of the form:

dé(i, x) = —eD(x) exp(—é) ,

where B . ‘ ‘
D(x) = d"(x) — Ad"(x) - [Vd™(x)[2d"(x).



Limit from wave map to heat flow (J-Luo-Tang-Zarnescu)

Theorem

Vdn e H8, d"" € H®, and let T > 0 be the time interval of existence
of the solution of the heat flow with initial condition d™. Then, there
exists an €y = €(|Vd™|ye, 1M, T) € (0, 1) s.t. for all e € (0, &) we
have that on the interval [0, T| the wave map equation (0.30) with
the initial conditions (0.31) admits a unique solution with the form:

d€(t,x) = do(t,x) + dj(£, x) + Vedg(t,x),

where dq is the solution of the heat flow with initial condition d
and dy (L, x) is the initial layer. Moreover, there exists
Co = Co(d™,d™, T) > 0, s.t. the remainder term d¢, satisfies the
bound

10,512 Liag? < Cy (0.32)

=(0,T;H2) T ©(0,T;H3)

for all € € (0, &).




General hyperbolic E-L

o€ +u€ - Vu — %MAuf + Vp© = —div(Vdc o Vd¢) + divoe,
divu¢ =0,
€D2.d€ = Ad€ + y°d€ + A1 (Dyed€ + Bd€) + pAdE,
[d =1,
(0.33)
where Dyd€ = 0;d® + u®-Vd¢, and Lagrangian multiplier and stress

Y€ = —€[Dyed€? + [Vd€]2 — A€ : d€ ® d€,
o€ =p1 (A€ : d€ ® d)d€ ® d€ + pp(Dyed® + Bd€) ® d°
+13d° ® (Dyed® + Bd) + ps(A°d?) ® d° + ppd® ® (A°dS).
the initial data
=0 = u", djj—o = d", (Dyed)}s—o = d"
with the compatibilities
divu" =0, d".d" = 0.



General parabolic E-L

Formally u¢ — u and d* — d as € — 0, the hyperbolic liquid crystal
system converges to the parabolic liquid crystal model

du+u-Vu— puAu+ Vp = —div(Vd © Vd) + dive,

divu =0,
-4 (Dudo + Bd) = Ad + yd 4 A2Ad,
ldl =1,

where the Lagrangian multiplier y is
y=|VdP? - 1A :ded,

with initial data u|;—g = u™, d|;—o = d". Again, because of the
disparity between the initial conditions, an initial layer is needed.
The ansatz

u(t, x) = uo(t, x) + Veug(t, x),
d*(t, x) = do(t, x) + €’di( £, x) + Ved§(t,x)

for a fixed 8 > 0 to be determined.

(0.34)



Initial layer

Define 7 = 1, and the disparity
Din — aiﬂ _ Du0d0|t:0 — ain + Bindin + /%(Adln + ,yg)dlh + /leindin) .
2. dj+ S%0.d) = P T A,
dj(c0,x) = lim d)(r,x) =0, (0.35)
T—00
6Td,(0, X) = Din(X) .
If 8> 1, €1 Ad, is a higher order term. Solve (0.35),

di( 5. x) = eDf(t,x)
-1 CJEaE (0.36)
= 26(/11 — B+ 46A) exp(#t)D’”(x).

So in the ansatz, indeed, 8 = 1.



Main Theorem (J-Luo, 2019)

ul,din, Vd" e H2SN, 11y > 0, 41 <0, 1 >0, ps + s + 7 2>o
and there exist €y, &y € (0, 1], s.t.

gin & A m”

lla H "2 s, + VA", < £ (0.37)

HZSN
for all € € (0, &), then system (0.33) admits a unique solution

ué, Vd€, Dyed€ € L2(RF; HN), Vu€ € L3(RT; HN). (0.38)
Moreover, the solution (u€, d€) is of the form

{ uc(t, x) = uo(t, x) + Veug(t,x),

(0.39)
d€(t, x) = do(t, x) + eDS(t, x) + Vedg(t. x),

where (ug, do) is the solution to parabolic E-L.




The remainder equations

the remainder (uf;, di) satisfies the following system
drug — SpaAug + Vpg = udiv[ (A% : do ® do)do ® do]
+% + div(Cy + Tu + VeRy) + ediv@,(Dy),
divug =0,
dgy + 2Dy s yaur Ay — LA + 0i(uf - Vdo + Veug; - VD)
= ¢Ca + {8} + =S5+ Ra + Qu(D)
with the constraint
2dg - (dj + VeDf) + Veldg + VeDj* =0,
with initial data
uE(O,X) =0, B
d5(0.x) = ~ VD (0.x) = ~ VD (x). -
(Dug yeus 45)(0. X) = = Ve(ug - VDE)(0. x) = — ve(u” - VDI")(x).

2
Du0+ Veug




The remainder equations

The key of this work is to prove the existence for the system of
(ug,dg), furthermore, they satisfy the uniform bound

(LUIHID 4 v Al + 2 s ) ()

t (0.40)
1 fo IVuS I2,(7)dr < Céo

forallt > 0, € € (0, &] and for some constant C > 0, independent
of eand t.




Energy and energy-dissipation functionals-1

We now introduce the following energy functional Ey ()

Ene(t) = tluglE + (1 = 6)IDy, 1 yeus dRliEy + LIVARIZ,
(22 - 26)|IdgIEy + lluf - Vdo + SdRIE
+8IDyq 1 yae df + dglZ +2 > (™ (uf - Vdo), ™Dy ey di)

ImI<N

and the energy dissipative rate Dp (1)

Die(t) = F2IVugIZy + 2 IIVAGIZy - 0lDy, s yaue dillEw

/12
AN I(0TA)  do @ dollZ, + Lus + s + ) D I(0TAR)dolZ
Im|<N [m|<N

+7 D 10Dy yaug 8 + (0BR)do + £ (9mAR) ol
[m|<N

where ¢ € (0, %] is a fixed constant, depending only on 14, 12 and
N.



Energy and energy-dissipation functionals-2

Lemma

There is a small e > 0, such that the energy En.(t) and the
energy dissipative rate Dy (t) are both nonnegative for any
€ € (0,€). Moreover, for all € € (0, &), we have

1114€ 112 €112 1 €112 1119€ 112
8N,e(t) ~ g”uH”HN + ||Du0+\/Eu;dR||HN + ;”VdR”HN + ;HdR”HN 5

and
1 €112 1 €112 €112
z)N,e(t) NZHVU’R”HN + Z”VdRHHN + ||Du0+ \/Eu;dRHHN
+1 3 10Dy yaue df + (0™BR)do + (9™AR)dolZ, .

|m|<N

Here the small positive constant ,BsN,o is needed in requirement of
the initial data of the existence of (ug, do).




Energy and energy-dissipation functionals-3

Lemma

Let (ug,dg) be a sufficiently smooth solution to the remainder
system on [0, T]. Then there are constants C > 0 and 6y > 1,
depending only on the Leslie coefficients and s, 0, such that

%[SN,e(t) + eossN,o(t)] + Dne(t) + B Dsyo(t)

<C[EF,. (1) + &} (1) + 84, (][ Duelt) + £ Ds,0(0)]

holds for all t € [0, T] and € € (0, &), where the small positive
constant  is mentioned in the last Lemma.




Future work and open problems

Domains with boundaries.
Global in time weak solutions.
2-D case for 44 = 0.

Inertia density limit for 11 = 0.
Twist solutions (i.e. u = 0).
Q-tensor analogue.

Active liquid crystals analogue (both Ericksen-Leslie and
Q-tensor models). Chen-Majumdar-Wang-Zhang: “parabolic”
Q-tensor case.




