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An Unifying Theme

Interaction between bulk and surface energies:

I (Ω,u,S) ∶=
ˆ

Ω
W (u,∇u)dx +

ˆ
S
ψ(ν)dHN−1

Ω ⊂ RN , S ⊂ Ω rectifiable HN−1 manifold with normal ν

For example, S = ∂Ω, S is the jump set of u, etc.

● Image Segmentation: Mumford-Shah, TV models

● Materials Science: Epitaxy Deposition of a Thin Film over a Substrate
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Digital Image - A Mathematical Function

Mathematical representation of a digital image (sampled and quantized
version of an analog):
image function u defined on a two dimensional (in general rectangular)
image domain R = Ω ∶= (a,b) × (c ,d) (the grid)

u ∶ R → R
scalar grey values in each pixel or

u ∶ R → R3

colour values prescribed in each pixel –(r,g,b), where each channel r,g,b
represents the red, green, and blue component of the colour

The domain R could be three dimensional, e.g. videos, 3D medical
imaging
The next figure visualizes the connection between the digital image and its
image function.
Courtesy of Carola-Bibiane Schönlieb, U. Cambridge (UK) 3 / 58



Digital Image And Its Image Function

Figure: Digital image versus image function: Gradually zooming in until we are at level where the image pixels are visible
(blue framed detail), the image function of the red channel u(x, y, r) of the digital photograph is plotted as the height (the
value for red) over the (x, y)–plane. 4 / 58



Digital Image As A Mathematical Object

Since the image function is a mathematical object we can treat it as such
and apply mathematical operations to it!

These mathematical operations–image processing techniques–include:

statistical methods

morphological operations

solving a partial differential equation for the image function

Here: Partial Differential (PDE) and variational methods used in virtual
restoration.
Representation of images as elements in a function space that allows for
discontinuities to represent image edges . . . functions of bounded variation
BV (R).
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What We Study

● Inpainting

● Recolorization

● Deblurring

● Segmentation

● Denoising - Bilevel (Multilevel) Training Schemes

● . . .
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Inpainting, Image Restoration, Recolorization

Goal: filling in missing parts of damaged or occluded images based on the
information obtained from the intact parts in the image. Based on the intact
image information u0 inside R ∖D . . .D damaged region . . . one seeks for
the inpainted image u that extends u0 into the inpainting domain D. In a
local inpainting method the restored image u can be seen as a solution of
either a variational problem or a partial differential equation (PDE).

Figure: Inpainting of a damaged photograph using a fourth-order total variation
flow
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Inpainting, Image Restoration, Recolorization – Manually
Restored!

Figure: “Ecce Homo” (left) and “Ecce Mono” (right): In August 2012 Cecilia Giménez, an eighty year old amateur artist
from a small village near Zaragoza (Spain) gained fame by an attempt to restorate a wall painting in a local church. She
produced the by now famous painting dubbed “Ecce Mono” (Behold the Monkey) when aiming to restore the wall painting
“Ecce Homo” (Behold the Man) by the spanish painter Eĺıas Garćıa Mart́ınez.
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Inpainting, Image Restoration, Recolorization –
Mathematically Restored!

Figure: Mathematical image restoration of “Ecce homo”: In this Figure a local and a global inpainting result for the head of
the Jesus figure are shown. For the local inpainting a higher-order total variation inpainting model was used and for the global

inpainting method a variational exemplar-based method with the L1–norm as similarity measure between image patches. 9 / 58



Inpainting; Recovery Of Damaged Frescos, RGB Model

Figure: A fresco by Mantegna damaged during Second World War.

RGB model: u0 ∶ R → R3 color image, u0 = (u1
0 ,u

2
0 ,u

3
0) channels

L ∶ R3 → R L(y) = L(e ⋅ y) projection/compression on gray levels

L increasing function, e in the unit sphere in R3, e ⋅ y = e1y1 + e2y2 + e3y3

Goal

to produce a new color image that extends colors of the fragments to the
gray region, constrained to match the known gray level
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The Variational Approach By Fornasier-March

Problem: Reconstruct u0 from the knowledge of L(u0) in the damaged
region D and of u0 on R ∖D
TV-Model of Fatemi and Osher:

min
u∈BV (R;R3)

∣Du∣(R) + λ1

ˆ
D
∣L(u) −L(u0)∣2 dx + λ2

ˆ
R∖D

∣u − u0∣2 dx

λ1, λ2 > 0 are fidelity parameters.

Fornasier and March (2007) using the Brightness/Chromaticity
decomposition model

Ferreira, F., and Mascarenhas (2017)
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A Couple Of Questions. . .

“optimal design” : what is the “best” D? How much color do we
need to provide? And where?

are we creating spurious edges?

what is the “best” compressing L?
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The Nonlinear Distortion L

Cristoferi and F. (2018)

I (u) ∶= ∣Du∣(R) + λ1

ˆ
D
∣L(u ⋅ e) −L(u0 ⋅ e)∣p dx + λ2

ˆ
R∖D

∣u − u0∣2 dx

∣e ∣ = 1, p ∈ [1,+∞)

existence of minimizers

minimizer u has I (u) < +∞ iff lim sup∣t ∣→∞
L(t)
∣t ∣ < +∞

fix apriori the number of colors that we are allowed to use but the
color spectrum is not restricted

. . .
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Our Analysis

F., Leoni, Maggi and Morini (2010)
How faithful is the reconstruction in the infinite fidelity limit ?

Sending λ1 and λ2 →∞ in

min
u∈BV (R;R3)

∣Du∣(R) + λ1

ˆ
D
∣L(u) −L(u0)∣2 dx + λ2

ˆ
R∖D

∣u − u0∣2 dx

the problem becomes

min{∣Du∣(R) ∶ u ∈ BV (R;R3)}
subject to u = u0 on R ∖D and L(u ⋅ e) = L(u0 ⋅ e) in D.
Further simplification:

min{∣Du∣(R) ∶ u ∈ BV (R;R3)} (P)

subject to u = u0 on R ∖D and u ⋅ e = u0 ⋅ e in D.
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λ1 = λ2 =∞

min{∣Du∣(R) ∶ u ∈ BV (R;R3)} (P)

subject to u = u0 on R ∖D and u ⋅ e = u0 ⋅ e in D.

Theorem

u0 ∈ BV (R;R3) and D open Lipschitz domain. Then (P) has a minimizer.

. . . but is u0 reconstructible over D, i.e., (P) admits a unique minimizer?
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Admissible Images

Find conditions on the damaged region D which render u0 reconstructible
Mathematical simplification: Restrict the analysis to piecewise constant
images u0
Answer: NO when a pair of neighboring colors in u0 share the same gray
level
Answer: YES if an algebraic condition involving the values of the colors
and the angles of the corners possibly present in Γ is satisfied
. . . quantitative validation of the model’s accuracy

Minimal requirement: must be reconstructible over S = Γ(δ) for some
δ > 0, where

Γ(δ) ∶= {x ∈ R ∶ dist(x ,Γ) < δ}
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A Simple Counterexample When Neighbouring Colors
Share the Same Gray Level

Original image u0:
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A Simple Counterexample When Neighbouring Colors
Share the Same Gray Level

Original image u0:

Resulting image u:
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Minimality Conditions

Theorem (Necessary and sufficient minimality conditions)

D ⊂ R Lipschitz, H1(∂D ∩ Γ) = 0. Then the following two conditions are
equivalent:

(i) u0 is reconstructible over D;

(ii) there exists a tensor field M ∶ D → ⟨e⟩⊥ ⊗R2 such that divM = 0 in D

∥M∥∞ < 1 and M[νRk
] = −zk on D ∩ ∂Ωk .

The tensor field M is called a calibration for u0 in D.
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When is u0 Reconstructible Over D?

Reconstruction by Fornasier and March:

Question: what happens when the exact information on colors is known
only in a region of possibly small total area but uniformly (randomly)
distributed?
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ε-Uniformly Distributed Undamaged Regions

Figure: An ε-uniformly distributed
undamaged region.

Figure: The damaged region
contains a δ-neighborhood
Γ(δ) of Γ.

It is natural to assume that u0 is reconstructible over Γ(δ) for some δ > 0.
Can treat more general non-periodic geometries, e.g. Q(x , ω(ε)) is
replaced by a closed connected set with diameter of order ω(ε)
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Uniformly Sparse Region: An Asymptotic Result

The TV model provides asymptotically exact reconstruction on generic
color images . . . No info on gray levels!!!

Theorem

u0 ∈ BV (R;R3) ∩ L∞(R;R3)

Dε ⊂ R ∩ ( ⋃
x∈εZ2

Q(x , ε) ∖Q(x , ω(ε))) ,

Let uε be minimizer of

inf {∣Du∣(R) ∶ u = u0 on R ∖Dε}

Then
uε → u0 in L1
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Admissible ε-Uniformly Distributed Undamaged Regions

Theorem

Let u0 be reconstructible over Γ(δ) for some δ > 0. Assume that

lim
ε→0+

ω(ε)
ε

= 0 , lim
ε→0+

ω(ε)
ε2

=∞ .

Then, there exists ε0 > 0 such that u0 is reconstructible over Dε for all
ε ≤ ε0.

If ω(ε) ≤ cε2 cannot expect exact reconstruction.

Counterexample with
ω(ε) ≤ cε2

for c small enough

u0 = χRξ0, R ∶= (0,3) × (0,3), R ∶= (1,2) × (1,2).
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Denoising

In most acquisition processes for digital images data wrong information
is added to the image – noisy outputs

Figure: Bad lighting conditions may result into noisy image. First: A digital photo which has been acquired under too little
light. Second: Plot of the grey values of the red channel along the one-dimensional slice marked in red in the photograph.
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Denoising

Denoising is a necessary step prior to higher level image processing, e.g.,
deblurring and segmentation

Goal: Identify and remove the noise while preserving the most important
information and structures

Minimize
I(u) ∶= ∥u − uη∥2

L2(R) +R(u,R)

where

uη: given corrupted (noised) data

R: domain of the data set

R: regularization term (regularizer)

TV model (ROF): R(u,R) ∶= ∣Du∣(R)

Rudin, Osher and Fatemi (1992)
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Denoising With The TV Model

Figure: The clean image uc Figure: The corrupted image uη

Want: Reconstruction of clean uc . Remove the noise from uη (clean uc is
unknown)

Noise . . . usually modeled by a Gaussian distribution.
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Denoising - Regularizers

Choksi, F., and Zwicknagl (2014) . . . exact reconstruction

F. and Liu (2017)

Davoli, F., and Liu (submitted)

I(u) ∶= ∥u − uη∥2
L2(R) +R(u,R)

Examples of regularizers:
● ROF functional

uα ∶= argmin{∥u − uη∥2
L2(R) + α∣Du∣(R) ∶ u ∈ BV (R)}

● Mumford-Shah functional

uα ∈argmin{∥u − uη∥L2(R)+α [
ˆ
R
∣∇u∣2dx+H1(Su)] ∶ u ∈ SBV (R)}
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Image Denoising - Optimal Parameter α

α = 0.01

choosing α > 0 too small may
keep the noise un-removed

α = 100

choosing α > 0 too large will
result in over-smoothing and the
edges that should have been
preserved will be lost
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How Do We Determine The Optimal α? Parameter Bilevel
Training Scheme

This leads to a parameter bi-level training scheme

Juan Carlos De Los Reyes, Carola-Bibiane Schönlieb, et. al.

a semi-supervised training scheme that optimally adapts itself to the
given “perfect data”
need to assume knowledge of the perfect data (clean image in two
dimensions)

Level 1. α̃ ∈ argmin{∥uα − uc∥2
L2(R) , α > 0}

Level 2. uα ∈ argmin{∥u − uη∥2
L2(R) +R(u, α,R)}

1 the clean image is assumed to be known for training images
2 new corrupted image: compare with the training set, use the closest

match to denoise. 28 / 58



Can We Do Better?
Clean Image

Noisy Image

I(u) ∶= ∥u − uη∥2
L2(R)+αR(u,R)

Flat areas: large tuning
parameter to remove more noise

Fine detail areas: small tuning
parameter to preserve details

Need spatially dependent
(weighted) tuning parameter
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Can We Optimize the Choice of the Regularizer R(u, α,R)

TV model: R(u, α,R) = α∣Du∣(R)

Second order TGV2: with α = (α0, α1)

R(u, α,R) ∶= inf

⎧⎪⎪⎨⎪⎪⎩
α0∣Du − v ∣M(R;RN) + α1 ∣∇v +∇

T v

2
∣
M(R;RN×N)

∶

v ∈ L1(R;RN), ∇v +∇T v ∈M(R;RN×N)}

Level 1. R̃(u, α,R) ∶= argmin{∣∣uα,R − uc ∣∣2L2(R) ∶

R(u, α,R) ∈ {αTV ,TGV 2
α}}

Level 2. uα,R ∈ argmin{∣∣u − uη ∣∣2L2(R) +R(u, α,R)}
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PGV 2
α,B

But why stop here? Why not interpolations of αTV and TGV 2
α?

↓

PDE- constrained Total Generalized Variation Operators: PGV 2
α,B

α = (α0, α1), B is a linear differential operator

PGV 2
α,B ∶={α0∣Du − v ∣M(R;RN) + α1∣Bv ∣M(R;RN×N) ∶

v ∈ L1(R;RN),Bv ∈M(R;RN×N)}

E.g., B = ∇+∇T

2 ⇒ PGV 2
α,B = TGV 2

α

Level 1. (α̃, B̃) ∶= argmin{∣∣uα,B − uc ∣∣2L2(R) ∶ α ∈ [θ,1/θ]2,B ∈ Σ}

Level 2. uα,B ∈ argmin{∣∣u − uη ∣∣2L2(R) + PGV 2
α,B(u)}

θ ∈ (0,1), Σ an (infinite) collection of first order linear differential
operators
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Numerical Simulation

Figure: From left to right: the test image of a Pika; a noised version (with heavy
artificial Gaussian noise); the optimally reconstructed image with TGV
regularizer; the optimally reconstructed image with PGV regularizer.

Cost Value:
C(α, s, t) ∶= ∣∣uα,Bs,t − uc ∣∣L2(R)
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C(α, s, t) ∶= ∣∣uα,Bs,t − uc ∣∣L2(R)

with minimum achieved at

α̃0 = 5.6, α̃1 = 1.2, s̃ = 0.8, t̃ = 0.2

Bs,t(v) ∶= [ ∂1v1 (1 − t)∂1v2 + (1 − s)∂2v1

t∂1v2 + s∂2v1 ∂2v2
] .

s = 0.5 = t ⇒ Bs,t = ∇+∇T = TGV
and

C(α̃, s̃, t̃) < C(α̃,0.5,0.5)
The minimum value of the cost function for the PGV 2- regularizer is
approximately 5% below that of the TGV 2- regularizer

Regularizer optimal solution minimum cost value

TGV 2 α̃0 = 0.074, α̃1 = 0.625 C(α̃, 0.5, 0.5) = 18.653

PGV 2 α̃0 = 0.072, α̃1 = 0.575, s̃ = 0.95, t̃ = 0.05 C(α̃, s̃, t̃) = 17.6478
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Quantum Dots. The Context

F., Fusco, Leoni, Morini (2018), (2017), (2015), (2007)

F., Pratelli, Zwicknagl (2014)

F., Ginster, Leoni, O’Brien, Wojtowytsch (2019)

Epitaxy – deposition of a crystalline overlayer on a crystalline substrate –
InAs/GaAs, In-GaAs/GaAs or SiGe/Si

Islands develop without forming dislocations – Stranski-Krastanow growth

free surface of film is flat until reaching a critical thickness
lattice misfits between substrate and film induce strains in the film
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Islands

Flat layer of film morphologically unstable or metastable after a critical value
of the thickness is reached (competition between surface and bulk energies).
To release some of the elastic energy due to the strain: atoms on the free
surface rearrange and morphologies such as formation of islands (quantum
dots) of pyramidal shapes are energetically preferred. Kinetics of Stranski-
Krastanow depend on initial thickness of film, competition between strain
and surface energies, anisotropy, etc.

3D photonic crystal template partially filled with GaAs by epitaxy
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Frank der Merwe growth mode (FM)– layer-by-layer
Volmer-Weber growth mode (VW) – island formation
Stranski-Krastanov growth mode (SK) – layer-plus-island

Island formation

Si0.8Ge0.2 onto Si. Courtesy of Floro et. al. (‘98)
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Why Do We Care?

Quantum Dots: ”semiconductors whose characteristics are closely related
to size and shape of crystals”.
Electronic properties depend on the regularity of the dots, size, shape, spacing, etc.
● transistors, solar cells, optical and optoelectric devices (quantum dot laser),
medical imaging, information storage, nanotechnology . . .
Samsung TV Quantum Dots“Discover a viewing experience as breathtaking as it
is exhilarating with the Samsung KS9000 4K SUHD TV. Its Quantum Dot Color
envelops you in our most lifelike picture yet, allowing you to escape into whatever
you’re watching.” 1,299.99 USD

● 3D Printing: New additive manufacturing technology– mathematical
understanding of the theory of dislocations will be central to address the energy
balance between laser beam power (laser beams are used to melt the powder of
the material into a specific shape) and the energy required to form a given
geometrical shape
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What We Study

● Quantum Dots: Wetting and zero contact angle. Shapes of islands.
And dewetting . . .

● Nucleation of Dislocations: Release of energy . . . and film becomes flat!
Then curved dislocations (existence, force . . . and dynamics)

● Evolution/Motion by Surface Diffusion in epitaxially strained solids:
Existence and regularity.

● With adatoms . . . De Giorgi minimizing movements (. . . not today . . . )
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Epitaxial films: equilibrium configurations

Substrate
0

Γh

Ωh

b

F (u,h) ∶=
ˆ

Ωh

W (E(u))dx +
ˆ

Γh

ψ(ν)dH2

● E(u) = 1

2
(∇u +∇Tu)strain; u ∶ Ωh → R2 displacement, linear elasticity

● W (E) = 1
2E ⋅CE . . . energy density

● C . . . positive definite fourth-order tensor

● ψ = . . . (anisotropic) surface energy density

● u(x ,0) = e0(x ,0), ∇u(⋅, t) . . .Q-periodic

inf {F (u,h) ∶ (u,h) admissible , ∣Ωh∣ = d}
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F (u,h) ∶=
ˆ

Ωh

W (E(u))dx +
ˆ

Γh

ψ(ν)dH1

Brian Spencer, Bonnetier and Chambolle, Chambolle and Larsen; Caflish, W. E, Otto, Voorhees, et. al., Gao and Nix,

Spencer and Meiron, Spencer and Tersoff, Chambolle, Braides, Bonnetier, Solci, F., Fusco, Leoni, Morini

anisotropic surface energies: Herring, Taylor, Ambrosio, Novaga, and Paolini, F. and Müller, Morgan

Continuum models in epitaxial growth above roughening transition: Guyer and Voorhees (‘94), Kukta and Freund (‘97),

Spencer and Meiron (‘94), Spencer and Tersoff (‘97), Spencer (‘99), Freund and Suresh (‘03)

mismatch strain (at which minimum energy is attained)

E0 (y) = { e0i⊗ i if y ≥ 0,
0 if y < 0,

e0 > 0, i the unit vector along the x direction

elastic energy per unit area: W (E − E0 (y))

W (E) ∶= 1

2
E ⋅CE , E(u) ∶= 1

2
(∇u + (∇u)T )

C . . . positive definite fourth-order tensor; film and substrate have similar

material properties, share the same homogeneous elasticity tensor C 40 / 58



Wetting

ψ (y) ∶= { γfilm if y > 0,
γsub if y = 0.

Total energy of the system:

F (u,h) ∶=
ˆ

Ωh

W (E(u)(x , y) − E0 (y)) dx +
ˆ

Γh

ψ (y) dH1 (x) ,

Γh ∶= ∂Ωh ∩ ((0,b) ×R) . . . free surface of the film
relaxation
● γfilm < γsub

relaxed surface energy density is no longer discontinuous: it is constantly
equal to γfilm. . . WETTING!

Frel (u,h) =
ˆ

Ωh

W (E (u)) dx + γfilm length Γh

more favorable to cover the substrate with an infinitesimal layer of film atoms
(and pay surface energy with density γfilm) rather than to leave any part of
the substrate exposed (and pay surface energy with density γsub)
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Regularity: Cusps and Vertical Cuts

The profile h of the film for a locally minimizing configuration is regular ex-
cept for at most a finite number of cusps and vertical cuts which correspond
to vertical cracks in the film

[Spencer and Meiron]: steady state solutions exhibit cusp singularities,
time-dependent evolution of small disturbances of the flat interface result
in the formation of deep grooved cusps (also [Chiu and Gao]); experimental
validation of sharp cusplike features in SI0.6 Ge0.4

Regularity: optimal h is analytic except for a finite number of cusps
and jump points, F., Fusco, Leoni, & Morini (’07), F., Fusco, Leoni, &
Millot (’11) anisotropic surface energy γfilm length Γh ↝

´
Γh
ψ(ν)dH1, ν

normal to Γh,
zero contact-angle condition between the wetting layer and islands

vertical
slope

cusp

contact angle =zero
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Regularity . . .

Conclude that the
graph of h is a Lipschitz continuous curve away from a finite number

of singular points (cusps, vertical cuts)

. . . this leads us to linearly isotropic materials

W (E) = 1

2
λ [tr (E)]2 + µ tr (E 2)

λ and µ are the (constant) Lamé moduli

µ > 0 , µ + λ > 0 .

Euler-Lagrange system of equations associated to W

µ∆u + (λ + µ)∇ (div u) = 0 in Ω.
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Regularity of Γ: No Corners

Γsing ∶= Γcusps ∪ {(x ,h(x)) ∶ h(x) < h−(x)}

Already know that Γsing is finite

Theorem

(u,Ω) ∈ X . . . local minimizer for the functional Freg .
Then Γ ∖ Γsing is of class C 1,α for all 0 < α < 1

2 .

If z0 = (x0,0) ∈ Γ ∖ Γsing then h′(x0) = 0.
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Shapes of Islands

We proved that the shape of the island evolves with the size (and size
varies with misfit! . . . later . . . ):

small islands always have the half-pyramid shape, and as the volume
increases the island evolves through a sequence of shapes that include
more facets with increasing steepness – half pyramid, pyramid, half dome,
dome, half barn, barn

This validates what was experimentally and numerically obtained in the
physics and materials science literature

Scaling laws and shapes of islands: F., Pratelli, & Zwicknagl (’14),
Goldman & Zwicknagl (’14), Bella, Goldman, & Zwicknagl (’15), etc.
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This approximation becomes progressively less accurate for
increasing slope, so our results should be taken as semiquan-
titative for domes and only qualitative for barns. This is ad-
equate for the general and qualitative issues addressed here.
The other term Esurface is the extra surface energy due to the
presence of the island,

Esurface = !
i=1

N

!iLi ! !mW , "3#

where Li is the length of the ith facet, !i is its surface energy,
!m is the surface energy of the vicinal surface with miscut
"m, and W is the island width. The first term accounts for the
additional island surface, and the second term represents the
substrate surface eliminated by the island. We assume
Stranski–Krastonov growth, so !m is actually the energy of
the vicinal wetting layer, and interfacial energy does not
enter.10

For concreteness, we consider the case of identical facet
energies !i=!0, with equally spaced orientations "n=n"1 "in-
teger n#. By analogy with $105% facets on "001#, we choose
"1=11.3°. Facets at higher angles 2"1 and 3"1 can be con-
sidered roughly analogous to the $113% and $111% facets de-
fining “dome” and “barn” shapes.

The average surface energy of a vicinal surface with
miscut "m "assuming noninteracting steps# is

!m = !0 cos""m# + # sin""m# , "4#

where # is the step formation energy per unit height. A lower
bound on # is the value for a facet of neighboring orientation
"1 "here 11.3°#. "For smaller values of #, the facet at "1
would be unstable against decomposing into steps.# We use
this value, giving

# = &!0 ! !0 cos""1#'csc""1# . "5#

Using a significantly larger value does not qualitatively
change any of the results reported here.

For a given island volume V, we consider all possible
island types "i.e., all allowed facet sequences# and find the
one with lowest energy. For a given type "a given set of N
facets#, any stable or metastable island shape satisfies

!E/!$i

!V/!$i
= % for i = 1, . . . ,N . "6#

Here % is the island’s chemical potential, or equivalently, a
Lagrange multiplier used to fix its volume; and $i is the
position of the ith facet with respect to translation of the
facet normal to itself. Island shapes satisfying Eq. "6# are
shown in Fig. 1, and their energies in Fig. 2.

Sufficiently small islands always have the half-pyramid
shape, because of the dominant influence of surface energy.
As the volume increases, we find that the island evolves
through a sequence of shapes that include more facets with
increasing steepness. Figure 1 shows the sequence of equi-
librium island shapes at a 3° miscut, from half-pyramid to
pyramid, half-dome, dome, etc. We find that pyramids are
always truncated in equilibrium, as expected;7 the degree of
truncation depends on the facet angles and energies.

Note that in every case, the outermost facets of the is-
land correspond to the smallest possible slope relative to the
vicinal substrate. For Ge on Si "001#, this would correspond
to "105# on the “downhill” side, and "001# on the “uphill”
side. In between, the island passes sequentially through ev-
ery intermediate facet orientation,11 up to some maximum
positive slope, and then down to some maximally negative
slope. These extremal slopes define the island type.

The energy versus volume for this same 3° miscut is
shown in Fig. 2. For clarity, we show only solutions of Eq.
"6# that are energy minima, i.e., stable and metastable shapes.

half pyramid

pyramid

half dome

dome

half barn

barn

FIG. 1. "Color online# Shape transition sequence at 3° miscut. "Vertical
scale is expanded by a factor of 1.8 for clarity.# Shapes are shown for
increasing volume from bottom to top. We show the largest stable island of
each type, except in the case of barns where we show the smallest. Within
each type, the shape varies only modestly over the entire range of volume
where that type is stable; and the half-pyramid shape is independent of size.
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FIG. 2. "Color online# Energy vs volume for different island types at 3°
miscut, in “natural units” V0= "! /S0#3 and E0=!3 /S0

2. Curves correspond to
solutions of Eq. "6# for different shapes, labeled HP, P, HD, etc., for half-
pyramid, pyramid, half-dome, etc. Circles highlight the crossing points.
Curves are shown as solid where they are stable and dashed where meta-
stable "passing above another curve#. Unstable solutions are not shown.
Inset shows the HP-P transition using a different thermodynamic reference
"i.e., adding a term proportional to V# for better visibility of the unstable
solution, which is included as a dotted line.
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Figure: Shape transitions with increasing volume at miscut angle 3○. Numerical simulation. Courtesy of B. Spencer and J.
Tersoff, Appl. Phys. Lett. bf 96/7, 073114 (2010)
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And Now . . . Epitaxy and Dislocations

lattice-mismatched semiconductors — formation of a periodic dislocation network

at the substrate/layer interface

nucleation of dislocations is a mode of strain relief for sufficiently thick films
● when a cusp-like morphology is approached as the result of an
increasingly greater stress in surface valleys, it is energetically favorable to
nucleate a dislocation in the surface valley
● dislocations migrate to the film/substrate interface and the film surface
relaxes towards a planar-like morphology. 47 / 58



Nucleation of dislocations - Line defects in crystalline materials

Figure: Courtesy of Elder et. al. (‘07)

Figure: Courtesy of NTD
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Microscopic Level

Dislocations in epitaxial growth:
Matthews and Blakeslee (‘74)

Roux and Van der Merwe (‘79)

Dong, Schnitker, Smith and Srolovitz (‘98)

Gao and Nix (‘99)

Haataja, Muller, Rutenberg and Grant (‘02)

Sreekala & Haataja and , . . .

Figure: Courtesy of J. W. Morris, Jr
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The Continuous Theory

In the continuous theory, one models dislocations as singularities of the
elastic strain H ∶ Ω→ R3×3:

curlH = b ⊗ τ dH1
∣γ ,

where the γ is the dislocation curve, τ its tangent and b is the Burgers
vector.

b b

Figure: Sketch of an edge dislocation (left) and a screw dislocation (right) in a
deformed cylinder. The dislocation line is the dashed, red line oriented
downwards. The Burgers vector is drawn in blue.
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Straight Dislocations

Ω̃ × {0}

cylindrical symmetry,
straight, parallel dislocation edge/screw dislocations,
reduction to an orthogonal slice,
in-plane/out-of-plane components of the elastic strain satisfy

curlH =∑
i

biδzi

where bi is an admissible Burger’s vector. 51 / 58



Epitaxy and Dislocations: The Model With Dislocations

A model for dislocations in epitaxially strained elastic films: F., Fusco,
Morini, Leoni. J. Math. Pures Appl. (2018)

System of Dislocations located at z1, . . . , zk with Burgers Vectors
b1, . . . ,bk

curlH =
k

∑
i=1

biδzi strain field compatible with the system of dislocations

the elastic energy associated with such a singular
strain is infinite!

Strategy:

● remove a core Br0(zi) of radius r0 > 0 around each dislocation

OR

● regularize the dislocation measure σ ∶= ∑k
i=1 biδzi through

a convolution procedure 52 / 58



Epitaxy and Dislocations: More on the Model With
Dislocations

curlH = σ ∗ ρr0 . ρr0 ∶= (1/r2
0 )ρ(⋅/r0) standard mollifier

Total energy associated with a profile h, a dislocation measure σ and a
strain field H

F (σ,H,h) ∶=
ˆ

Ωh

[µ∣Hsym∣2 + λ
2
(tr(H))2]dz + γH1(Γh) + 2γH1(Σh) .

What we ask : Assume that a finite number k of dislocations, with given
Burgers vectors B ∶= {b1, . . . ,bk} ⊂ R2, are already present in the film

Optimal Configuration?

Alicandro, De Luca, Garroni & Ponsiglione (’14), Ariza & Ortiz (’05), Blass, F., G.L. & Morandotti (’15), Cermelli &

G.L. (’05), Conti, Garroni & Ortiz (’16), De Luca, Garroni & Ponsiglione (’12), Geers, Peerlings, Peletier & Scardia (’13),
Garroni, G.L.. & Ponsiglione (’10), Hudson & Ortner (’14, ’15), van Meurs (’15), Mora, Peletier & Scardia (’14), Müller, L.
Scardia & Zeppieri (’14), Hull & Bacon (’11); Kelly, Groves & Kidd (’00); Wang et al. (’13); Tadmor, Ortiz, & Phillips (’96):
Quasicontinuum, Van Koten, Li, Luskin, & Ortner (’13), 53 / 58



What We Know

Theorem

The minimization problem

min{F (σ,H,h) ∶ (h, σ,H) ∈ X (e0;B), ∣Ωh∣ = d} .

admits a solution.

The equilibrium profile h satisfies the same regularity properties as in the
dislocation-free case:

Theorem

(h̄, σ̄,Hh̄,σ) ∈ X (e0;B) minimizer.

Then h̄ has at most finitely many cusp points and vertical cracks, its
graph is of class C 1 away from this finite set, and of class C 1,α, α ∈ (0, 1

2)
away from this finite set and off the substrate.
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Migration to the substrate: Analytical validation of experimental evidence:
after nucleation, dislocations lie at the bottom !

Theorem

Assume B ≠ ∅, d > 2r0b.
There exist ē > 0 and γ̄ > 0 such that whenever ∣e0∣ > ē, γ > γ̄, and
e0(bj ⋅ e1) > 0 for all bj ∈ B, Any minimizer (h̄, σ̄, H̄) has all dislocations
lying at the bottom of Ωh :
the centers zi are of the form zi = (xi , r0).

When is Energetically Favorable to Create Dislocations?
Assume that the energy cost of a new dislocation is proportional to the
square of the norm of the corresponding Burgers vector (Nabarro, Theory
of Crystal Dislocations, 1967 )

New variational problem:

minimize F (σ,H,h) +N(σ)

We identify a range of parameters for which all
global minimizers have nontrivial dislocation measures.
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Theorem

Assume that there exists b ∈ Bo such that b ⋅ e1 ≠ 0, and let d > 2r0b.

Then there exists γ̄ > 0 such that whenever ∣e0∣ > ē, and γ > γ̄, then any
minimizer (h̄, σ̄, H̄) has nontrivial dislocations, i.e., σ̄ ≠ 0.
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Open Problems and Future Directions

● What if the substrate is exposed, i.e., with initial profile h0 ≥ 0 but
∣{h0 = 0}∣ > 0

● Uniqueness in three-dimensions

● The non-graph case/ folds

● Evolution by Surface Diffusion: More general H−α-gradient flows: the
nonlocal Mullins-Sekerka law

● Dewetting (with G. Dal Maso and G. Leoni)

● Dislocations!
Curved Dislocation Lines in Three Dimensions - force on a dislocation,
dynamics, etc . . . With G. Leoni, J. Ginster, E. O’Brien, S. Wojtowytsch

also T. Hudson (preprint (2018) 57 / 58



A good place to stop . . .
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