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<O 1: Introduction.

In this lecture, Conformal Field Theory (CFT) will be
synonomous with Vertex Operator Algebra (VOA). These
objects embody much of the formalism behind bosonic
CFT. The use of VOAs in this context is close to the
physicist’s approach to CEF'T, and involves working di-
rectly with the quantum fields (or vertex operators) that
define the theory. We will say nothing about theories in-
volving fermions (super VOAs) and other variations such
as the Ghost System, which plays a role in the bosonic
string and the chiral de Rham complex, for example.

Physicists are particularly interested in rational CE'T;
there is a corresponding notion of rational VOA. One
of the main problems of the subject is to understand
the structure of the category of representations over a
RCFT/RVOA, which is expected to be (at least) a braided
tensor category. Roughly speaking, the passage from a
RCFT to its module category is a forgetful functor

{CFTY — {TQFT).

A complete understanding of this functor at the level of
full mathematical rigor is still some way oft. We will
describe what is known in a special case (so-called holo-
morphic orbifolds) and what some of the cohomologi-
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cal implications are. We illustrate with the example of
the Frenkel-Lepowsky-Meurman Moonshine Module V?,
which is probably the most interesting example of a VOA.



&2 VOAS.

“‘Space’ refers to a linear space over the complex numbers.
Fix such a space V', sometimes called the Fock space.
Elements of V' are called states. A (quantum) field on
V' is an element

a(z) = a(n)z "t € End(V)[[z, 2 !]]

nes

with the property that

if v € V then a(n).v = 0 for all large enough
integers n.

(z is a formal variable.) The space of all fields on V
is denoted by F(V'). The endomorphisms a(n) are the
(Fourier) modes.

(a) LOCALITY: We say that a pair of fields a(z), b(z) €
F (V) are mutually local in case the following holds:

there is k > 0 such that (y — 2)"[a(y), b(2)] = 0.

Here, y and z are independent variables. We write
a(z) ~ b(z) if a(z) and b(z) are mutually local fields.

The relation ~ is symmetric but generally neither reflex-
ive nor transitive.



EXAMPLES:
(Derivative of a field): If a(z) € F(V') then

d(z) =Y (—n —1a(n)z "% c F(V).
b(z) € F(V),a(z)~b(z) = da'(2)~b(z).

(Tensor Products): Given spaces V, W, there is a natural
injection
FV)QFW)— F(VW).

The map arises via a(z) ® b(2) — Sec(n)z "1 where
( p

c(n) = Siez a(i)®@b(n—i—1). Although this is an infinite
sum of operators on V' & W, it is well-defined because
a(z), b(z) are fields: astate in V®@W is annihilated by all
but a finite number of the summands. Operators defined
in this manner occur frequently.)

(Virasoro Algebra): The Virasoro algebra is the Lie al-
gebra
Vir= @ CL(n)& Ck

nes

with relations [Vir, k] = 0 and

m3—m

[L(m), L(n)] = (m —n)L(m+n) + 5

5m~|—n,0k-



Set w(z) = Tpez L(n)z7""2. Then

w(z) ~ w(z).

(¢) VERTEX OPERATOR ALGEBRA of CFT-TYPE:
(VY. 1,w)
Ingredients:
1. N-graded Fock space V = Vy@Vi®...,dimV, < oo
2. C'1 =V}, vacuum state 1.
3.Linearmap Y : V — EndV{[z, 27 1]] C F(V),

vi— Y(v,2)= Y v(n)z "t

nes

4. Distinguished state w € V5 with
Y(w,2)= % L(n)z "2

nez
Axioms:
1. Locality: Y(u,z) ~ Y (v, 2) Vu,v € V.
2. Creativity: Y(u,z).1 =u+ O(z2).
3. Virasoro : modes of Y (w, z) close on Virasoro
algebra represented on V' with central charge c;

L(0).v =nv, v eV,
Y'(u,2) =Y (L(-1)u, 2)



Let £ denote the space of vertex operators {Y (v, 2) }.
The axioms amount to a linear bijection, the
State-Field Correspondence,

Ve——L

in which each state v corresponds to a field Y (v, 2)
and each field creates the corresponding state
from the vacuum. Moreover the fields are mutu-
ally local and closed under derivativation.

EXAMPLES:
1. Tensor product V; ® V5 of VOAS; ¢ = ¢ + ¢.

2. Given a positive-definite even lattice L, set
H=C®y; L. Then

is the Fock space for a lattice VOA (FKS con-
struction); ¢ = rkL.

3. VL1 X VL2 = VLlLLQ-

4. Moonshine Module V% ¢=24.

5. Let M be a linear space with a Virasoro field
w(z) € F(M). Any maximal set of mutually lo-
cal fields £ in F(M ) which contains w(z) carries
a canonical structure of VOA.



&3: Modules over a VOA.

V = (V,Y,1,w) is a VOA. A module over V
is a linear space M together with a morphism
of vertex algebras V' — L where £ C F(M)
is a VOA of local fields of the type discussed in
example 5 above.

If M is an irrep then its grading has the shape
M= Mn—i—)\

n>0

for a constant A, the conformal weight of M.

Modules over V' form an abelian category V —

Mod

V is called rational in case V — Mod is a semi-
simple category:.

Theorem (Dong-Li-Mason): If V' is rational then
it has only finitely many (inequivalent) irreps.

EXAMPLES:

1. V is a module over itself (adjoint module).
2. Irreps of V1 ® V5 are My ® M; for irreps My
of V1 and M, of V5.



3. Irreps of Vi, have Fock spaces
S(Hl b Hy D ) & C[L + Oé]

for « € L°/L. Indeed, V is rational and V7, has
precisely |LY : L| inequivalent irreps (Dong-Li-
Mason, Dong).

Call V' holomorphic it V' is rational and V' has
a unique irrep, namely the adjoint module (i.e.,
V' is simple).

EXAMPLES:
1. V1 is holomorphic ifft L = L° is self-dual.
2. V*is holomorphic (Dong, DLM)



o4: Witt-Grothendieck Groups.

Tensor product gives (isomorphism classes of)

VOAs the structure of a commutative monoid

M. It has lots of interesting submonoids e.g.,

Mrat - Mhet - AUt corresponding to rational,

holomorphic, and lattice VOASs respectively. De-

note the corresponding Witt-Grothendieck groups
by

t hol latt
W;)Wra :_DWO,WG .

[ expect that M is cancellative, so that
M — W is injective. This is certainly true for
W which is isomorphic to the Witt-Grothendieck
group of positive-definite, even quadratic forms.
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ob: Automorphism Groups.

Aut(V) ={g € GL(V) : gY (v,2)g ' =Y (gv, 2), gw = w}

EXAMPLES:

1. If L is an ADE root lattice then Aut(Vp)
contains the corresponding complex Lie group.
2. In general Aut(Vy) contains an extension of
Aut(L) by the torus R/ L.

3. Aut(V%) = M (Griess, FLM, Tits).

4. Vé={veV: :gv=uvg9¢€G}isaVOA .

If G; C Aut(V;) for i = 1,2 then G; x Gy C
Aut(Vy ® Va). This allows us to define equivari-
ant monoids M and Witt-Grothendieck groups

WG 2 Wgat 2 Wgol

consisting of (isomorphism classes of ) pairs (V, G)
where G C Aut(V) and (V1,G) = (V4,G) iff W
and V5 are isomorphic as G-module VOAs.

Basic Problem in RCFT: given (V,G) € M,
G finite, describe the structure of V& — Mod.
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Theorem(Schur-Weyl duality)(Dong-Mason): Let
G C Aut(V), |G| < oo. There is a decomposi-
tion of V as V-module:
V=& MV
x€irrG
where M, ranges over all irreps of G and VX
ranges over distinct, non-zero irreps for V¢,

So there is a natural family of irreps for V¢ in-
dexed by irreps of G. In effect G ® V& acts
like a dual pair in the sense of Howe. The group
algebra C'G is the commutant of the algebra of
operators on V spanned by the Fourier modes of
fields determined by v € V.

These are not the only irreps for V.
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<& 6: Twisted Sectors.

For simplicity we now consider only pairs (V, G) €
M |G| < oco. For technical reasons we also

assume that V' is Cs-cofinite. This means that

the linear subspace spanned by states u(—2).v

with u, v € V has finite codimension in V. It

is expected that V' rational =V Cy-cofinite, but

this is not known. Cs-cofiniteness behaves well

wrt tensor products and we can define additional

Witt-Grothendieck groups to incorporate it.

Twisted representations of V' are a kind of rep-
resentation for which there is no classical analog.
Fix g € G of order N. In essence, a g-tunsted
module is a C-graded space M together with a
Y -map

Y, : V — EndM|[[z"N, 271V
each Y, (v, z) € F(M), Y,(u, z) ~ Y, (v, z), and

Yy(v,2) = X wn)z """ for
ner/N+Z
gv = e 2Ny

together with usual Virasoro axiom.
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If M is an irr g-twisted module it has grading of
the shape

M=73 M)\—i-n/N
n>0

for some fixed constant A (conformal weight of
M), moreover dim M) ,/x < oo.

EXAMPLES:

1. A V-module is precisely a 1-twisted module.
2. For a lattice theory Vi with L self-dual, let
o € +L/L C Aut(Vy). Then

S(H1 + Hy + ) ®C[L—|—O']

is an irreducible o-twisted module.
3. The restriction of a g-twisted module to V¢
(g € G) is a (untwisted) Vmodule.

Theorem(Dong-Li-Mason): Let V' be a Cs-cofinite,
holomorphic VOA, and let g be an automor-
phism of finite order. Then there is a unique
irreducible g-twisted module, call it V'(g).

This applies to the Moonshine Module V¢, for
example. So for each element g € Monster
there is a unique g-twisted module V*(g). This
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fact is the basis for understanding Monstrous
Moonshine (see below).

Uniqueness of twisted sectors informs us that G
acts on isomorphism classes of irreducible twisted
modules :

g: (M, Yy) = (M,Y}09) ~ (M, Y1)

Yio09 (v, 2) = Y(g.v, 2)

Thus each g € G induces a linear map ¢(g) on
the intertwining algebra

Vo= @ Vi(g).

gelG

However the operators ¢(g) may not close on a
group isomorphic to G; rather, if we let ¢p(g)
denote the action of ¢(g) on V (k) then

Qg(hk) = ay(h, k)_1¢kgk—1(h)¢g(k)-
Set

a(h, k)= > a4h,k)e(g) € UC|G|)

geG

(Unit group in the dual group algebra, where
€(g>€<h) — 5g,h6(g)')
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Thus
[a] € H*(G,U) = H*(ZG)
(Hochschild cohomology.) Note that

HS(ZG) - 62[{3(06*(9)7 Z) = %HQ(CG(QL C*)

Thus
a— (..,0,..)

where 6, € Z*(Cg(g), C*): the operators ¢,(h)
for h € Cg(g) acting on the twisted sector V(g)
span not the group algebra C[Cg(g)], but a twisted
group algebra C%[Cq(g)].

In this way we have defined a morphism of groups
Wil — B3ZQ).

This map is generally not close to being surjec-
tive, and it is a problem to give a good descrip-
tion of the image.

16



OT: Loop Space Interpretation.

Let (V,G) € MM |G| < 0. Let BG = clas-
sifying space for G, LBG = free loop space on
BG.

It is well-known that

LBG = U BC¢(g)
G

g
(disjoint union) and
H*(ZG) = H*(LBG, Z).

V' determines a bundle over BG via the Borel
construction

EG xq V — BG.

The theorem on T'wisted Sectors shows that there
is a unique way to extend this to a (projective)
bundle of twisted sectors over loop space via

ECa(g) xcotq) PVI(9) — BCalg).
The cohomology class [a] = [(...,8,,...)] € H*(LBG)

tells us how to linearize the projective action of

Cal(g).
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O8: Associativity.

We will define maps
WE — (G, 2)
\ |
H3(Z@)

where the se arrow is the one defined before. De-
fine
D(G) = & C(Celg)) = CIG) M, CIGT"

ge<

(Smash product.) From what we have already
said, it can be seen that D%(G) lies in the com-
mutant of the algebra generated by the Fourier
modes of the (twisted) vertex operators Y (v, z),v €
VY g € G, acting on the intertwining algebra
V. Following the idea of the Schur-Weyl Dual-
ity Theorem, one expects that D(G) is the full
commutant, so that roughly speaking

DYG)®@ VY C End(Vg)

is a dual pair. This is known in only a few cases.

Much more is expected: the duality underlies a
Morita equivalence of categories

DY(G) — Mod ~ V% — Mod
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If this is true it tells us among other things that:

(a) All irreps of V¢ lie in Vi i.e., in some twisted
sector. They are indexed by pairs (6, x4), where
X ranges over the irreps of the twisted group al-
gebra C%[Cq(g)] and ¢ ranges over an element
in each conjugacy class.

(b)V¢ is rational.
Now V¢ — Mod admits a product
vov

which is hard to define and harder to understand!

One knows under certain conditions (Huang-Lepowsky,
et al) and expects quite generally that it is as-
sociative. Since the irreps of V& are indexed by
group elements one expects that the associativ-

ity isomorphism for irreps is multiplication by a
scalar

w(g, h, ]{) : (UgDVh)DWk — UQD(VhDWk).
Similarly we expect

U,0v;, - v,00,
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In this way, V¢ — Mod will be a braided tensor
category, in particular there are hexagonal and
pentagonal consistency conditions, and the latter
translates into the assertion that

W] € H*(G,C*) = HYG, Z).
This defines the group morphism
Wil — HYG, Z).

Via the Morita equivalence, D*(G) — Mod ac-
quires an associative product and D(G) is pro-
moted to a quasi-triangular quasi-Hopf algebra
D¥(G), the twisted quantum double of G. This
is the same associative algebra D(G) inflicted
with a quasi-coassociative coproduct and (Drin-
feld) associativity constraint

d= Y w(g h k) lxe(g)®1laelh)®1xe(k)
g,h.keG

Thus we have
(Id ® A)oA = (A @ Id)oA)d

These quasi-Hopf algebras were introduced by
Dijkgraaf-Pasquier-Roche. & determines the
structure of the twisted double, in particular w
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determines the cocycles 8, via the remarkable
formula (DPR)

_wlg.z )l (o9) gay)
B =T e gy

This formula defines the group morphism
HYG,Z) — H*(ZQ).

Andy Baker explained to me how this map can
be viewed at the level of loop spaces as arising
from the evaluation map

S'x LBG - BG.
Taking cohomology yields

HYG,Z)= HYBG, Z) — H*S' x LBG)
— H3(LBG,7) = H(ZQ).
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<9: Connections with algebraic K-Theory.

Let (V,G) € MY |G| < oo as before. As-

sume for convenience that G is perfect (i.e., G =
|G, G]) and let G be the universal central exten-
sion of G

1 — Hy(G,Z) — G — G — 1.

There are maps

Hy(G,Z) 25 Ky(2ZG)

| |
Whol — HYG,Z) = Hs(G,2Z) 22" HC; (ZG)
N\ | | '

H3ZG) = Hy(G,Z)

Apart from the left triangle discussed so far, the other
maps are standard in algebraic K-Theory: it is well-
known that Hs(G,Z) = ms(BG") where + refers to
Quillen’s plus construction wrt G. The top map then
arises from

G5 GL(ZG) =Y GL,(ZG)
The top left vertical arrow is the composite
m3(BGY) — H3(BG™',Z) = H3(BG, Z) = H3(G, Z)
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The top right vertical map is the Chern map.

In particular, if G has trivial Schur multiplier (e.g., G =
Monster) then we have

Wwh — HYG,Z) — K3(ZG)

\ |
H3Z@)

and the top right map is an injection.

We can detect elements in these groups by utilizing more
ideas from orbifold CFT...

Remark: Witten, G.Moore and others have pointed out
the relevance of algebraic K-theory to M-theory. It is
likely that one can directly relate VOAs to algebraic K-
theory:.
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©10: Modular-Invariance.

Continue with (V, G) € M¥!, |G| < oo and Cy-cofiniteness.
For a pair of commuting elements g, h € G we have in-
troduced the operator ¢,4(h) acting on the twisted sector
V(g). There is thus the possibility of considering the
following formal traces (equivariant 1-point correlation
function):

Z(g,h,T) = try ¢g(h) ¢~
_ qA—c/24 Z tTV(g)n_M ¢g(h)qn/N

n>0

where N = order of ¢g. As usual, we are taking 7 € 'H
2miT

(complex upper half-plane), and g = e

Theorem (Modular-Invariance) (Dong-Li-Mason): With
the above assumptions, we have for v € SL(2, Z),

Z(g,hy1) = €Z((g, h)y, 7)
for a constant €(g, h,y), and where
a b L arc brd

Furthermore ¢ is a non-negative integer divisible by 8
(Zhu) and the conformal weight A € Q.

It is conjectured that each Z(g, h, T) is a classical mod-
ular function. This is not known in general. The last
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theorem reduces the general question to showing simply
that the constants are of absolute value 1.

The Conway-Norton Moonshine Conjecture = Borcherds’
Theorem shows that the functions
Z(h, 1) =g X trpsh g
n>0 n
in the case of the Monster are indeed modular, indeed

they are all hauptmoduln. This property is peculiar to
the Monster VOA, whereas modular-invariance is generic.

The Modular-Invariance Theorem has powerful conse-

quences. Taking g=1and y= 85 = ( (1) _01 ) yields

Z(1,h,—1/7) = Z(h,1,7)
= ¢(h)g*~ " ¥ dimV (R)r /g™

n>0

So if we 'know’ the trace of A on V' we can deduce the
graded dimension of the h-twisted sector. (Up to a scalar
e(h) that is. Physicists always take the scalar to be 1,
and they are probably right.)

For the Moonshine Module we know all the traces of ele-
ments in the Monster (Borcherds, Conway-Norton) so we
can apply this. Here are 5 pertinent examples:
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Z(1,2—,7) = 1%/2% 424, 72—, 1,7) =24 + ...
Z(1,4—,7) = 13/4548, Z(4—,1,7) =8+ ...

Z(1,8—,7) = 1%4?2/2%8* 1+ 4, Z(8—,1,7) =4 + ...
Z(1,16—,7) = 178/2.16* +2; Z(16—,1,7) = 2+ ...
Z(1,3—,7) = 12/3% +12; Z(3—,1,7) =12+ ...

(2)
where
124722 124 = n(r)* /n(27)** + 24
n(r) = ¢ II(1—¢q")
n>1
etc.
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11 HY(M, Z) and K3(ZM).

M denotes the Monster simple group. One knows that
H*(M,Z)=H|(M,Z)=H*M,Z) = Hy(M, Z) = 0.

Little is known beyond this, in particular it is not known if
H*M, Z) is non-zero. There is some information about
the p-parts H*(M, Z),, which for large enough p are zero
(Charles Thomas, others?)

We've already established the diagram

whol . HYM,Z) — K3(ZM)

N\ |
H3(ZM)

We will explain how the element (V*, M) € Wi? detects
a non-zero element in H4(M, Z).

It is very difficult to do this directly, but we can detect
a non-zero image in H?(ZM) by looking at the twisted
sectors and determining whether the representation of a
centralizer Cj/(g) on the twisted sector V*(g),g € M, is
truly projective i.e., whether 8, is not a coboundary.

One can do this by using group theory and the The-
orem on Modular-Invariance, which carries information
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about the traces of elements acting on twisted sectors.
Without giving details, it can be shown that the repre-
sentation of Cy;(g) on V¥(g) is truly projective if g is of
type 2—,3—,4— by showing that the representation on
the constant homogeneous piece is already projective. It
is expected that this holds also for type 8— and 16—, but
these two cases seem quite hard. Let’s assume the 16—
element is properly projective.

The following is true in general:
C 2
[Rescgg))ﬁgz] = [6,]*

This result is really a consequence of the fact that the
coproduct in D¥(G) is an algebra morphism.

It follows that [f16_] has order 16. Also, [#5_] # [0]. The
conclusion is that the image of (V#, M) under the map

Whel — H3(Z @)
has order divisible by 48.
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Meta-Theorem:

(a) The Moonshine Module/Monster pair (V% M) € Whe!
detects elements of order (at least) 48 in H*(M, Z) and
Ky(ZM).

(b) The 2-torsion part of the element in H*(M, Z) lies in
the nil radical J(H*(M, Z)) of the cohomology ring.

[t turns out that we can detect when the 2-part of w
lies in J(H*(M, Z)) using orbifold theory, a theorem of
Quillen in group cohomology, and the Verlinde formula.
(b) follows along these lines.

This will have to wait.
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