Spectral Triples

A spectral triple (A, H, D) is given by an involu-
tive unital algebra A represented as operators
in a Hilbert space 'H and a self-adjoint ope-
rator D with compact resolvent such that all
commutators [D,a] are bounded for a € A.

A spectral triple is even if the Hilbert space H
is endowed with a Z/2- grading v which com-
mutes with any a € A and anticommutes with
D.



Real Structure

A real structure of KO-dimension n € Z/8 on

a spectral triple (A, H, D) is an antilinear iso-

metry J :'H — 'H, with the property that
J°=¢, JD=¢DJ, and Jy=¢£"vJ (1)

The numbers e,&’,¢” € {—1,1} are a function
of n mod 8 given by

n 0O 1 2 3 4 5 o6 7
(1 1 -1 -1 -1 -1 1 1
g11 -1 1 1 1 -1 1 1
e’ 1 -1 1 -1




Moreover, the action of A satisfies the com-
mutation rule

[a,0°] =0 Va,be A, (2)
where
b0 = Jp* g1 Vb € A, (3)
and the operator D satisfies the order one condi-
tion :

[[D,a],°] =0 Va,be A. (4)



One defines a right A-module structure on H
by

tb=100¢, VEEH, be A (5)

The unitary group of the algebra A then acts
by the “adjoint representation” in H in the
form

EcH—Adw)é=uéu™, VEEH (6)

The inner fluctuations of the metric are given
by

D—Ds=D+A4+JA771 (7)

where A is a self-adjoint operator of the form

A:Zaj[D,b'], CLj,bj c A. (8)



Proposition

Let (A, H, D) be a real spectral triple with an-
tilinear isometry J fulfilling (3) and (4). Then
for any gauge potential A € Q1. A = A* and
any unitary v € A, one has

Ad(w)(D+ A+ JAT HAMWY) =
D + v (A) + e’ J yu(A) J1
where

Yu(A) = u[D,u*] + v Au*



Proposition

1) Let (A, H,D) be a spectral triple and D’ =
D+ A for some A € QL A= A*. Then for any

B € Q%},, B= B* one has

D+B=D+A4", A=A+BecQ}
2) Let (A, H,D) be a real spectral triple with
antilinear isometry J fulfilling (3) and (4). Let
AcQl, A=A*and D)=D+ A+ TJAT L
Then for any B € Q3,, B= B* one has

D/+B+€/JBJ_1:D+A,+€,JA/J_1,

A'= A+ BeQ}



Spectral Action

The starting point is the discussion of obser-
vables in gravity. By the principle of gauge
invariance the only quantities which have a
chance to be observable in gravity are those
which are invariant under the gauge group i.e.
the group of diffeomorphisms of the space-
time M. Assuming first that we deal with a
classical manifold, one can form a number of
such invariants (under suitable convergence condi-
tions) as the integrals of the form

4
| FK) Vgt (9)

where F'(K) is a scalar invariant function* of
the Riemann curvature K. Such invariants, of
the form (9) appear as the single integral ob-
servables j.e. those which add up when eva-
luated on the direct sum of geometric spaces.

*the scalar curvature is one example of such a function
but there are many others



Now while in theory a quantity like (9) is obser-
vable it is almost impossible to evaluate since
it involves the knowledge of the entire space-
time and is in that way highly non localized. On
the other hand, spectral datal are available in
localized form anywhere, and are (asymptoti-
cally) of the form (9) when they are of the
additive form

Trace (f(D/N)), (10)

where D is the Dirac operator and f is a po-
sitive even function of the real variable while
the parameter A fixes the mass scale.

fthe data of spectral lines are intimately related to the
Dirac Hamiltonian, hence to the geometry of ‘space”



The spectral action principle asserts that the
fundamental action functional S that makes it
possible to compare different geometric spaces
at the classical level and is used in the functio-
nal integration (after Wick rotation to eucli-
dean signature) to go to the quantum level, is
itself of the form (10). The detailed form of the
even function f is largely irrelevant since, assu-
ming* that the dimension spectrum is simple,
the spectral action (10) can be expanded in
decreasing powers of the scale A in the form

Trace (f(D/A) ~ Y. N fIDIF 4 (11)

ke N+

+ £(0) ¢p(0) + o(1),

where the function f only appears through the
scalars

fo= [ @) tav (12)

*this hypothesis fails for conical singularities



The relation between the asymptotic expan-
sion,

Trace (e ) ~ Y ant®  (t—0) (13)
and the ¢ function,
Cp(s) = Trace (A~5/2) (14)

IS given by,

— A non-zero term aqn With o < O gives a pole
of (p at —2«a with

2 aq
M(—a)
— The absence of logt terms gives regularity

at O for (p with

(p(0) =aq. (16)

Res;—_ 2, CD(S) — (15)



For the positive operator A = D? one has,

ID|™° = A™5/2 = 1 /OO e~ A 5/271 gy
m(3) 7

(17)

using

1
/O gots/2=1 gy — (a+s/2)7 1

one gets the first statement. The second fol-
lows from the equivalence

1 S
~ — s — 0

~(3) 2
so that only the pole part at s = 0 of

O
/o Tr(e t2)¢5/2-1 g4

contributes to the value (pH(0). But this pole
part is given by

1 2
CLO/ 5/2-1 g = ap—
0 S

and thus one gets (16).
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Riemannian geometry and spectral triples

A spin Riemannian manifold M gives rise in
a canonical manner to a spectral triple. The
Hilbert space H is the Hilbert space LQ(M, S) of
square integrable spinors on M and the algebra
A = C°®(M) of smooth functions on M acts in
H by multiplication operators :

(f&)(z) = f(x)&(z), VeoeM (18)

The operator D is the Dirac operator,

Dy = V=14V, (19)
where V? is the spin connection which we ex-
press in a vierbein e so that

Y ="y
1
Vie =0+ Jwii” (€) Yab (20)
The grading ~ is given by the chirality operator
which we denote by ~5 in the 4-dimensional
case. T he operator J is the charge conjugation
operator.
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The finite geometry

Our only input is the following algebra :

ALR: C@HL@HR@M3((C) (21)

which is the direct sum of the matrix algebras
Myn(C) for N = 1,3 with two copies of the
algebra H of quaternions. The indices L, R are
just there for book-keeping. By construction
Ar r is an involutive algebra, with involution

(>‘7QL7QR>m)* — (j‘aaL?CYRam*) (22)

using the involution ¢ — g of the algebra of
quaternions. It admits a natural subalgebra C&®
M3(C) corresponding to integer spin, which is
an algebra over C. The subalgebra Hj; ¢ Hp
corresponding to half-integer spin is an algebra
over R.
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The bimodule Mg

Let M be a bimodule over an involutive algebra
A. For u € A unitary, i.e. such that vu™ = v*u =
1, one defines Ad(u) by Ad(u)é = uéu*VE € M.

Let M be an A;p-bimodule. Then M is odd iff
the adjoint action of s = (1,—1,—1,1) fulfills
Ad(s) = —1.

Such a bimodule is a representation of the re-
duction B = (ALR R ‘A%R)p of Arpr Qp ‘A%R by
the projection p = 2 (1 + s ® sY). This subal-
gebra is an algebra over C and we restrict to
complex representations.

One defines the contragredient bimodule of a
bimodule M as the complex conjugate space

MO ={E; ce M}, afb=b€a* (23)

13



Let Mg be the direct sum of all inequivalent

irreducible odd Ay r-bimodules.

— The dimension of the complex vector space
MF IS 32.

— The Aj;p-bimodule Mg is the direct sum
of the following bimodule and its contragre-
dient

£E=2;9192,21°92; 23°®2,23° (24)

— The Ajp-bimodule Mg is isomorphic with
the contragredient bimodule M% by the an-
tilinear isometry Jg,

Jp&,n) =8, V&, neé (25)
— One has

J2=1, €£b=Jb*JE, VEEMp,be Arp
(26)
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The algebra B = (Arg ®r A% p)p is the direct
sum of 4 copies of the algebra M>(C) ® Mg(C).

The sum of irreducible representations of B has
dimension 32 and is given by

2;21°02p21°02;, 3¢ 25 ® 3°

P12290122%¢322 @3 w29%
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The subalgebra and the order one condition

We let Hrp be the sum of N = 3 copies of the
Ar p-bimodule Mpg. The multiplicity N = 3 is
an input. We define the Z/2-grading v by
yvv=c¢— JpcJp, ¢=1(0,1,-1,0) € Arp
One then checks that the following holds

Ja=1, Jpyp=—vrJr (27)

which together with the commutation of Jg
with the Dirac operators, is characteristic of
KO-dimension equal to 6 modulo 8.
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The left action of Ay p splits as the sum of two
representations 7 (in H¢) and «’ (in Hf). These
representations of App are disjoint (i.e. they
have no equivalent subrepresentations) and this
precludes the existence of operators D in Hg
which fulfill the order one condition (4) and
mix the subspaces H, and Hf.

We shall now show that such mixing is ob-
tained by passing to a unique subalgebra of
maximal dimension.
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Proposition

There exists a unique (up to an automorphism
of Ar,r) subalgebra Ap C Apr of maximal di-
mension admitting an off diagonal Dirac. It is
given by

Arp={(\qr,A,m) | A€ C, qr € H, m € M3(C)}

~Ca®H® M;(C).
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For any operator 1T : Hf — Hf we let
A(T) ={be Arp | 7' ()T = Tr(b),

o' (b*)T = Tw(b*)}

It is by construction an involutive unital subal-
gebra of Ay p.

Let A C Ajr be an involutive unital subalgebra
of -ALR-

1. If the restriction of = and =’/ to A are dis-
joint, there is no off diagonal Dirac for A.

2. If there exists an off diagonal Dirac for A,
there exists a pair e, ¢ of minimal projec-
tions in the commutants of n(A;r) and

/(A p) and an operator T such that e'Te =
T #0 and A C A(T).
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Unimodular unitary group of Ap

The unitary group of an involutive algebra A
IS given by

UA) ={ueA|uw” =u"u=1}

In our context we define the special unitary
group SU(A) Cc U(A) by :

SU(Afr) = {u e U(Ar) : Det(u) =1}

where Det(u) is the determinant of the action
of u in Hp.

20



1. The group SU(Apg) is, up to an abelian fi-
nite group,

SU(Ap) ~ U(1) x SU(2) x SU(3)

2. The adjoint action of the U(1) factor is
given by multiplication of the basis vectors
in Hy by the following powers of A € U(l) :

T®1°% | ®19 1 23° | @3°
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T he classification of Dirac operators

We now characterize all operators Dg which
qualify as Dirac operators and moreover com-
mute with the subalgebra

A Dirac operator is a self-adjoint operator D
in Hr commuting with Jg, Cgr, anticommuting
with v and fulfilling the order one condition
[[D,a],b%] = 0 for any a,b € Ap.
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In order to state the classification of Dirac ope-
rators we introduce the following notation : let
Y(ll), Y(Tl), Y(l3)' Y(T3) and Yrp be three by
three matrices, we then let D(Y) be the ope-
rator in ‘Hg given by

DY) = [? %] (29)
where
S=51 ®(S3®13) (30)

and in the decomposition (Tgr,lr, Tr,11)

0 0 Yoy O
s —| 0 0 0 vy,

Yq9 O 0 0

0 Yy 0 0
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*
o9 gy 9
O O O Y(l3)
Yqzy O 0 0

0 Yz O 0

while the operator T is O except on the sub-
space Ep =1p ®1° C Hp which it maps, using
the matrix Yp, to the conjugate Jp Ep.
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T heorem

1. Let D be a Dirac operator. T here exists 3 x
3 matrices Y(ll)' Y(Tl)' Y(l3)' Y(T3) and YR!
with Yp symmetric, such that D = D(Y").

2. All operators D(Y) (with Yp symmetric)
are Dirac operators.

3. The operators D(Y) and D(Y') are conju-
gate by a unitary operator commuting with
Ar, vgp and Jp iff there exists unitary ma-
trices V; and W; such that

Y(’m =13 Y(ll)ng, Y(’Tl) = V2 Y1) Vi,
Y(/l3) = W1Y(3) w3, Y(/Ts) = W2aY(3) Wz,

Yp=VoYrV3
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Lemma

LetP:[

P11 Pio
P>y Poo

be an operator in Hp =

Hy@®Hyz. Then P € A, iff the following holds

P11 is block diagonal with three blocks in
M15(C), M15(C), and 15 ® M15(C) corres-
ponding to the subspaces where the action
of (\,q,m) is by X\, A and gq.

P15 has support in 1®29 #1®29 and range
in Tr 1% TR ®3°.

P> has support in Tp ®1% 15 ®39 and
range in 1®2% &1 ® 2%.

P55 is of the form

Poo =T & (T2 ® 13)
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T he moduli space

Let us start by the moduli space C3 of pairs of
three by three matrices (Y(3),Y(y3y) modulo
the equivalence relation :

/ _ * / _ *
Y(lS) = W1 Y(iS) Ws, Y(T:s) = Wo Y(T3) W3

where the Wj are unitary matrices. Each equi-
valence class contains a pair (Y(3), Y(13)) where
Y(13) Is diagonal (in the given basis) and with
positive entries, while Y 3y Is positive. Indeed
the freedom to chose W> and W3 allows to
make Y(T3) positive and diagonal and the free-
dom in Wy then allows to make Y 3y positive.
The eigenvalues are the charateristic values of
Y(13) and Y( 3y and are invariants of the pair.
We can thus find diagonal matrices 5T and 5l
and a unitary matrix C such that

Ygz) =9, Y3 =C4C"
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Lemma

Two pairs of the form (61,C ) C*) are equiva-
lent iff there exists diagonal unitary matrices
A, B € N such that

AC=C"B

Proof

If AC = C' B one has

AY(13) A" =Y(13),  AY(3)A" =Y |3)
Conversely one gets W1 = W3 and Wy = W3
from the uniqueness of the polar decomposi-
tion, and thus W3 = W is diagonal (provided

we ordered the eigenvalues in the same order)
and we get

WCélC* W* — Cl&l Cl*
so that W C = C’ B for some diagonal matrix
B. Since W and B have the same determinant

one can assume that they both belong to V.
28



The dimension of the moduli space is thus
343+4 = 10 where the 34+ 3 comes from
the eigenvalues and the 4 = 8 — 4 from the
above double coset space of C's. One way to
parameterize the representatives of the double
cosets of the matrix C is by means of three
angles 6; and a phase 4,

C1 —S1C3 —S1S83
V = §1Cp C1CpC3 — S$283€5 C1C2S3 + $2C3€5
$182 C€189C3 + CpS3€5 C1582583 — CoC3€E§

for ¢; = cos6,;, s; = sinf;, and es = exp(id).
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Let us now consider the moduli space Cq of tri-
plets (Y(l1)7Y(T1)’YR)' with YR symmetric, mo-
dulo the equivalence relation

/ _ * / _ *
Y(ll) =WY Vs, Y(Tl) = VoY) V3,

Yp=VoYrV3
By construction one has a natural surjective
map

m : C1— C3

just forgetting about Yr. The generic fiber of
7 IS the space of symmetric complex there by
three matrices modulo the action of a complex
scalar A of modulus one by

Y — A2 YpR

The (real) dimension of the fiber is 12 — 1 =
11. The total dimension of the moduli space
is thus 31.
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Dimension, KO-theory, and Poincaré duality

The notion of manifold in noncommutative geo-
metry is discussed in terms of Poincaré dua-
lity in KO-homology. We now have to find out
how the new finite nhoncommutative geometry
F' behaves with respect to this duality. We first
note that now the dimension being equal to 6
modulo 8 the intersection pairing is skew sym-
metric. It is given explicitly as follows :

T he following defines an antisymmetric bilinear
pairing on Kg X Kg :
(e, )= Tr(yeJfJ 1) (31)

The group Kg(Ap) is the free abelian group
generated by the classes of e = (1,0,0), ef =
(0,1,0) and f3 = (0,0, f).
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1. The representation of the algebra genera-
ted by (Ap,Dp,Jp,vp) in Hp splits as a
direct sum of two subrepresentations,

Hp =M @ HE
2. In the generic case each of these subrepre-
sentations is irreducible.

3. In the basis (e, ey, f3) the pairing (31) is up
to an overall multiplicity three (the number
of generations) given by,

0 2 0 0O 0 2
HP | =2 0 0 HP | 0 0 —2
0 00 22 0
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The product geometry

We now consider a 4-dimensional smooth com-
pact Riemannian manifold M with a fixed spin
structure and consider its product with a geo-
metry of dimension 6 modulo 8. With (A;, H;,~;)
of KO-dimensions 4 for j =1 and 6 for 3 = 2,
the product geometry is given by the rules,

A:AI(X)AQ , H="H1 ® Ho ,

D=D1®14+v1®D2, y=71Q72, J =J1®J7

Notice that it matters that J; commutes with
v1 to check that J commutes with D. One
checks that the order one condition is fulfilled
by D if it is fulfilled by the D;.
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For the product of the manifold M by the finite
geometry F' we thus have A =C®(M) R Ap =
C®(M, Ar), H = L2(M,S) @ Hp = L?(M,S ®
Hp) and D = @,,214+v5® D where @,/ is the
Dirac operator on M. It is given by equations
(19) and (20).
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