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Abstract
We explore the instabilities developed in a fluid in which viscosity depends on temperature. In particular, we consider a dependency which is suitable for representing a lithosphere over a convecting mantle. To this end, we study a 2D
convection problem in the presence of O(2) symmetry in which viscosity depends on temperature by abruptly changing its value up to a factor of 400 within a narrow temperature gap at which magma melts. We conduct a study
which combines bifurcation analysis and time-dependent simulations. Solutions are found that are fundamentally related to the presence of symmetry. Among these we find spontaneous plate-like behaviors. The plate-like evolution
alternates motions towards either the right or the left, thereby introducing temporary asymmetries on the convecting styles. Further time-dependent regimes are found and described.

Stationary solutions and their stability The simplest stationary
solution to the problem described by equations (1)-(3) and their boundary
conditions is the conductive solution that satisfies uc = 0 and θc = −z + 1.
Fig. 1 shows two viscosity profiles as a function of the depth z for this particular temperature solution. These profiles are obtained for Ra = 50, 150, and
they confirm that the viscosity transition occurs close to the upper surface.
The conductive solution is stable only for a range of vertical temperature
gradients that are represented by small enough Rayleigh numbers. Beyond
the critical threshold Rac, a convective motion settles in. At the instability
threshold of the conductive state, the growing solutions are periodic and
correspond to sine or cosine eigenfunctions with wave number m. Figure 2
displays the critical instability curves for different m values as a function of
the aspect ratio (Γ). These curves are obtained by means of a simplified
linear stability analysis for the conductive solution, as reported in [2]. At
the instability threshold around Ra ∼ 55, the viscosity law indicates, as
seen from Fig. 1, that the viscosity transition takes place at the lowest
temperatures across the fluid layer, which is near the fluid surface. Thus,
at this threshold the fluid consists of a highly viscous layer over a fluid that
is not so viscous and is starting its convection.
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Figure 1: Problem set-up. The viscosity transitions versus the depth z for
the conductive temperature and Ra = 50 and 150 are depicted on the right.
The physical set-up and the governing equations. We consider
a convection problem in a fluid layer of thickness d placed in a 2D finite
container of size L as shown in Fig 1. The bottom plate is rigid, i.e.
u = 0, and it is at temperature T1. The upper plate is non-deformable
and free slip and is at temperature T0, where T0 = T1 − ∆T and ∆T is
the vertical temperature difference, which is positive, i.e, T0 < T1. The
lateral boundary conditions are periodic. The equations governing the
system are expressed with magnitudes in dimensionless form after rescaling
as follows: (x0, z 0) = (x, z)/d, t0 = κt/d2, u0 = du/κ, P 0 = d2P/(ρ0κν0) ,
θ0 = (T − T0)/(∆T ). Here, κ is the thermal diffusivity, ρ0 is the mean
density at temperature T0 and ν0 is the reference viscosity. After rescaling
the domain, Ω1 = [0, L) × [0, d] is transformed into Ω2 = [0, Γ) × [0, 1]
where Γ = L/d is the aspect ratio. The non-dimensional equations are
(after dropping the primes in the fields):
∇ · u = 0,


1
ν(θ)
(∂tu + u · ∇u) = Raθ~e3 − ∇P + div
(∇u + (∇u)T ) ,
Pr
ν0
∂tθ + u · ∇θ = ∆θ.

(1)
(2)
(3)

Here, ~e3 represents the unitary vector in the vertical direction; Ra =
d4αg∆T /(ν0κ) is the Rayleigh number; g is the gravity acceleration; α the
thermal expansion coefficient and P r = ν0/κ is the Prandtl number. Typically for rocks, P r is very large, thus, for the problem under consideration,
P r can be considered as infinite and the left-hand side term in (2) can be
made equal to zero. These equations use the Boussinesq approximation in
which the density is considered constant everywhere except in the buoyant
term of Eq. (2) where a dependence on temperature is assumed, as follows
ρ = ρ0(1 − α(T − T0)). Jointly with equations (1)-(3), the lateral periodic
conditions are invariant under translations along the x-coordinate, which
introduces the symmetry SO(2) into the problem. The reflexion symmetry
x → −x is also present insofar as the fields are conveniently transformed
as follows: (θ, ux, uz , p) → (θ, −ux, uz , p). In this case, the O(2) group
expresses the full symmetry of the problem.
The viscosity ν(θ) is a smooth, positive and bounded function of θ. We
use a law that represents the transition by means of an abrupt change in
the viscosity at a small temperature gap defining the transition interval. In
dimensionless form, this law is,
ν(θ)
1−a
=−
arctan(βµ(Raθ − Rat)) +
ν0
π
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always a stationary solution of the system. In these figures, stable branches
are represented by solid lines, while unstable branches are shown with dashed
lines. The lines in black correspond to solutions with periodicity m = 2 and
the lines in gray are for those with m = 1. The shaded region in figure 4
corresponds to a time-dependent solution, of which we provide a projection
at = 148. Over time, the system stays close to two quiescent states, which
are distinguished in Figure 5(a) by the zero upper velocity for long periods.
These states are interrupted by bursts in which energy at the upper surface
is abruptly released.
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Figure 2: Critical instability curves Ra(m, Γ) for a fluid layer with temperature dependent viscosity taking µ = 0.0146, a = 0.001, Rat = 10 and
β = 100.
Results and discussion. Beyond the instability thresholds displayed
in Figure 2, new structures are observed, which may be stable stationary or
unstable stationary (in the latter case leading to time-dependent convection). The branches of stationary solutions obey the stationary equations,
obtained by cancelling the time derivatives in the system (1)-(3). They
evolve with the external physical parameters in such a way that there exist
new critical thresholds at which stability is lost, thereby giving rise to new
bifurcated structures. These stationary solutions are numerically obtained
by using an iterative Newton-Raphson method as reported in [2, 3] and
using branch continuation techniques. Our analysis is also assisted with
the time dependent numerical simulations reported in [2]. We use spectral
collocation methods in which the unknown fields are approached according
to the expansion:
ỹ(x, z) =

dL/2e M −1

X X

l=1 m=0

bỹlmTm(z) cos((l

− 1)x) +

dL/2e M −1

X X

l=2 m=0

cỹlmTm(z) sin((l − 1)x).

(5)

Expansion orders L and M are taken to ensure accuracy on the results [2].
Figures 3 and 4 show the bifurcating branches captured at different Ra
ranges. In the diagrams, the horizontal axis represents the Ra number,
while on the vertical axis the system state is represented by a scalar given by
the sum of two coefficients |bθ24| + |bθ34| in the expansion (5) of a stationary
solution. This amplitude is related to the energy in the temperature field.
The horizontal line at 0 corresponds to the conductive solution which is
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Figure 4: Bifurcation diagram at Γ = 2.166 for the fluid under consideration
in the range ∈ [143, 162].
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T1 at the lower boundary. This procedure ties the viscosity to changes in
the Rayleigh number, which is the parameter that we vary in our study.
The maximum viscosity in the fluid layer is ν0, and this is the viscosity
value used to define the dimensionless Rayleigh number Ra in Eq. (2). The
parameter a is related to the inverse of the maximum viscosity contrast
and is fixed at 10−3. In the range of Ra numbers considered in this study,
we obtain viscosity contrasts of the order of 3 · 102 − 4 · 102.
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Introduction. The internal energy of the planetary interiors is dissipated
by convective processes, however convective styles in planetary interiors are
different from Rayleigh-Bénard convection. For instance, plate tectonics, is
the surface manifestation of convection in the Earths mantle of the Earth.
Other bodies in the solar system, such as the Moon, Venus or Mars do
not exhibit plate tectonics and present other convection expressions with a
stagnant lithosphere. Finding the impact of the different physical properties
present in the mantle on its convection styles is an important goal of research
into planetary interiors. In this context, our focus is on examining the
instabilities found in a 2D fluid in the presence of the O(2) symmetry which
contemplates a phase transition similar to a melting-solidification processes
[1]. In particular, we consider a highly viscous layer (lithosphere) over a
fluid mantle. This is modeled with a viscosity that changes abruptly by
a factor of 400, in a narrow temperature gap at which magma melts. In
phase transitions, other fluid properties in addition to viscosity may change
abruptly, such as density or thermal diffusivity. However, in this study
we confine ourselves solely to the effects due to the variability of viscosity.
When examining the proposed transition with temperature, we focus on the
global fluid motion when some parts of this motion tend to be more rigid
than others. By disregarding the variations on density in this transition, we
move away from instabilities caused by abrupt density changes such as the
Rayleigh Taylor instability, in which a denser fluid over a lighter one tends
to penetrate it by forming a fingering pattern. Thermal conductivity effects
are related to the relative importance of heat advection versus diffusion.
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Figure 7: Time-dependent regime of a two-plume pattern at Γ = 2.166 and Ra = 148 in the
Ra range highlighted with the shaded region in Figure 5. a) Time series of the horizontal
component of the velocity at the surface point (z = 1, x = Γ/2) on Ra = 148. Two zooms
are represented for the bursts at around times t ∼ 4.7 and t ∼ 5.6; b) spatial patterns
during the bursts at times t = 4.6828 and t = 5.5805 and in the quiescent state at t = 5.15.
12x versus the z-coordinate at fixed x = Γ/3 at
c) the horizontal component of the velocity u
times t = 4.6828, t = 5.15 and t = 5.5805. The horizontal line highlights the moving upper
lid that switches with a stagnant lid.

Figure 5: Time-dependent regime of a two-plume pattern at Γ = 2.166 and
Ra = 148 in the Ra range highlighted with the shaded region in Figure3.
a) Time series of the horizontal component of the velocity at the surface
point; b) spatial patterns during the bursts. c) the horizontal component of
the velocity ux versus the z-coordinate at the same times. The horizontal
line highlights the moving upper lid that switches with a stagnant lid.
One of the two quiescent states is represented in the center panel of Figure
5(b) by the plumes with the stagnant lid at the upper surface. During
these crises, the solution has the interesting characteristic that it consists
of ”plate-like” convective styles. By ”plate-like” motion we refer to the fact
that the stagnant lid at the upper surface drifts alternately towards the
right or the left as a block. The first and third panels in Figure 5(c) show a
moving upper layer by displaying the horizontal component of the velocity
ux versus the depth z. A thin lid is observed which moves like a rigid body
without internal shear either to the right or to the left. We have verified
that variations of the velocity within this thin layer are below 0.05, and for
this reason it has the appearance of a moving plate. In these short time
intervals (short when compared to the duration of the quiescent states), a
meandering jet develops simultaneously below the drifting surface, in which
sinking and upwards currents are observable (see Figure 5(b)).
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Here, the temperature at which the transition occurs is adjusted by the transition Rayleigh Rat which in our case is Rat = 10. The choice of a positive
value for Rat imposes that there exists a viscosity transition in the interior
of the fluid layer, even if Ra is very large. The parameter β controls the
abruptness of the viscosity transition on θ. Throughout this study we take
β = 100. The constant µ, fixed to µ = 0.0146, expresses fluid properties.
The presence of the Ra number in the viscosity law is uncommon among
the literature dealing with viscosity dependent on temperature. However,
it expresses better what happens in laboratory experiments in which the
increment of the Ra number is performed by increasing the temperature
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