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Hydrodynamics of independent random walks

A classical subject in Markov processes and Statistical
Mechanics is the study of hydrodynamical limits of particles
systems. Let for instance x1(t), x2(t), . . . a sequence of
independent simple (symmetric) random walks on Z. Consider
the diffusively scaled empirical measure

πN(t ,dx) :=
1
N

N∑
j=1

δ xj (N
2t)

N

(dx) ∈ C
(
[0,+∞);P(R)

)

If πN(0,dx)→ u0(x)dx , then πN → u(t , x)dx in
C
(
[0,+∞);P(R)

)
as N → +∞, where u is the solution to{

∂tu = 1
2∆u

u(0, x) = u0(x)
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Hydrodynamics of independent random walks

However, if the random walks x1(t), x2(t) . . . have non-zero
mean, one should rather consider the hyperbolic scaling

πN(t ,dx) :=
1
N

N∑
j=1

δ xj (Nt)
N

(dx)

Then πN → u(t , x)dx , where u is the solution to{
∂tu + v · ∇u = 0
u(0, x) = u0(x)

where the (constant) vector v is the mean deplacement.
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Interacting random walks

What happens when the random walks are interacting?
Consider for instance the nearest neighbors exclusion process,
or the zero range process.



Hydrodynamics Interacting random walks

• If the jumps have zero-mean, then the diffusively scaled
empirical measure converges to the solution to a parabolic
equation (in general, nonlinear)

∂tu∇ · f (u) = ∇ · [D(u)∇u]

• If the jumps have non-zero mean, then the hyperbolic
scaling yields instead

∂tu +∇ · f (u) = 0

to interpreted in the entropic sense (Rost, Seppalainen,
Rezakhanlou, Yau).
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Large Deviations

Let X be a Polish space and aε > 0 such that limε→0 aε = +∞.
Let I : X → [0,+∞] be a lower semicontinuous functional on X .
A sequence (Pε) ⊂ P(X ) satifies
• a large deviations upper bound with speed aε and rate I iff

for each closed set C ⊂ X

lim
ε

1
aε

log Pε(C) ≤ − inf
v∈C

I(v) (1)

• a large deviations lower bound with speed aε and rate I iff
for each open set O ⊂ X

lim
ε

1
aε

log Pε(O) ≥ − inf
v∈O

I(v) (2)

Large deviations provide detailed information on the asymptotic
of Pε. They are equivalent to the convergence of Pε → I in a
suitable space.
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Large Deviations for random walks

For Statistical Mechanics models, large deviations provide a
generalisation of the concepts of entropy or free energy in a
non-equilibrium framework.
One is thus interested in establishing large deviations principles
for the law of πN in C([0,+∞);P(R)).

• For diffusive systems one has large deviations with speed
N and rate

‖∂tu +∇ · f (u)−∇[·D(u)∇u]‖2B(u)

for suitable functions f , D, and Banach space B(u).
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Large Deviations for random walks

• For hyperbolic systems, the situation is more complex. If
the random walks are independent, one has large
deviations with speed N2 and rate

‖∂tu + v · ∇u‖2B(u)

(Kipnis, Léonard 1995).

• If the random walks are interacting and non-zero mean,
large deviations are a main open problem. S.R.S.
Varadhan and students (L. Jensen 2000, F.F. Feng 2005, Y.
Vilensky 2009) addressed the problem for TASEP. Note
that large deviations should appear with speed N in this
case. Still the situation is quite unclear and only partial
results are available.

In the talk, an SPDE will be introduced to get rid of ’local’
details of the models, and try to reproduce the behavior of πN .
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The stochastic model

We will focus on the stochastic PDE in the unknown u:

∂tu + f (u)x =
ε

2
(D(u)ux )x + εγ

(
σ(u)Ẇ ε

)
x

(SVCL);

u(0, x) = u0(x).

Here γ > 1, σ(·) may have compact support; and W ε = ε ∗W ,
where W is a cylindrical Brownian motion, and jε is a
δ-sequence as ε ↓ 0. For the sake of simplicity
(t , x) ∈ [0,T ]× T.

• Under general hypotheses (f , D, σ Lipschitz, D uniformly
positive), there exists a unique smooth solution uε, with
values in the support of σ(·).

• The evolution conserves
∫

dx uε(t , x) almost surely.
• Rougly speaking πN ' uε if ε ' N−α.
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Deterministic Conservation Laws

Consider the inviscous conservation law:

∂tu + f (u)x = 0 (t , x) ∈ [0,T ]× T (ICL)
u(0, x) = u0(x).

• In general, if f in nonlinear, there exist no classical smooth
solutions, even if the initial data is smooth.

• One may consider solutions in a weaker sense. In general,
there exist infinitely many measure-valued solutions and
weak solutions.
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Deterministic Conservation Laws

• For η(u) a convex Lipschitz function, let qη(u) be defined
by q′η = η′ f ′. It is well known that there exists a unique
weak solution ū of (ICL) (called the entropic solution) such
that

∂tη(ū) + qη(ū)x ≤ 0

for each convex η.
• Such a ū can be obtained as the strong limit in

Lp ([0,T ]× T) of the solution vε of the following viscous
conservation law:

∂tv + f (v)x =
ε

2
vx ,x

v(0, x) = u0(x)



Law of Large numbers

We are interested in the behavior of the law of uε as ε→ 0.

• uε converges to the entropic solution ū of (ICL):

E‖uε − ū‖pLp(dt ,dx) → 0.

Convergence also holds in C([0,T ]; H−1(T)).
• Heuristically, this is equivalent to the hydrodynamical limit

for πN .
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Lifting to Young measures

We are concerned with Large Deviations Principles (LDP) for
the probability law of the process uε solution to (SVCL). In
order to state properly the LDP, we need to lift the process to a
suitable space of Young measures. We introduce the setM of
measurable maps

ν : [0,T ]× T 3 (t , x) 7→ νt ,x (dλ) ∈ P([0,1])

such that
ν(ı) ∈ C([0,T ]; H−1(T))

where for F ∈ C([0,1]),
(
ν(F )

)
(t , x) =

∫
νt ,x (dλ)F (λ). M is

equipped with the refinement of the relative topology inherited
from the vague topology of the Radon measures on
[0,T ]× T× [0,1] and a uniform topology in t that takes account
of the continuity of ν(ı).
Let νεt ,x (dλ) = δuε(t ,x)(dλ) and let Pε be the law of νε onM.



Large Deviations-1 statement

Theorem: Pε satisfies LDP with speed ε2γ , namely

Pε(M) ' exp
{
−ε−2γ infν∈MI(ν)

}
where the rate functional I :M→ [0,+∞] is defined by

I(ν) = sup
ϕ∈C∞c ([0,T )×T)

{
−
∫

dx u0 ϕ(0)

−
∫

dt dx νt ,x (dλ)λ∂tϕ+ f (λ)ϕx +
1
2
σ(λ)2ϕ2

x

}
=

{
+∞ if ν0,x (ı) 6= u0(x)
1
2‖∂tν(ı) + ν(f )x‖2L2([0,T ],H−1,ν(σ2)

(T) otherwise

Since the mapM3 ν 7→ ν(ı) ∈ C([0,T ]; H−1(T)) is
continuous, a LDP on C([0,T ]; H−1(T)) is obtained by
contraction principle.
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Changing the scale

I(ν) = 0 iff ν is a measure-valued solution to (ICL). In general, if
f is nonlinear, there exist infinitely many measure-valued
solutions, while the process uε converges in probability to the
unique entropic solution. This is an unsatisfactory situation, and
it is necessary to refine the scale of the large deviations.
We next analyze a second LDP with speed ε2γ−1. On this scale
Pε has much better tightness properties, and it turns out that
studying the LDP on a function space is equivalent to study the
LDP for its lift toM. We thus introduce the set X of bounded
measurable functions u : [0,T ]× T→ [0,1] such that
u ∈ C([0,T ],H−1(T)), equipped with the C([0,T ],H−1(T)) and
strong Lp topologies. This is the relative topology of X regarded
as a subset ofM.



Entropy-measure solutions to (ICL)

Let u ∈ X be a weak solution to ICL. For (η,qη) an entropy –
entropy flux pair define the η-entropy production ℘η,u as a
functional acting C∞c

(
(0,T )× T

)
as

℘η,u := ∂tη(u) + qη(u)x

The following are equivalent
(i) ℘η,u is a Radon measure on (0,T )× T for each

η ∈ C2([0,1]).
(ii) There exists a Radon measure Pu on (0,T )× T× [0,1]

such that for each η ∈ C2([0,1]) and ϕ ∈ C∞c
(
(0,T )× T

)
℘η,u(ϕ) =

∫
Pu(dt ,dx ,dv) η′′(v)ϕ(t , x)

We say that a u ∈ X is an entropy-measure solution to (ICL) iff
(i)-(ii) are satisfied.



The candidate rate functional H

• Entropic solutions to (ICL) are entropy-measure solutions,
and in this case Pu is a negative measure.

• Statement (ii) is (a weak version of) the kinetic formulation
of (ICL) (Lions, Perthame, Tudor).

We next introduce a functional H : X → [0,+∞] which is the
candidate rate functional for LDP-2.

H(u) :=

{
+∞ if u is not an entropy-measure solution∫

P+
u (dt ,dx ,dv) D(v)

σ(v)2 otherwise



The Large Deviations statement-2

Theorem: Assume f ∈ C2([0,1]) such that there are no
intervals in which f is affine. With a little abuse of notation,
denote by Pε the law on X of uε solution to (SVCL). Then:

(i) Pε satisfies a LD upper bound with speed ε2γ−1 and rate
functional H(u).

(ii) Pε satisfies a LD lower bound with speed ε2γ−1 and rate
functional Ĥ(u).

where Ĥ(u) ≥ H(u) is a lower semicontinuous functional.
Moreover Ĥ(u) = H(u) if u is BV. One would need to know a
chain rule for divergence-measure fields in order to prove the
large deviations (De Lellis, Otto, Westdickenberg, Chen,
Rascle, Rivière).
The above results are in MM, PTRF 2010. A closely related
variational problem: Bellettini, Bertini, MM, Novaga, ARMA
2010.
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Strategy for LDP-1

• Exponential tightness is easy.
• The LD upper bound is achieved by a standard duality

argument.
• The LD lower bound is easily achieved on Young measures

that are Dirac masses on a.e. (t , x). The full lower bound is
then obtained via a (pretty technical) relaxation theorem.
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Strategy for LDP-2

• Exponential tightness is achieved by a standard
compensated compactness argument due to Tartar. It
seems that our setting is somehow optimal for the
compensated compactness to work.

• LD lower bound is achieved by relative entropy techniques.
(1) Given u ∈ X , build up a sequence of functions {vε} that
solves a suitable deterministic variational problem (we are
able to carry out this step only for u nice). (2) Use vε to
construct an exponential martingale, and consider the new
probability measure Qε obtained perturbing Pε with this
martingale. By construction, the (scaled) relative entropy of
Qε w.r.t. Pε converges to H(u). (3) Girsanov theorem
provides an equation for a processes with law Qε. Use this
equation to actually prove that Qε → δu. This method can
be applied in general to reduce LD lower bounds for
diffusion processes with ε dependent drift to deterministic
variational problems.



Proof of LDP-2

In order to prove LDP-2 upper bound:
• Provide Ito formula for η(t , x ,uε).
• Use the martingale term in the Ito formula to construct an

exponential martingale, and perturb Pε with this
exponential martingale.

• By usual duality extimates for LDP upper bounds

ε2γ−1 log Pε(C) ≤ − inf
v∈C

{∫
dt dx

[
(∂tη) + (∂xqη)

]
(t , x , v(t , x))

+ε
[
D(v(t , x))(∂v ,vη)− σ(v(t , x)2)(∂v ,vη)2](t , x , v(t , x)) vx (t , x)2

}
+small terms

By the kinetic formulation, the first to two term on the r.h.s. sum
up to

∫
dPv ∂v ,vη. The third term above is positive for each η

such that σ2(∂v ,vη) ≤ D
• Optimize over η and use minimax lemma to get the bound.



Some extensions (WIP with Yannick Sire)

What happens for nonlocal (long-range) interactions? Consider
for instance

∂tu +∇ · f (u) = − ε
2

(−∆)αu + εγW ε,α

where W ε,α is a noise with quadratic variation

d [W ε,α(ϕ)]t ' ‖ϕ‖Hα(T)dt as ε→ 0

• A similar result is expected as ε→ 0. Indeed, one can
replace −(−∆)α with a general ’Dirichlet to Neumann’ fully
nonlinear operator, and still obtain the same (candidate)
large deviations rate functional H.

• In the local case and in dimension d , the calculation
suggests D(u) = h′′(u)σ(u). This is interpreted as an
Einstein diffusion-fluctuation relation. The relation extends
in the fractional case, in particular one needs the same α
exponent in the deterministic diffusion and in the noise, for
the calculation to hold.

• In any case Pε(M) ∼ exp
{
− ε−2γ infM

[
Iα + εH

]}
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