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Einstein’s Annus Mirabilis 1905 papers:

• Matter and energy equivalence (E = mc2)
• Special relativity (Minkowski 1907)
• Photoelectric effect (Nobel prize in Physics 1921)
• Brownian motion



Brownian motion:
Thiele (1880), Bachelier (1900)
Einstein (1905), Smoluchowski (1906)
Wiener (1920’), Doob, Feller, Levy, Kolmogorov (1930’),
Doeblin, Dynkin, Hunt, Ito ...

Wiener process in R
n satisfies 1

n
E|Wt|2 = t and has a

Gaussian transition density:

pt(x, y) =
1

(4πt)n/2
exp

(

−
|x − y|2

4t

)

distance ∼
√

time

“Einstein space–time relation for Brownian motion”



Gaussian transition density :

pt(x, y) =
1

(4πt)n/2
exp

(

−|x − y|2
4t

)

De Giorgi-Nash-Moser estimates for elliptic and parabolic PDEs;
Li-Yau (1986) type estimates on a geodesically complete
Riemannian manifold with Ricci> 0:

pt(x, y) ∼ 1

V (x,
√

t)
exp

(

−c
d(x, y)2

t

)

distance ∼
√

time



Gaussian:

pt(x, y) =
1

(4πt)n/2
exp

(

−
|x − y|2

4t

)

Li-Yau Gaussian-type:

pt(x, y) ∼
1

V (x,
√

t)
exp

(

−c
d(x, y)2

t

)

Sub-Gaussian:

pt(x, y) ∼
1

tdf /dw
exp

(

−c

(

d(x, y)dw

t

)

1

dw −1

)

distance ∼ (time)
1

dw



Brownian motion on R
d: E|Xt − X0| = ct1/2.

Anomalous diffusion: E|Xt−X0| = o(t1/2), or (in regular
enough situations),

E|Xt − X0| ≈ t1/dw

with dw > 2.

Here dw is the so-called walk dimension (should be called
“walk index” perhaps).

This phenomena was first observed by mathematical physicists
working in the transport properties of disordered media, such
as (critical) percolation clusters.



pt(x, y) ∼ 1

tdf /dw
exp

(

−c
d(x, y)

dw
dw −1

t
1

dw −1

)

distance ∼ (time)
1

dw

df = Hausdorff dimension

dw = “walk dimension”
2df

dw
= “spectral dimension”

First example: Sierpiński gasket; Kusuoka, Fukushima,
Kigami, Barlow, Bass, Perkins (mid 1980’—)



The Sierpinski gasket (left), and a typical
nested fractal, the Lindstrøm snowflake (right)



Sierpiński carpet
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Abstract
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Figure 1. The automaton generating H
(4) and the Schreier graph of H

(3) at level 3 / L’automate engendrant H
(4) et le

graphe de Schreier de H
(3) au niveau 3
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Main classes of fractals considered

◮ [0, 1]

◮ Sierpiński gasket

◮ nested fractals

◮ p.c.f. self-similar sets, possibly with various symmetries

◮ finitely ramified self-similar sets, possibly with various symmetries

◮ infinitely ramified self-similar sets, with local symmetries, and with
heat kernel estimates (such as the Generalized Sierpiński carpets)

◮ Dirichlet metric measure spaces with heat kernel estimates
(DMMS+HKE)



Figure: Sierpiński gasket and Lindstrøm snowfalke (nested fractals), p.c.f.,
finitely ramified)



Figure: Diamond fractals, non-p.c.f., but finitely ramified



Figure: Laakso Spaces (Ben Steinhurst), infinitely ramified



Figure: Sierpiński carpet, infinitely ramified



Initial motivation

◮ R. Rammal and G. Toulouse, Random walks on fractal structures

and percolation clusters. J. Physique Letters 44 (1983)

◮ R. Rammal, Spectrum of harmonic excitations on fractals. J.
Physique 45 (1984)

◮ E. Domany, S. Alexander, D. Bensimon and L. Kadanoff, Solutions
to the Schrödinger equation on some fractal lattices. Phys. Rev. B
(3) 28 (1984)

◮ Y. Gefen, A. Aharony and B. B. Mandelbrot, Phase transitions on

fractals. I. Quasilinear lattices. II. Sierpiński gaskets. III. Infinitely

ramified lattices. J. Phys. A 16 (1983)17 (1984)



Main early results

Sheldon Goldstein, Random walks and diffusions on fractals. Percolation
theory and ergodic theory of infinite particle systems (Minneapolis,
Minn., 1984–1985), IMA Vol. Math. Appl., 8, Springer

Summary: We investigate the asymptotic motion of a random walker,
which at time n is at X (n), on certain ‘fractal lattices’. For the
‘Sierpiński lattice’ in dimension d we show that, as l → ∞, the process
Yl(t) ≡ X ([(d + 3)l t])/2l converges in distribution (so that, in particular,
|X (n)| ∼ nγ , where γ = (ln 2)/ ln(d + 3)) to a diffusion on the Sierpin’ski
gasket, a Cantor set of Lebesgue measure zero. The analysis is based on
a simple ‘renormalization group’ type argument, involving self-similarity
and ‘decimation invariance’.

Shigeo Kusuoka, A diffusion process on a fractal. Probabilistic methods
in mathematical physics (Katata/Kyoto, 1985), 1987.



◮ M.T. Barlow, E.A. Perkins, Brownian motion on the Sierpinski

gasket. (1988)

◮ M. T. Barlow, R. F. Bass, The construction of Brownian motion on

the Sierpiński carpet. Ann. Inst. Poincaré Probab. Statist. (1989)

◮ S. Kusuoka, Dirichlet forms on fractals and products of random

matrices. (1989)

◮ T. Lindstrøm, Brownian motion on nested fractals. Mem. Amer.
Math. Soc. 420, 1989.

◮ J. Kigami, A harmonic calculus on the Sierpiński spaces. (1989)

◮ J. Béllissard, Renormalization group analysis and quasicrystals, Ideas
and methods in quantum and statistical physics (Oslo, 1988)
Cambridge Univ. Press, 1992.

◮ M. Fukushima and T. Shima, On a spectral analysis for the

Sierpiński gasket. (1992)

◮ J. Kigami, Harmonic calculus on p.c.f. self–similar sets. Trans.
Amer. Math. Soc. 335 (1993)

◮ J. Kigami and M. L. Lapidus, Weyl’s problem for the spectral

distribution of Laplacians on p.c.f. self-similar fractals. Comm.
Math. Phys. 158 (1993)



◮ The classical diffusion process was first studied by Einstein, and later
a mathematical theory was developed by Wiener, Kolmogorov, Levy
et al. One of the basic principle is that displacement in a small time
is proportional to the square root of time. This law is related to the
properties of the Gaussian transition density and the heat equation.

◮ On fractals diffusions have to obey scaling laws what are different
from the classical Gaussian diffusion, but are of so called
sub-Gaussian type. In some situations the diffusion, and therefore
the correspondent Laplace operator, is uniquely determined by the
geometry of the space. (Recently it was proved for Sierpinski square
and its generalizations, a joint work with M. T. Barlow, R. F. Bass,
T. Kumagai).

◮ As a consequence, there are uniquely defined spectral and walk
dimensions, which are related by so called Einstein relation and
determine the behavior of the natural diffusion processes by (these
dimensions are different from the well known Hausdorff dimension,
which describes the distribution of the mass in a fractal).

2df/ds = df + ζ̃ = dw
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Abstract. We prove that, up to scalar multiples, there exists only one local regular Dirichlet form
on a generalized Sierpiński carpet that is invariant with respect to the local symmetries of the carpet.
Consequently, for each such fractal the law of Brownian motion is uniquely determined and the
Laplacian is well defined.
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1. Introduction

The standard Sierpiński carpet FSC is the fractal that is formed by taking the unit square,
dividing it into 9 equal subsquares, removing the central square, dividing each of the 8
remaining subsquares into 9 equal smaller pieces, and continuing. In [3] two of the authors
of this paper gave a construction of a Brownian motion on FSC. This is a diffusion (that
is, a continuous strong Markov process) which takes its values in FSC, and which is non-
degenerate and invariant under all the local isometries of FSC.

Subsequently, Kusuoka and Zhou in [27] gave a different construction of a diffusion
on FSC, which yielded a process that, as well as having the invariance properties of the
Brownian motion constructed in [3], was also scale invariant. The proofs in [3, 27] also
work for fractals that are formed in a similar manner to the standard Sierpiński carpet: we
call these generalized Sierpiński carpets (GSCs). In [5] the results of [3] were extended
to GSCs embedded in Rd for d ≥ 3. While [3, 5] and [27] both obtained their diffusions
as limits of approximating processes, the type of approximation was different: [3, 5] used
a sequence of time changed reflecting Brownian motions, while [27] used a sequence of
Markov chains.

M. T. Barlow: Department of Mathematics, University of British Columbia, Vancouver, B.C.,
Canada V6T 1Z2; e-mail: barlow@math.ubc.ca
R. F. Bass: Department of Mathematics, University of Connecticut, Storrs, CT 06269-3009, USA;
e-mail: bass@math.uconn.edu
T. Kumagai: Department of Mathematics, Faculty of Science, Kyoto University, Kyoto 606-8502,
Japan; e-mail: kumagai@math.kyoto-u.ac.jp
A. Teplyaev: Department of Mathematics, University of Connecticut, Storrs, CT 06269-3009, USA;
e-mail: teplyaev@math.uconn.edu

Mathematics Subject Classification (2010): Primary 60G18; Secondary 60J35, 60J60, 28A80



Contents

1. Introduction 4
2. Preliminaries 7
2.1. Some general properties of Dirichlet forms 7
2.2. Generalized Sierpinski carpets 9
2.3. F -invariant Dirichlet forms 11
3. The Barlow-Bass and Kusuoka-Zhou Dirichlet forms 13
4. Diffusions associated with F -invariant Dirichlet forms 13
4.1. Reflected processes and Markov property 13
4.2. Moves by Z and X 15
4.3. Properties of X 20
4.4. Coupling 20
4.5. Elliptic Harnack inequality 22
4.6. Resistance estimates 24
4.7. Exit times, heat kernel and energy estimates 25
5. Uniqueness 29



1. Introduction

Let F be a GSC and µ the usual Hausdorff measure on F . Let E be the set of non-
zero local regular conservative Dirichlet forms on L2(F, µ) which are invariant
with respect to all the local symmetries of F .

Theorem 1.1. Let F ⊂ Rd be a GSC. Then, up to scalar multiples, E
consists of at most one element. Further, this one element of E is self-similar.

Proposition 1.2. The Dirichlet forms constructed in [BB89, BB99] and
[KZ92] are in E (and the approximations converge).

Corollary 1.3. The Dirichlet forms constructed in [BB89, BB99] and [KZ92]
are (up to a constant) the same, and satisfy scale invariance (i.e. self-similar).

Corollary 1.4. IfX is a continuous non-degenerate symmetric strong Markov
process, whose state space is F , and whose Dirichlet form is invariant with
respect to the local symmetries of F , then the law of X, which is a Feller
process, is uniquely defined, up to scalar multiples of the time parameter, for
each initial point x ∈ F .



We do not assume the heat kernel exists, or even that the semi-group is Feller,
or that the Dirichlet form is irreducible.

The idea of our proof is the following. The main work is showing that if A,B
are any two Dirichlet forms in E, then they are comparable. We then let λ be
the largest positive real such that C = A − λB ≥ 0. If C were also in E,
then C would be comparable to B, and so there would exist ε > 0 such that
C − εB ≥ 0, contradicting the definition of λ. In fact we cannot be sure that C
is closed, so instead we consider Cδ = (1 + δ)A− λB, which is easily seen to
be in E. We then need uniform estimates in δ to obtain a contradiction.

A key point here is that the constants in the Harnack inequality, and conse-
quently also the heat kernel bounds, only depend on the GSC F , and not on
the particular element of E. This means that we need to be careful about the
dependencies of the constants.



Our general (distant) aim is to use this result:

Theorem (Grigor’yan and Telcs). Let (X, d, µ, E,F) be a MMD
space. (Note that the assumption includes the facts that d is geodesic and (E,F)
is conservative.) Then TFAE, and the constants in each implication are effective:
(a) X satisfies (V D), (EHI) and (RES(H)).
(b) X satisfies (V D), (EHI) and (E(H)).
(c) X satisfies (HK(H,β1, β2, c0)).
The equivalence of the “global” version (i.e. each condition holds for t ∈
(0,∞), R ≥ 0) also holds.

Here H : [0, 2]→ [0,∞) is a strictly increasing function which (for reasons
which will be apparent later) is called the time scaling function. We introduce
the following assume that there exist C2, . . . C5 > 0, and β1 > 1 such that
H(1) ∈ [C2, C3], and

[(TD)] H(2R) ≤ C4H(R) for all 0 < R ≤ 1.
[(FTG)] H(R)/H(r) ≥ C5(R/r)β1 for all 0 < r < R ≤ 2.
Here (TD) refers to ‘time doubling’ and (FTG) to ‘fast time growth’.



2. Preliminaries

2.1. Some general properties of Dirichlet forms.

Theorem 2.1. Let (A,F), (B,F) be regular local conservative irre-
ducible Dirichlet forms on L2(F,m) and

A(u, u) ≤ B(u, u) for all u ∈ F .
Let δ > 0, and E = (1+δ)B−A. Then (E,F) is a regular local conservative
irreducible Dirichlet form on L2(F,m).

Since E is local regular, E(f, f) can be written in terms of a measure Γ(f, f),
the energy measure of f , as follows. Let Fb be the elements of F that are
essentially bounded. If f ∈ Fb, Γ(f, f) is the unique smooth Borel measure on
F satisfying ∫

F

gdΓ(f, f) = 2E(f, fg)− E(f2, g), g ∈ Fb.

Lemma 2.2. If E is a local regular Dirichlet form with domain F , then for
any f ∈ F ∩ L∞(F ) we have Γ(f, f)(A) = 0, if A = {x∈F : f(x)=0}.



We call a function u : R+ × F → R caloric in D in probabilistic sense if
u(t, x) = Ex[f(Xt∧τD

)] for some bounded Borel f : F → R, which is the
solution to the heat equation with boundary data defined by f(x) outside
of D and the initial data defined by f(x) inside of D. Let T t be the semigroup
of X killed on exiting D, which can be either defined probabilistically as above or,
equivalently, in the Dirichlet form sense according to Theorems 4.4.3 and A.2.10
in [FOT].

Proposition 2.3. Let (E,F) and D satisfy the above conditions, and let
f ∈ F be bounded and t ≥ 0. Then

Ex[f(Xt∧τD
)] = h(x) + T tfD

q.e., where h(x) = Ex[f(XτD
)] is the harmonic function that consides with

f on Dc, and fD(x) = f(x)− h(x).



2.2. Generalized Sierpinski carpets. Let d ≥ 2, F0 = [0, 1]d, and let
LF ∈ N, LF ≥ 3, be fixed. For n ∈ Z let Qn be the collection of closed
cubes of side L−nF with vertices in L−nF Zd. For A ⊆ Rd, setQn(A) = {Q ∈
Qn : int(Q) ∩ A 6= ∅}. Let ΨQ be the orientation preserving affine map
from F0 onto Q. Let 1 ≤ mF ≤ LdF be an integer, and let F1 be the union
of mF distinct elements of Q1(F0).

• (H1) (Symmetry) F1 is preserved by the isometries of the unit cube F0.
• (H2) (Connectedness) Int(F1) is connected.
• (H3) (Non-diagonality) Let m ≥ 1 and B ⊂ F0 be a cube of side

length 2L−mF , which is the union of 2d distinct elements of Qm. Then if
int(F1 ∩B) is non-empty, it is connected.
• (H4) (Borders included) F1 contains the line segment {x : 0 ≤ x1 ≤

1, x2 = ... = xd = 0}.

Given S ∈ Sn, there is the folding map ϕS : F → S.
For f : S → R and g : F → R we define the unfolding and restriction

operators by USf = f ◦ ϕS, RSg = g|S.



Definition 2.4. We define the length and mass scale factors of F to be LF
and mF respectively. The Hausdorff dimension of F is df = df(F ) =
logmF/ logLF .

Let Dn be the network of diagonal crosswires obtained by joining each
vertex of a cube Q ∈ Qn to a vertex at the center of the cube by a wire
of unit resistance. Write RD

n for the resistance across two opposite faces of
Dn. There exists ρF and Ci, depending only on the dimension d, such that
ρF ≤ L2

F/mF and

C1ρ
n
F ≤ R

D
n ≤ C2ρ

n
F .



2.3. F -invariant Dirichlet forms. Let (E,F) be a regular local Dirichlet
form on L2(F, µ). Let S ∈ Sn. We set

ES(g, g) =
1

mn
F

E(USg, USg).

and define the domain of ES to be FS = {g : g maps S to R, USg ∈ F}.

Definition 2.5. Let (E,F) be a Dirichlet form on L2(F, µ). We say that
E is invariant with respect to all the local symmetries of F (F -invariant or
E ∈ E) if

• (1) If S ∈ Sn(F ), then USRSf ∈ F for any f ∈ F .

• (2) Let n ≥ 0 and S1, S2 be any two elements of Sn, and let Φ
be any isometry of Rd which maps S1 onto S2. If f ∈ FS2 , then
f ◦ Φ ∈ FS1 and ES1(f ◦ Φ, f ◦ Φ) = ES2(f, f).

• (3) E(f, f) =
∑
S∈Sn(F ) ES(RSf,RSf) for all f ∈ F

Lemma 2.6. Let (A,F1), (B,F2) ∈ E with F1 = F2 and A ≥ B. Then
C = (1 + δ)A− B ∈ E for any δ > 0.



Θf =
1

mn
F

∑
S∈Sn(F )

USRSf.

Note that Θ is a projection operator because Θ2 = Θ. It is bounded on C(F )
and is an orthogonal projection on L2(F, µ).

Proposition 2.7. Assume that E is a local regular Dirichlet form on F , Tt
is its semigroup, and USRSf ∈ F whenever S ∈ Sn(F ) and f ∈ F . Then
the following, for all f, g ∈ F , are equivalent:

(a): E(f, f) =
∑

S∈Sn(F )

ES(RSf,RSf)

(b): E(Θf, g) = E(f,Θg) (c): TtΘf = ΘTtf



3. The Barlow-Bass and Kusuoka-Zhou Dirichlet forms

Theorem 3.1. Each EBB and EKZ is in E.

4. Diffusions associated with F -invariant Dirichlet forms

Let X = X(E) be an E-diffusion, Tt = T
(E)
t be the semigroup of X and

Px = Px,(E), x ∈ F−N0, the associated probability laws. HereN0 is a properly
exceptional set for X. Ultimately we will be able to define Px for all x ∈ F , so
that N0 = ∅.

4.1. Reflected processes and Markov property.

Theorem 4.1. Let S ∈ Sn(F ). Let Z = ϕS(X). Then Z is a µS-
symmetric Markov process with Dirichlet form (ES,FS), and semigroup

TZt f = RSTtUSf . Write P̃y for the laws of Z; these are defined for
y ∈ S −NZ

2 , where NZ
2 is a properly exceptional set for Z. There exists a

properly exceptional set N2 for X such that for any Borel set A ⊂ F ,

P̃ϕS(x)(Zt ∈ A) = Px(Xt ∈ ϕ−1
S (A)), x ∈ F −N2.



A0

A1

A′1 s
v∗

The half-face A1 corresponds to a “slide move”,
and the half-face A′1 corresponds to a “corner move”,

analogues of the “corner” and “knight’s” moves in [BB89].



A half-face knight’s move.



4.2. Moves by Z and X. The key idea, as in [BB99], is to prove that certain
‘moves’ of the process in F have probabilities which can be bounded below by
constants depending only on the dimension d. We begin by looking at the process
Z = ϕS(X) for some S ∈ Sn, where n ≥ 0.

Let 1 ≤ i, j ≤ d, with i 6= j, assume n = 0 and S = F , and

Hi(t) = {x = (x1, . . . , xd) : xi = t}, t ∈ R;

Li = Hi(0) ∩ [0, 1/2]d;

Mij = {x ∈ [0, 1]d : xi = 0, 1
2
≤ xj ≤ 1, and 0 ≤ xk ≤ 1

2
for k 6= j}.

∂eS = S ∩ (∪di=1Hi(1)), D = S − ∂eS.

Proposition 4.2. There exists a constant q0, depending only on the dimen-
sion d, such that for any n ≥ 0

P̃x(TZLj
< τZD) ≥ q0, x ∈ Li ∩ ED,

P̃x(TZMij
< τZD) ≥ q0, x ∈ Li ∩ ED.



sy s
v∗

D(y)

D1

D2



4.5. Elliptic Harnack inequality. (Definition)
X satisfies the elliptic Harnack inequality if there exists a constant c1 such

that the following holds: for any ball B(x,R), whenever u is a non-negative
harmonic function on B(x,R) then there is a quasi-continuous modification ũ
of u that satisfies

sup
B(x,R/2)

ũ ≤ c1 inf
B(x,R/2)

ũ.



Lemma 4.10. Let r ∈ (0, 1), and h be bounded and harmonic in B =
B(x0, r). Then there exists θ > 0 such that

|h(x)− h(y)| ≤ C
( |x− y|

r

)θ
(sup
B
|h|), x, y ∈ B(x0, r/2), x∼my.

Proposition 4.11. There exists a setN of E-capacity 0 such that the Lemma
above holds for all x, y ∈ B(x0, r/2)−N .

Proposition 4.12. EHI holds for E, with constants depending only on F .

Corollary 4.13. If E ∈ E then
(a) E is irreducible;
(b) if E(f, f) = 0 then f is a.e. constant;
(c) ||E|| > 0, where ||E|| is the effective resistance between two opposite
faces of the GSC.



4.6. Resistance estimates. Let now E ∈ E1. Let S ∈ Sn and let γn =
γn(E) be the conductance across S. That is, if S = Q ∩ F for Q ∈ Qn(F )
and Q = {ai ≤ xi ≤ bi, i = 1, . . . , d}, then

γn = inf{ES(u, u) : u ∈ FS, u |{x1=a1}= 0, u |{x1=b1}= 1}.
Note that γn does not depend on S, and that γ0 = 1. Write vn = vEn for the
minimizing function. We remark that from the results in [BB3, McG] we have

C1ρ
n
F ≤ γn(EBB) ≤ C2ρ

n
F .

Proposition 4.14. Let E ∈ E1. Then for n,m ≥ 0

γn+m(E) ≥ C1γm(E)ρnF .

We define a ‘time scale function’ H for E ...
We say E satisfies the condition RES(H, c1, c2) if for all x, r ∈ (0, L−1

F ),

c1

H(r)

rα
≤ Reff(B(x0, r), B(x0, 2r)

c) ≤ c2

H(r)

rα
. [RES(H, c1, c2)]

Proposition 4.15. There exist constants C1, C2, depending only on F , such
that E satisfies RES(H,C1, C2).



4.7. Exit times, heat kernel and energy estimates. We write h for the
inverse of H , and V (x, r) = µ(B(x, r)). We say that pt(x, y) satisfies
HK(H; η1, η2, c0) if for x, y ∈ F , 0 < t ≤ 1,

pt(x, y) ≥ c−1
0 V (x, h(t))−1 exp(−c0(H(d(x, y))/t)η1),

pt(x, y) ≤ c0V (x, h(t))−1 exp(−c−1
0 (H(d(x, y))/t)η2).

Theorem 4.16 (GT (also BBKT-supplement)).
Let H : [0, 2] → [0,∞) be a strictly increasing function that satisfies ...

Then TFAE:
(a) (E,F) satisfies (V D), (EHI) and (RES(H, c1, c2))
(b) (E,F) satisfies (HK(α,H; η1, η2, c0))
Further the constants in each implication are effective.

By saying that the constants are ‘effective’ we mean that if, for example (a)
holds, then the constants ηi, c0 in (b) depend only on the constants ci in (a),
and the constants in (VD), (EHI) and ...



Let

Jr(f) = r−α
∫
F

∫
B(x,r)

|f(x)− f(y)|2dµ(x)dµ(y),

N r
H(f) = H(r)−1Jr(f),

NH(f) = sup
0<r≤1

N r
H(f),

WH = {u ∈ L2(F, µ) : NH(f) <∞}.

Theorem 4.18 (KS,BBKT). Let H satisfy ... Suppose pt satisfies
HK(H, η1, η2, C0). Then

C1E(f, f) ≤ lim sup
j→∞

N
rj

H (f) ≤ NH(f) ≤ C2E(f, f) for all f ∈WH,

where the constants Ci depend only on the constants in HK(H; η1, η2, C),
and in ... Further,

F = WH.



5. Uniqueness

Definition 5.1. Let A,B ∈ E. We say A ≤ B if

B(u, u)−A(u, u) ≥ 0 for all u ∈W.
For A,B ∈ E define

sup(B|A) = sup

{B(f, f)

A(f, f)
: f ∈W

}
,

h(A,B) = log

(
sup(B|A)

sup(A|B)

)
.

Note that h is Hilbert’s projective metric and we have h(θA,B) = h(A,B)
for any θ ∈ (0,∞), and h(A,B) = 0 if and only if A is a nonzero constant
multiple of B.

Theorem 5.2. There exists a constant CF , depending only on the GSC F ,
such that if A,B ∈ E then

h(A,B) ≤ CF .



Appendix: some spectral results on finitely ramified

fractals with symmetries
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E. Akkermans et al.

Fig. 1: First 2 iterations of the diamond fractals D4,2, D6,2 and
D6,3. Their respective branching factors (defined in the text)
are B = 1, 2, 1.

Our main result is the identification and characteri-
zation of a new oscillating behavior of Z(t) at small t,
which has implications for various physical quantities.
Such oscillations do not exist for smooth manifolds, or
even for quantum graphs. We apply these considerations
to the concrete case of quantum mesoscopic systems [6],
and show that the oscillating behavior can be directly
observed in spectral quantities such as the fluctuations
of the number of energy levels and the Wigner time delay.
We also relate the electric conductance g, the associated
weak localization corrections ∆g, and universal conduc-
tance fluctuations δg2 to the fractal zeta function.
We first recall some basic definitions and facts about

deterministic fractals. As opposed to Euclidean spaces
characterized by translation symmetry, self-similar (frac-
tal) structures possess a dilatation symmetry of their phys-
ical properties, each characterized by a specific fractal
dimension. To illustrate them, we consider throughout this
letter the family of diamond fractals (see fig. 1), but keep-
ing in mind that our results apply to a much broader class
of fractals, including the Sierpinski gasket. At each step n
of the iteration, we characterize a fractal by its total length
Ln, the number of sites Nn, and the diffusion time Tn.
Scaling of these dimensionless quantities allows to define
the corresponding Hausdorff dh, spectral ds, and walk dw
dimensions according to

dh =
lnNn
lnLn

, dw =
lnTn
lnLn

, ds = 2
lnNn
lnTn

, (1)

where the limit n→∞ is understood. These three dimen-
sions are thus related by ds = 2dh/dw.
To obtain the heat kernel of a fractal, let us recall

the corresponding expression for an Euclidean system
of space dimension d. We consider the diffusion equa-
tion −∆ψk(r) =Ekψk(r), where the diffusion coefficient
is set to unity, without yet specifying boundary condi-
tions. The probability P (r, r′, t) to diffuse, in time t,
from an initial point r to a final point r′, is given by

the Green’s function defined in an arbitrary volume Ω:
P (r, r′, t) = θ(t)

∑
k

∑gk
j=1 ψ

∗
k,j(r)ψk,j(r

′) e−Ekt. Here gk is
a degeneracy factor generally different from unity (e.g. on
a sphere [22]), except for one dim. diffusion on a finite
interval. The heat kernel Z(t) is defined for t > 0:

Z(t) =

∫
Ω

P (r, r, t) dr=
∑
k

gk e
−Ekt. (2)

The spectral zeta function is defined by a Mellin-Laplace
transform of the heat kernel

ζ(s, γ) =
1

Γ(s)

∫ ∞
0

dt

t
tsZ(t)e−γt =

∑
k

gk

(Ek + γ)s
. (3)

Many quantities are derived directly from the spectral zeta
function. E.g., the spectral determinant S(γ) is [7]

S(γ) = det(−∆+ γ) = exp
[
− d
ds
ζ(s, γ)|s=0

]
, (4)

which follows directly from the analytic continuation of
ζ(s, γ) in the complex s plane as a meromorphic function
analytic at s= 0, and the identity

[
d
dsλ

−s]
s=0
=− lnλ. For

example, from the spectral determinant, we deduce the
density of states: ρ(E) =− 1

π
limε→0+ Im d

dγ ln S(γ), with

γ =−E+ iε. This can also be written [23] in terms of
the on-shell S-matrix S(E) by the Birman-Krein formula
ρ(E) = 1

π
d
dE ln det S(−E), also defining the Wigner time

delay: τ(E) =−i� ddE ln det S(−E).
To generalize (2) to a fractal, we consider the probability

P (r, t) to diffuse over a distance r in a time t (with
obvious notations). Scaling properties of diffusion are
expressed using the definition (1) of the walk dimension
dw through the scaling transformation, P (λr, λ

dw t) =
P (r, t), for any scaling factor λ of the length, so that the
probability is of the form P (r, t) = f(rdw/t), where f is
some unknown function. In addition, the normalization
condition,

∫
ddhrP (r, t) = 1, and the change u= r/t1/dw ,

lead to the general scaling form

P (r, t) =
1

tdh/dw
f(rdw/t). (5)

This implies that diffusion on a fractal is anomalous in the
sense that the usual Euclidean relation 〈r2(t)〉 ∝ t, for long
enough times, is now replaced by 〈r2(t)〉 ∝ t2/dw : hence the
name “anomalous random walk dimension” for dw. Then,
relations (1) imply the well-known result P (0, t)∝ t−ds/2
for the leading term of the return probability which is
driven by the spectral dimension ds, rather than by the
Hausdorff dimension dh. Generalizing (2), the heat kernel
of a diamond fractal can be obtained by noticing that the
spectrum of diamond fractals is the union of two sets of
eigenvalues. One set is composed of the non degenerate
eigenvalues π2k2, (for k= 1, 2, . . .). This corresponds to
the spectrum of the diffusion equation defined on a finite
one-dimensional interval of unit length, with Dirichlet
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Table 1: Fractal dimensions and size scaling factor for diamond
fractals and for the Sierpinski gasket. For D6,2, the spectral
dimension is ds ≈ 2.58, and for D6,3, ds ≈ 1.63.

dh dw ds = 2dh/dw l=L
1/n
n

D4,2 2 2 2 2
D6,2 ln 6/ln 2 2 ln 6/ln 2 2
D6,3 ln 6/ln 3 2 ln 6/ln 3 3

Sierpinski ln 3/ln 2 ln 5/ln 2 2 ln 3/ln 5 2

boundary conditions. The second ensemble contains iter-
ated eigenvalues, π2k2Ldwn , obtained by rescaling dimen-
sionless length Ln and time Tn at each iteration n accord-
ing to Ldwn = Tn, given in (1). To proceed further, we
use the explicit scaling of the length Ln = l

n upon iter-
ation (see table 1). These iterated eigenvalues have an
exponentially large degeneracy given, at each step, by
BLdhn ≡B(ldh)n, where B = (ldh−1− 1) is the branching
factor of the fractal (see fig. 1), and the integer ldh is
the number of links into which a given link is divided.
The exponential growth of the degeneracy plays a crucial
role in our analysis. By contrast, on an N -dimensional
sphere the degeneracy grows as a polynomial, of order
N − 1 [22]. Finally, the diamond heat kernel ZD(t) is the
sum of contributions of the two sets of eigenvalues:

ZD(t) =

∞∑
k=1

e−k
2π2t+B

∞∑
n=0

Ldhn

∞∑
k=1

e−k
2π2t Ldwn . (6)

The associated zeta function ζD(s), from (3) at γ = 0, is

ζD(s) =
ζR(2s)

π2s

(
1+B

∞∑
n=0

Ldh−dwsn

)

=
ζR(2s)

π2s
ldh−1

(
1− l1−dws
1− ldh−dws

)
, (7)

where ζR(2s) is the Riemann zeta function. Note that a
very similar structure arises for the Sierpinski gasket [14],
with the Riemann zeta function factor replaced by another
zeta function. ζD(s) has complex poles given by

sm =
dh

dw
+
2iπm

dw ln l
=
ds

2
+
2iπm

dw ln l
, (8)

where m is an integer. The origin of these complex poles is
clearly the exponential degeneracy factors. The complex
poles have been identified with complex dimensions for
fractals [13,14].
By an inverse Mellin transform, we can write the heat

kernel as ZD(t) =
1
2πi

∫ a+i∞
a−i∞ ds ζD(s)Γ(s) t

−s. Then the
leading small time behavior comes from the pole of ζD(s)
at s= s0 = ds/2, giving the anticipated time decreasing
function ∼ t−ds/2. The pole of ζD(s) at s= 1/2 (coming
from the ζR(2s) factor) has zero residue for all diamonds,
and so does not contribute to the short time behavior
of ZD(t). (Remarkably, this vanishing of the residue at
s= 1/dw also applies to the analogous zeta function on
the Sierpinski gasket [14].) The pole of Γ(s) at s= 0 gives
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Fig. 2: (Colour on-line) Heat kernel ZD(t) at small time,
normalized by the leading non-oscillating term, for the fractal
diamond D4,2. The solid (blue) curve is exact; the dashed (red)
curve is the approximate expression (9). At very small t, these
curves are indistinguishable, as shown in the inset plot. The
relative amplitude of the oscillations remains constant as t→ 0.

a constant contribution, ζD(0), to ZD(t). But the really
surprising new behavior comes from the complex poles
in (8), leading to the oscillatory behavior:

ZD(t) ∼ ldh−1− 1
ln ldw

1

tds/2

(
a0+2Re

(
a1t
−2iπ/(dw ln l)

))
+ ζD(0)+ . . . , (9)

where we have defined am =Γ(sm)ζR(2sm)/π
2sm . The

leading term ∝ t−ds/2 is therefore multiplied by a periodic
function of the form a1r cos(ln t

s1i)+ a1i sin(ln t
s1i), where

a1r,i are respectively the real and imaginary parts of
a1, and s1i = 2π/ln l

dw . The oscillations of ZD(t) are
represented in fig. 2, and we note that the higher complex
poles give much smaller contributions. Similar behavior
has been found numerically for the Sierpinksi gasket [24];
from our work, we further find explicit expressions for the
coefficients, also in the Sierpinksi case.
In principle, all spectral properties can be derived from

the heat kernel (6), or from the associated zeta function
ζD(s) in (7), even though those are not directly accessible
physical quantities. For example, the constant term ζD(0)
in (9) leads to a topological term ζD(0)δ(E) in the density
of states. More interestingly, the oscillations of ZD(t) lead
to oscillatory behavior in physical quantities.
We give an explicit example of one such quantity, in

quantum mesoscopic systems. The fluctuation Σ2(E) of
the number of levels within an energy interval of width E

is defined by the variance, Σ2(E) =N2(E)−N(E)2, of the
integrated density of states (the counting function). In the
diffusion approximation, one can express Σ2(E) directly in
terms of the heat kernel through [6]

Σ2(E) =
2

π2

∫ ∞
0

dt

t
ZD(t) sin

2

(
Et

2

)
. (10)
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Our aim is a “Plancherel formula”:

f(x) =

∫

σ(−∆)

(
∫

P (λ, x, y)f(y)dµ(y)

)

dm(λ)

−∆

∫

P (λ, x, y)f(y)dµ(y) = λ

∫

P (λ, x, y)f(y)dµ(y)

If Pλf(x) =
∫

P (λ, x, y)f(y)dµ(y) then ||f ||22 =
∑

λ∈σ(−∆)

||Pλf ||
2
2, and so we

aim at

||f ||22 =

∫

σ(−∆)

||Pλf ||
2
λdm(λ).

Our plan:
find a continuation from graphs to fractafolds.

find the explicit spectral resolution of the graph Laplacian on Γ;
describe explicitly a Hilbert space of λ-eigenfunctions with norm || ||λ;

Acknowledgments. We are grateful to Peter Kuchment for very helpful discussions,

and to Eugene B. Dynkin for asking questions about the periodic fractal structures.



1. Set-up results for infinite Sierpiński fractafolds

1.1. Laplacian on the Sierpiński gasket. Let ∆SG be the Laplacian on SG, and

µSG be the normalized Hausdorff probability measure on SG.

Figure 1.1. Sierpiński gasket.

Then ∆SG is self-adjoint on L2(SG, µSG) with appropriate boundary conditions and,

using Kigami’s resistance (or energy) form,

E(f, f) = lim
n→∞

(

5

3

)n
∑

x,y∈Vn,x∼y

(f(x) − f(y))2 = −
3

2

∫

SG

f∆SGfdµSG

for functions in the corresponding domain of the Laplacian (Dirichlet or Neumann).



Theorem 1.1. The Laplacian ∆ is self-adjoint and

R−1(σ(−∆Γ0
)) ∪ Σ′

∞ ⊂ σ(−∆) ⊂ R−1(σ(−∆Γ0
)) ∪ Σ∞.

Moreover, the spectral decomposition −∆ =

∫

σ(−∆)

λdE(λ) can be written as

−∆ =

∫

R−1(σ(−∆Γ0
))\Σ∞

λM(λ)Ψ∗
λd

(

EΓ0
(R(λ))

)

Ψλ +
∑

λ∈Σ∞

λE{λ}.

Here E{λ} denotes the eigenprojection if λ is an eigenvalue. All eigenvalues and eigen-

functions of ∆ can be computed by the spectral decimation method. Furthermore, the

Laplacian ∆ on the Sierpiński fractafold F has the spectral decomposition of the form

−∆f(x) =

∫

R−1(σ(−∆Γ0
))\Σ∞

λ

(
∫

F

P (λ, x, y)f(y)dµ(y)

)

dm(λ) +
∑

λ∈Σ∞

λE{λ}f(x)

where m = mΓ0
◦ R and

P (λ, x, y) = M(λ)
∑

u,v∈V0

ψv,λ(x)ψu,λ(y)PΓ0
(R(λ), u, v).



1.2. Infinite Sierpiński gaskets.

Figure 1.2. A part of an infinite Sierpiński gasket.
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Figure 1.3. An illustration to the computation of the spectrum on
the infinite Sierpiński gasket. The curved lines show the graph of the
function R(·), the vertical axis contains the spectrum of σ(−∆Γ0

)
and the horizontal axis contains the spectrum σ(−∆).

Theorem 1.2. On the Barlow-Perkins infinite Sierpiński fractafold the spectrum of the

Laplacian consists of a dense set of eigenvalues R−1(Σ0) of infinite multiplicity

and a singularly continuous component of spectral multiplicity one supported on

R−1(JR). [T98, Quint09]



Problems:

(a) Find an explicit formula for Pλ(a, b);

(b) Give an explicit description of the projection operator P̃6;

(c) Find an explicit description of ξλ and its inner product, and transfer this to ξ̃λ of

Γ0.

Conjecture 1.3. For µ− a.e.λ there exists a Hilbert space of λ-eigenfunctions ξλ
with inner product <,>λ such that Pλf ∈ ξλ for µ − a.e.λ for every f ∈ ℓ2(Γ),
and

< Pλf, f >=< Pλf, Pλf >λ .

Moreover a similar statement holds for < P̃λF, F > .



2. The Tree Fractafold



We discuss an explicit Plancherel formula on Γ, given in terms of the modified mean inner

product

< f, g >M= lim
N→∞

1

N

∑

d(x,x0)≤N

f(x)g(x).

We deal with eigenspaces for which the limit exists and is independent of the point x0.

This is not the usual mean on Γ, since the cardinality of the ball {x : d(x, x0) ≤ N} is

O(2n), but it is tailor made for functions of growth rate O(2−d(x,x0)/2), which is exactly

the growth rate of our generalized eigenfunctions.

Theorem 2.1. Suppose f has finite support. Then

< Pλf, f >= 12b(λ)−1 < Pλf, Pλf >M

and

||f ||2ℓ2(Γ) =

∫

Σ

< Pλf, Pλf >M 12b(λ)−1dµ(λ).

Theorem 2.2. Suppose F has finite support on Γ0. Then

< P̃λF, F >= 36b(λ)−1 < P̃λF, P̃λF >M

and

||F ||2ℓ2(Γ0)
= ||P̃6F ||22 +

∫

Σ

< P̃λF, P̃λF >M 36b(λ)−1dµ(λ).
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Figure 2.1. A part of Γ1 with a 5-eigenfunction (values not shown
are equal to zero).



3. Periodic Fractafolds

Remark 3.1. Note that on a periodic graph, linear combinations of com-

pactly supported eigenfunctions are dense in an eigenspace.

(see [Kuchment05, Theorem 8], [Kuchment93], [KuchmentPost, Lemma 3.5])

The computation of compactly supported 5- and 6- series eigenfunctions is discussed

in detail in [St03, T98], and the eigenfunctions with compact support are complete in

the corresponding eigenspaces. In particular, [St03, T98] show that any 6-series finitely

supported eigenfunction on Γn+1 is the continuation of any finitely supported function

on Γn, and the corresponding continuous eigenfunction on the Sierpiński fractafold F can

be computed using the eigenfunction extension map on fractafolds (see Subsection ??).
Similarly, any 5-series finitely supported eigenfunction on Γn+1 can be described by a

cycle of triangles (homology) in Γn, and the corresponding continuous eigenfunction

on the Sierpiński fractafold F is computed using the eigenfunction extension map on

fractafolds.



Example 3.2. The Ladder Fractafold.
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Figure 3.1. The graphs Γ and Γ0 for the Ladder Fractafold



Example 3.3. The Honeycomb Fractafold.

Figure 3.2. A part of the infinite periodic Sierpiński fractafold based
on the hexagonal (honeycomb) lattice.



4. Non-fractafold examples
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Figure 4.1. A part of the periodic triangular lattice finitely ramified
Sierpiński fractal field and the graph Γ0.
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Figure 4.2. Computation of the spectrum on the triangular lattice
finitely ramified Sierpiński fractal field.

Proposition 4.1. The Laplacian on the periodic triangular lattice finitely ramified

Sierpiński fractal field consists of absolutely continuous spectrum and pure point spectrum.

The absolutely continuous spectrum is R−1[0, 16
3
].

The pure point spectrum consists of two infinite series of eigenvalues of infinite

multiplicity. The series 5R−1{3} ( R−1{6} consists of isolated eigenvalues, and

the series 5R−1{5} = R−1{0}\{0} is at the gap edges of the a.c. spectrum. The

eigenfunction with compact support are complete in the p.p. spectrum. The spectral

resolution is given in the main theorem.


	Initial motivation
	Main classes of fractals considered
	RS-AT-2010-talk-newton-a.pdf
	Acknowledgments
	1. Set-up results for infinite Sierpinski fractafolds
	1.1. Laplacian on the Sierpinski gasket
	1.2. Infinite Sierpinski gaskets.

	2. The Tree Fractafold
	3. Periodic Fractafolds
	4. Non-fractafold examples
	References




