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COALESCENT HISTORIES

Given a species tree ST, and a gene tree gt, several 
coalescent patterns (of the sampled alleles) within the 
branches of ST could give rise to the topology of gt; each 
such pattern is called a coalescent history. 
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COALESCENT HISTORIES

Denote by HST(gt) the set of all coalescent histories of 
species tree ST and gene tree topology gt

Rosenberg (JCB, 2007) and Than et al. (JCB, 2007) gave 
methods for enumerating this set. 

This quantity forms the basis for two criteria of 
reconciling a gene tree gt within the branches of a species 
tree ST



THE PROBABILITY OF A GENE TREE 
TOPOLOGY

Degnan and Salter (Evolution, 2005) gave the mass 
probability function of a gene tree topology gt for a given 
species tree with topology ST and vector of branch lengths 
λ: 

PST,λ(G = gt) =
�

h∈HST (gt)

w(h)

d(h)

n−2�

b=1

wb(h)

db(h)
pub(h)vb(h)(λb)
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THE PROBABILITY OF A GENE TREE 
TOPOLOGY

puv(t) =
u�

k=v

�
e−

k(k−1)t
2

(2k − 1)(−1)k−v

v!(k − v)!(v + k − 1)
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(v + y)(u− y)

u+ y

�

Tavaré (Theoretical Population Biology, 1984)

Watterson (Theoretical Population Biology, 1984)

Takahata and Nei (Genetics, 1985)



MINIMIZING DEEP COALESCENCES

Maddison (Systematic Biology, 1997) proposed reconciling a 
gene tree with a species tree in a manner that minimizes the 
“number of extra lineages” or “deep coalescences” (MDC).
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MINIMIZING DEEP COALESCENCES

Denote by XL(ST,gt,h) the number of extra lineages 
assuming coalescent history h gave rise to gene tree gt 
within the branches of species tree ST.

Then, Maddison’s MDC cost for a given pair of        
species/gene tree is:

XL(ST, gt) = min
h∈HST (gt)

XL(ST, gt, h)



GENE TREE 
RECONCILIATION:

THE SPECIES TREE CASE



THE PROBLEM

Input: Collection G of     gene trees.

Output: A species tree ST that optimizes a certain criterion 
given the set G. 

�



THE PROBLEM:
A LIKELIHOOD SETUP

(ST ∗,λ∗) ← argmax(ST,λ)

��

i=1

PST,λ(Gi = gti)



THE PROBLEM:
A PARSIMONY SETUP (MDC)

ST ∗ ← argminST

��

i=1

XL(ST, gti)



MDC:
ROOTED, BINARY GENE TREES

TO
SPECIES TREES

[Than & Nakhleh, PLoS Comp Bio 2009]



THE MDC METHOD:
EXACT SOLUTIONS

We have recently devised exact solutions that do not explicitly 
try every species tree candidate or search the tree space (Than 
and Nakhleh, PLoS Computational Biology, 2009)

The solutions are based on a central observation that the 
number of extra lineages can be computed for each cluster, 
without the prior knowledge of the species tree.



THE MDC METHOD:
EXACT SOLUTIONS

Theorem (Than&Nakhleh, PLoS Comp Bio 2009): The value of   
XL(ST,e,gt) is independent of what other branches exist in ST, 
including the topology of the subtree “under” branch e. 

Corollary: Given a cluster W of taxa, we can compute the 
number of extra lineages that would arise from reconciling all 
gene trees in G, had W been a cluster of the species tree. 

This number of lineages on the branch that defines cluster W is 
denoted by kW(G) (the number of extra lineages is kW(G)-1) 

If G contains k gene trees, each with n leaves, kW(G) can be 
computed in O(kn) time.   
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THE MDC METHOD:
EXACT SOLUTIONS

To compute the species tree from a set G of trees:

1. get a set of all possible clusters of taxa, 

2. for each cluster W, weight it by kW(G)-|G|, and 

3. find a maximal set of clusters whose total weight is smallest 
and whose elements are pairwise compatible (that is, they 
define a tree). 

Two approaches: Integer-linear programming (ILP) and dynamic 
programming

Very good results on synthetic and biological data
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2. for each cluster W, weight it by kW(G)-|G|, and 

3. find a maximal set of clusters whose total weight is smallest 
and whose elements are pairwise compatible (that is, they 
define a tree). 

Two approaches: Integer-linear programming (ILP) and dynamic 
programming

Very good results on synthetic and biological data

Heuristic: try 
only clusters 
displayed by the 

gene trees!



additional analytical and biological factors—such as outgroup
choice, number of variable sites and rate of evolution—that may
lead to incongruence between single-gene phylogenies10,13. To test
whether the outgroup accounted for the incongruence between
phylogenies, we repeated all of the analyses without the outgroup
C. albicans. We found no change in the distribution of bootstrap
values (correlations among pairwise comparisons of each distri-
bution for the remaining branches were significant with P , 0.05)
or in the degree of incongruence between the remaining branches
(Supplementary Information). We also examined whether support
for each branch was explained by the number of variable sites,
number of parsimony-informative sites, gene size, rate of evolution,
nucleotide composition, base compositional bias, genome location,
or gene ontology (Table 1; see also Supplementary Information).
Number of variable sites, number of parsimony-informative sites
and gene size were significantly correlated with bootstrap values
for some branches, although they accounted for only a small
amount of the total variation in each case (Table 1; see also
Supplementary Information). With a single exception (branch 4
was correlated with the rate of evolution for the ML analysis; Table
1), none of the remaining variables was correlated with bootstrap
values for any branch (Table 1; see also Supplementary Infor-
mation). In summary, there were no identifiable parameters that
could systematically account for or predict the performance of
single genes.

Concatenation of single genes yields a single tree
Although we do not know the cause(s) of incongruence between
single-gene phylogenies, the critical question is how the pervasive
incongruence between single trees might be overcome to arrive at
the actual species tree. Although many potential options exist, we
explored the effect of concatenating single genes into one large data
set1,27,39. Remarkably, all three methods of analysis of the concate-
nated sequences yielded a single tree with 100% bootstrap values at
every branch (Fig. 4). Furthermore, all alternative topologies
generated among the single-gene analyses were rejected (Templeton
test, P , 0.001 for each of three analyses). Thus, even though the
individual genes examined supported alternative trees, the conca-
tenated data exclusively supported a single tree. This level of support
for a single tree with five internal branches is, to our knowledge,
unprecedented; we conclude that it accurately represents the his-
torical relationships of these eight yeast taxa and will be referred to
hereafter as their species tree. The maximum support for a single
topology regardless of method of analysis is strongly suggestive of
the power of large data sets in overcoming the incongruence present
in single-gene analyses.

How much data are sufficient to recover the species tree?
The concatenated data recovered a tree with maximum support on
all branches, despite divergent levels of support for each branch
among single-gene analyses. This raises the question: at what size

Figure 2 The distribution of bootstrap values for the eight prevalent branches recovered
from 106 single-gene analyses highlights the pervasive conflict among single-gene

analyses. a, Majority-rule consensus tree of the 106 ML trees derived from single-gene

analyses. Across all analyses, there were eight commonly observed branches; the five

branches in the consensus tree (numbers 1–5; a) and the three branches (numbers 6–8)
shown in b. c, For each of the eight branches, the ranked distribution of per cent bootstrap
values recovered from the three analyses of 106 genes is shown. Results from ML (blue)

and MP (red) analyses of nucleotide data sets, and MP analyses of amino acid data sets

(black), are shown. For each branch, the mean bootstrap value and 95% confidence

intervals from the ML analyses and the percentage of ML trees supporting this branch (in

parentheses) are indicated below each graph. Although the ranked distributions of

bootstrap values from the three analyses are remarkably similar for most branches, on a

gene-by-gene basis there is no tight correspondence between bootstrap values from ML

and MP analyses (see Supplementary Information).

articles

NATURE |VOL 425 | 23 OCTOBER 2003 | www.nature.com/nature800

THE YEAST DATA SET OF 
ROKAS ET AL. (NATURE 2003)

The authors concatenated the sequences of 106 genes, and inferred 
a single species tree, which had 100% bootstrap support of all 
branches

The method BEST inferred the same tree [Edwards et al., PNAS 2007] 

Our method, MDC, inferred the same tree [Than&Nakhleh, PLoS 
Comp Bio 2009] 



THE YEAST DATA SET OF 
ROKAS ET AL. (NATURE 2003)The Yeast Data Set: Suboptimal Trees
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UNROOTED, NON-BINARY, GENE TREES
TO

SPECIES TREES
[Yu, Warnow, & Nakhleh, RECOMB ’11, J Comp Bio 2011]



WHY DEAL WITH THESE CASES?

Assuming rooted, binary gene trees amounts to assuming 
knowledge of the true gene trees!

Estimated gene trees are often unrooted, non-binary, or 
both. 

Q1: How should MDC be defined in these cases? 

Q2: How can we infer species trees efficiently in these 
cases?



UNROOTED GENE TREES

MDC on unrooted gene trees:

Find the species tree that optimizes MDC over all 
possible rootings of all gene trees. 
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NON-BINARY GENE TREES

MDC on non-binary gene trees:

Find the species tree that optimizes MDC over all 
possible refinements of all gene trees. 

A B C D E
binary gene tree gt'2 

A B C D E
binary gene tree gt'1 

EDCBA

02

1

optimal reconciliation

refinereconcile refine reconcile

optimal refinement non-optimal refinement

A B C D E
unresolved gene tree gt

EDCBA

00

0

optimal reconciliation



UNROOTED, NON-BINARY GENE TREES
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MDC on unrooted, non-binary gene trees:

Find the species tree that optimizes MDC over all 
possible rootings and refinements of all gene trees. 



THE GENERAL MDC PROBLEM

Input: set G of unrooted (non-binary, or unrooted non-
binary) gene trees.

Output: Species tree ST that minimizes XL(ST,G’), where G’ 
is obtained from G by rooting (refining, or 
rooting&refining) the gene trees in all possible way. 



THE GENERAL MDC PROBLEM

Given k gene trees, each with n leaves, and brute-force 
solutions to these problems have to deal with

an exponential number of rootings, and

an exponential number of refinements 

We have extended the kW(G) concept to these cases, so that 
the exact ILP and DP of Than&Nakhleh ’09 apply directly.  

[Yu, Warnow, Nakhleh (RECOMB 11, JCB 11)]



GENE TREE 
RECONCILIATION:

THE SPECIES NETWORK CASE



EXISTING WORK

The “lineage sorting community”: 

Assume all incongruence is due to lineage sorting, and 
infer a (species) phylogenetic tree under such 
assumption

The “reticulate evolution community”:

Assume all incongruence is due to reticulate 
evolutionary events, and infer a (species) phylogenetic 
network under such assumption 



HOWEVER...

A B C D

t1

t2



A LIKELIHOOD SETUP

: Hybridization probabilities
: Branch lengths
: Network topology
: Gene trees

γ
λ
N
G

L(λ, γ|N,G) =
��

i=1

PN,λ,γ(Gi = gti)



THE PROBLEM

Given a phylogenetic network N and a gene tree gt, how do 
we compute 

PN,λ,γ(G = gt)



THE MODEL OF MENG&KUBATKO

C. Meng, L.S. Kubatko / Theoretical Population Biology 75 (2009) 35–45 37

Fig. 1. The coalescent model for the relationship between gene trees and species trees in the case of three taxa is shown. Each subfigure shows the assumed species tree
(bold lines) with a particular gene history drawn inside the species tree (thin lines). Speciation events are represented by dotted lines and upside down v’s in the species
tree, while gene divergence (coalescent) events are marked by dots in the gene trees. Note that more than one history may correspond to a particular gene tree topology
(e.g., the histories (a) and (b) have the same gene tree topology).

event splitting populations A and B–C and the speciation event
which divides populations B and C (Fig. 1(a)), or taxa B and C
can coalesce prior (looking backward in time) to the speciation
event splitting populations A and B–C (Fig. 1(b)). Because times to
coalescent events are exponentially distributed, the probability of
the history shown in Fig. 1(a) is just the probability that the time
to coalescence of lineages B and C is less than t , which is 1 − e−t ,
where t is the length of the interval between the two speciation
events, measured in coalescent units. When lineages B and C do
not coalesce in the interval between speciation events, which
happens with probability e−t , then all three lineages are available
to coalesce prior to the first speciation event. Assuming that each
pair is equally likely to be the first to coalesce, the probability
associated with each gene tree is simply 1

3 e
−t (Fig. 1(b)–(d)). Note

that the probability of congruence between the gene and species
tree depends directly on t , the branch length in the species tree.
As t increases, the chance of coalescence in the interval between
speciation events increases, and the probability of observing an
incongruent gene tree decreases. When t is short, it is difficult for
lineages B and C to coalesce in this interval, and incongruence is
more probable. We further note that, since t is measured in units
of s/(2Ne), a small value of t can result from either a small number
of generations between divergence events, or a large effective
population size.

Computation of gene tree probabilities is deceptively simple
in the three-taxon case because the number of histories corre-
sponding to each gene tree topology is limited (either one, for the
gene trees in Fig. 1(c) and (d), or two, for the gene tree common
to Fig. 1(a) and (b)). As the number of taxa increases, however,
each possible gene tree topology will have many histories that
will need to be considered in computing this probability. Although
the relationships between gene trees and species trees under the
coalescent have been studied for some time (Tavaré, 1984; Taka-
hata and Nei, 1985; Pamilo and Nei, 1988; Takahata, 1989; Rosen-
berg, 2002), computation of the gene tree probabilities for arbitrary
species trees was previously limited to five or fewer taxa (Pamilo
and Nei, 1988; Rosenberg, 2002). However, a recently developed
algorithm (Degnan and Salter, 2005) allows the computation of the
entire probability distribution of gene tree topologies. We use this
probability distribution directly in our model.

We now give an extension of the basic model described above
to incorporate hybridization. As previously done (Rieseberg and
Wendel, 1993; Rieseberg, 1997), we assume that speciation by
hybridization results in a mosaic genome, in which a randomly
selected gene will be derived from one of the two parental species.
This means that when a randomly selected gene is considered in
a phylogenetic analysis, it will have descended from one of two

Fig. 2. The hybrid speciation model proposed here is shown. The leftmost
panel depicts the true phylogenetic relationships between taxa A, B, and C, with
hybridization represented by a horizontal line. The middle panel shows the two
topologies formed by selecting either the A or the C lineage to be the ‘‘parent’’ of
B for a given gene, which occur with probability γ and 1 − γ , respectively. The
rightmost panel gives the probabilities of the three possible gene trees under the
two scenarios (Pamilo and Nei, 1988). t represents the time between speciation
events on the parental trees.

possible parental trees. Tomake themodelmore concrete, consider
the three-taxon tree in Fig. 2. The species tree in the leftmost panel
of the figure represents the true sequence of speciation events,
where the horizontal line indicates the formation of hybrid species
B from parental species A and C. Our model supposes that when a
single gene from the hybrid species is selected for analysis, itsmost
recent common ancestor occurs with taxon A (resulting in the tree
in the top of themiddle panel in Fig. 2) with probability γ andwith
taxon C (resulting in the tree in the bottom of the middle panel
in Fig. 2) with probability 1 − γ . Once the tree for that particular
gene has been selected, the coalescent process operates for that
gene, using the selected tree as the species tree, and probabilities
for particular gene trees can be derived (Pamilo and Nei, 1988)
(see rightmost panel in Fig. 2). The model is analogous for larger
trees, in the sense that any hypothesized hybridization event leads
to two possible species-level relationships, which can then be
used to compute the required gene trees distributions using the
techniques of Degnan and Salter (2005).

Because γ is the parameter associated with hybridization,
estimation or tests concerning past hybridization can be carried
out via inference about γ . This parameter can also be given a more
direct biological interpretation as the proportion of the genome
arising from a particular parent (taxon A in the example in Fig. 2).
A special case is that γ is equal to zero or one, which indicates
that no hybridization has occurred. We propose two methods for
estimation of γ , both based on the likelihood function. In both
cases, we assume that the data available consist of a sample of gene
tree topologies which are assumed to be known without error.
Specifically, let Data = {g1, g2, . . . , gN}, where gi represents the
topology for the ith gene, with i = 1, 2, . . . ,N for a total of N
genes. We assume that genes are sampled in such a way that,

38 C. Meng, L.S. Kubatko / Theoretical Population Biology 75 (2009) 35–45

conditional on the species tree, their topologies are independent
and follow the hybridization model described above. Note that
only information on gene tree topologies is used in the model;
branch length information is not incorporated. However, species
tree branch lengths (determined by speciation times) are needed
to compute the probability distribution on gene tree topologies. For
example, in Figs. 1 and 2, the probability associatedwith each gene
tree topology is a function of t , the time between speciation events
in the parental trees.

2.2. Maximum likelihood estimation

Under the assumption of an independent and identically
distributed (i.i.d.) sample of gene trees from the hybridization
model, the likelihood function for a given species tree with a
specified location for the hybridization event is the product of
probabilities of all observed gene trees under our proposed model,

L(γ , t|Data) =
N�

i=1

P(gi|γ , t)

=
N�

i=1

{γ P(gi|τ1, t) + (1 − γ )P(gi|τ2, t)} (1)

where τ1 and τ2 are the two possible parental topologies and t is a
vector of species tree branch lengths. P(gi|τ1, t) and P(gi|τ2, t) can
be computed using the COAL program (Degnan and Salter, 2005).
In the general case of a species tree with n taxa, the likelihood will
be a function of n−1 parameters: n−2 species tree branch lengths
and the γ parameter. In this case, the number of possible gene trees
will be M = (2n−3)!

2n−2(n−2)! , and letting mj be the number of times tree
j (j ∈ {1, 2, . . .M}) is observed in the data, we can write the log
likelihood as

log L(γ , t|Data) = log

�
M�

j=1

P(gj|γ , t)mj

�

=
M�

j=1

mj log P(gj|γ , t). (2)

The joint maximum likelihood estimates (MLEs) of γ and
the branch lengths t are given by the values that maximize
this likelihood function. Because calculation of the likelihood
function can be performed rapidly, these joint MLEs can be simply
computed using a grid search of the plausible parameter space
when n is small. We implement this method in the case n = 4
when we test our method below. Extensions to larger trees are
described in Section 5.

We next consider estimation of the variance in the parameter
estimates and derivation of asymptotic distributional results. Note
that when there is no hybridization, the true value of γ may be on
the boundary of the parameter space [0, 1]. Self and Liang (1987)
have derived the asymptotic properties of maximum likelihood
estimators and likelihood ratio tests under nonstandard conditions
such as this. Applying their results to our model, it is possible to
show that the joint MLEs of γ and t, denoted by the parameter
vector Θ̂MLE = (γ̂MLE, t̂MLE), are statistically consistent as the
number of genes, N , goes to ∞ (we have checked this for n =
3; the extension to other cases is straightforward). When it can
be additionally assumed that γ is in the open interval (0, 1) (i.e,
that there has been at least some gene flow between the parental
species), then Θ̂MLE is also asymptotically efficient, i.e.,
√
N(Θ̂MLE − Θ) −→ Normal(0, I−1(Θ)) (3)

where I(Θ) is the Fisher information matrix.
To make this result more concrete, consider the case of three

taxa (Fig. 2). Then there is a single species tree branch length,which

we denote by t . The Fisher information matrix, I(Θ), is given by
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where fj(γ , t) is the likelihood of the data for tree j, i.e., fj(γ , t) =
P(gj|γ , t).

We obtain estimated variances of our parameter estimates
based on the observed Fisher information by evaluating the entries
in the above matrix for the sample of gene trees observed in our
data. Thus the estimated variances would be

ˆvar(γ̂ ) = 1
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where D is the determinant of the matrix in (4),
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The entries in Eqs. (5)–(7) are evaluated at the MLEs of γ and t in
computing the estimated variances.

The asymptotic results above are based on the assumption that
hybridization occurs to some extent, so that γ ∈ (0, 1). While
our real interest will often be testing whether hybridization has
occurred (i.e., whether γ = 0 or γ = 1), the results above are
presented to motivate our methodology for estimating variances.
When the true value of γ is equal to 0 or 1, it is still possible to
obtain an expression for the asymptotic distribution of Θ̂ using
the results of Self and Liang (1987), however this distribution is
a more complicatedmixture distribution. In this case, the estimate
obtained using the observed Fisher information is expected to
overestimate the variances and is therefore conservative when
γ = 0 or γ = 1.

Maximum likelihood estimation of γ also enables construction
of a likelihood ratio test, which can be used to assess the evidence
for hybridization. To test whether hybridization has played a role
in speciation, we can use the likelihood ratio statistic,∆, for testing
H0 : γ = 0 vs. Ha : γ �= 0,

∆ = −2 ln
L(γ0 = 0, t̂0|Data)
L(γ̂MLE, t̂MLE |Data)

(8)

where t̂0 is the MLE of the branch length vector twhen γ = 0. The
test is carried out by comparing ∆ to a 50:50 mixture of χ2

1 and a
point mass at 0 (Self and Liang, 1987).

2.3. Bayesian estimation

Because the maximum likelihood results presented above are
based on large sample results, we expect that this method will
perform best for data sets in which a large number of genes
have been sampled. However, for many problems, information is
available for only a handful of genes, and so we develop a Bayesian
approach as well. The Bayesian approach has the additional
advantage of allowing the investigator to incorporate any relevant

[Meng&Kubatko, Theoretical Population Biology, 75:35-45, 2009.]
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Table 1
Results of the maximum likelihood analysis of the simulated data for both models. The left two columns give the true value of γ used to generate the data and the number
of gene trees simulated with COAL (i.e., the sample size). The remaining columns give, for each model, the mean of the MLEs of γ over the 100 simulated data sets, the
variance in these 100 MLEs, the mean of the estimated variances using our estimator of the observed Fisher information (±standard deviation), and the estimated power of
the likelihood ratio test (i.e., the proportion of times the null hypothesis γ = 0 was rejected in the 100 trials).

True γ Sample size Model 1 Model 2
Average
MLE

Observed
variance

Estimated
variance

Estimated
power

Average
MLE

Observed
variance

Estimated
variance

Estimated
power

0.5 10 0.4820 0.0889 0.6674 ± 3.4004 0.41 0.4884 0.0257 0.0280 ± 0.0063 0.98
0.4 10 0.3619 0.0597 0.6109 ± 3.4276 0.31 0.4165 0.0292 0.0274 ± 0.0080 0.90
0.3 10 0.3218 0.0475 0.4748 ± 2.6929 0.34 0.3167 0.0232 0.0238 ± 0.0088 0.80
0.2 10 0.2058 0.0338 0.1947 ± 0.7476 0.21 0.2311 0.0176 0.0203 ± 0.0084 0.68
0.1 10 0.1577 0.0284 0.2688 ± 1.0122 0.19 0.1167 0.0097 0.0134 ± 0.0079 0.31
0 10 0.0728 0.0082 0.0613 ± 0.1116 0.09 0.0247 0.0012 0.0049 ± 0.0038 0.06
0.5 20 0.4855 0.0285 0.0452 ± 0.0881 0.67 0.4912 0.0196 0.0141 ± 0.0023 1.00
0.4 20 0.3747 0.0214 0.0728 ± 0.3109 0.46 0.3939 0.0161 0.0141 ± 0.0025 0.96
0.3 20 0.3084 0.0282 0.0987 ± 0.5780 0.44 0.2874 0.0108 0.0123 ± 0.0026 0.96
0.2 20 0.1894 0.0195 0.0689 ± 0.2273 0.30 0.1917 0.0087 0.0096 ± 0.0034 0.80
0.1 20 0.1350 0.0142 0.0509 ± 0.0956 0.14 0.1128 0.0047 0.0067 ± 0.0039 0.56
0 20 0.0669 0.0056 0.0265 ± 0.0255 0.06 0.0231 0.0007 0.0024 ± 0.0015 0.04
0.5 50 0.4949 0.0138 0.0142 ± 0.0136 0.92 0.5003 0.0078 0.0058 ± 0.0006 1.00
0.4 50 0.3708 0.0138 0.0150 ± 0.0149 0.79 0.4028 0.0048 0.0057 ± 0.0005 1.00
0.3 50 0.2967 0.0140 0.0135 ± 0.0087 0.66 0.2957 0.0047 0.0050 ± 0.0007 1.00
0.2 50 0.1833 0.0127 0.0154 ± 0.0145 0.40 0.2031 0.0049 0.0040 ± 0.0009 0.98
0.1 50 0.1011 0.0057 0.0155 ± 0.0061 0.18 0.0978 0.0020 0.0025 ± 0.0008 0.78
0 50 0.0378 0.0021 0.0103 ± 0.0072 0.05 0.0152 0.0002 0.0009 ± 0.0003 0.05

likelihood analysis andN = 5, 10, and 20 for the Bayesian analysis.
The reason for the different sample sizes was due to limitations
of the two methods for either smaller (ML) or larger (Bayesian)
sample sizes. In the maximum likelihood framework, samples of
size N = 5 were occasionally not variable enough in terms of
observed topology to obtain unique joint MLEs of γ , t1, and t2,
with the likelihood surface flat over all values of t1 and t2. In the
Bayesian framework, the time required to compute the cj becomes
prohibitive when N > 30 or so. A total of 100 samples were
generated for each of the 18 combinations of γ and sample size
under each model. Species tree branch lengths (t1 and t2) were set
to 1.0 coalescent units to simulate the data.

For the maximum likelihood analysis, the joint MLEs Θ̂ were
obtained by searching a grid of 1,000,000 points over the range 0 <
γ < 1, 0 < t1 < 5.0, and 0 < t2 < 5.0. The value of 5.0 coalescent
units was set as the upper bound on the range of the branch
length parameters, because when species tree branch lengths are
as long as 5.0 coalescent units, there is a more than a 99% chance
that the gene tree matches the species tree, and the model thus
predicts no variability in the gene tree topology distribution. Thus
the likelihood surface is flat for ti > 5.0. Although occasionally the
MLE of t1 or t2 was estimated to be on this boundary (this occurred
in less than one-third of the cases when N = 10, less than 10%
of the cases when N = 20, and less than 1% of the cases when
N = 50; this was also less frequent for Model 2 than for Model 1),
the estimates of γ were not greatly affected, and these cases are
not excluded from the summaries given in Section 3.

In addition, the variance of each MLE was estimated using
the observed Fisher information. A likelihood ratio test was also
conducted for each sample to test the hypothesis of hybridization
(H0 : γ = 0 vs. H1 : γ �= 0). The p-value was obtained
based on a simulated null distribution of the likelihood ratio
statistic. For the Bayesian analysis, both informative and non-
informative priors were used. We used the same non-informative
priors for all analyses: θ = 0.5, α2 = 1, and β2 = 1. The
Bernoulli parameter was chosen to be 0.5, so that no particular
hypothesis (hybridization v.s. no hybridization) was favored by
the prior. Beta(α2, β2) is a standard uniform distribution which
is non-informative in the sense that γ is uniformly distributed
between 0 and 1. Parameters in the informative priorswere chosen
by considering the true value of γ used to simulate the data.
Specifically, θ was set to 0.25 if the data were generated with

γ being 0.5, 0.4, or 0.3 and to 0.75 if γ was 0.2, 0.1, or 0. The
parameters α2 and β2 were determined so that the Beta(α2, β2)
distributionwas centered at the trueγ . SinceBeta(α1, β1) is always
concentrated at 0, α1 = 0.1 and β1 = 1 were used in all analyses.
Each Bayesian run was summarized by computing the posterior
mean of γ and the corresponding 95% credible interval.

3. Results

3.1. Maximum likelihood analysis of simulated data

Our model allows us to take two distinct approaches to the
detection of hybridization. The first is to test for the presence of
hybrid speciation using the likelihood ratio test, and the second
is to estimate the proportional contribution to the genome from
each parental species. We note that, in either case, the species
phylogeny and location of the putative hybridization event are
assumed to be known, although speciation times and the timing
of the hybridization event need not be specified in advance. To
examine the performance of our methods with respect to both of
these approaches, we show the results of our simulation study in
Table 1, which gives the average MLE of γ , the observed variance
of theMLEs, the average and standard deviation of the estimates of
the variance of theMLEs, and the estimated power of the likelihood
ratio test for each set of 100 simulated samples. In general, the
estimates are close to the true values of γ , withmore genes leading
to higher accuracy. Also, the mean of the estimated variances of
γ̂MLE over the 100 replicates is generally close to the observed
variance, which suggests that estimation using the observed Fisher
information is reasonable. The exception to this occurs when the
sample size is 10 and Model 1 is considered. In this case, there
are a few data sets for which the MLEs of the branch lengths hit
the ‘‘boundary’’ of 5.0 coalescent units. When this happens, the
variance is estimated to be very large, and themean is increased. In
practice, variance estimation in these cases would not be possible,
but for most cases, reasonable estimates are obtained. We discuss
possibilities for estimation of γ in these situations where the
branch length MLEs occur on the ‘‘boundary’’ further in Section 5.
The results of the likelihood ratio test show that the test becomes
more powerful as the sample size gets larger. However, the level of
the test (which can be measured from the cases where γ = 0) is
larger than the expected 5% in some cases for Model 1, indicating

[Meng&Kubatko, Theoretical Population Biology, 75:35-45, 2009.]
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DIVERGENCE FOLLOWING 
HYBRIDIZATION

The concept of parental species trees does not generalize 
beyond simple models, even if a single allele is sampled, 
but there is divergence after hybridization.
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[Yu, Than, Degnan, Nakhleh, Systematic Biology, 60:138-149, 2011.]
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HOWEVER

These two approaches do not generalize.

Still needed: Given a general network N and a gene tree gt, 
a method for computing

PN,λ,γ(G = gt)



A SOLUTION

1. Convert the phylogenetic network N into a MUL-tree T

2. Consider all allele mappings from the leaves of gt to the 
leaves of T

3. For each allele mapping, compute the probability of 
observing gt, given T, and sum the probabilities. 

[Yu, Degnan, Nakhleh, In submission, 2011.]



1. FROM A NETWORK TO A MUL-TREE
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Fig. S2. The MUL tree, branch lengths (red), and hybridization probabilities (blue), that
correspond to the phylogenetic network of Fig. S1, as generated by Algorithm 1. In the
MUL tree, each branch has a hybridization probability; values not shown here equal 1.

Algorithm 1: NetworkToMULTree.

Input: Phylogenetic X -network N ; branch lengths λ; hybridization probabilities γ.

Output: MUL tree T ; branch lengths λ�; hybridization probabilities γ�; edge mapping

φ : E(T ) → E(N).

T ← N and set φ(e) = e� where e ∈ E(T ) is a copy of e� ∈ E(N);

λ�←λ;

foreach b ∈ E(T ) do

γ�b ← 1;

while traversing the nodes of T bottom-up do

if node h has two parents, u and v, and child w then

Create a copy of Tw whose root is new node w� and set φ(e) = e� where e ∈ E(Tw�)

is a copy of e� ∈ E(Tw);

Add to T two new edges e1 = (u,w) and e2 = (v, w�);

φe1 ← (h,w); φe2 ← (h,w);

λ�
(u,w) ← λ(u,h) + λ(h,w); λ�

(v,w) ← λ(v,h) + λ(h,w);

γ�(u,w) ← γ(u,h); γ�(u,w) ← γ(u,h);

Delete from T node h and edges (u, h), (v, h), and (h,w);

Delete γ�(u,h), γ
�
(v,h), λ

�
(u,h), λ

�
(v,h), λ

�
(h,w), φ(u,h), φ(v,h), φ(h,w);

return T ;
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2. CONSIDER ALL ALLELE MAPPINGS 
FROM GT TO T
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REANALYSIS OF THE YEAST DATA
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as an alternative evolutionary history, under the stochastic framework of (19), as well as the

parsimony framework of (14).

Using the 106 gene trees, we estimated the times t1, t2, t3, t4 and γ for the six phylogenies in

Fig. 3 that maximizes the probability of observing G under each of the phylogenies (to estimate

parameter values, we used a grid search of values between 0.05 and 4, with step length of 0.05

for branch lengths, and values between 0 and 1 with step length of 0.01 for γ). Table 1 lists the

values of the parameters computed for each of the six phylogenies, as well as the values of three

information criteria, AIC (20), AICc (21) and BIC (22) , in order to account for the number of

parameters and allow for model selection.

Table 1: Parameter values estimated for the six phylogenies in Fig. 3, as well as the values of
three information criteria.

Species phylogeny t1 t2 t3 t4 γ −lnL AIC AICc BIC

Fig. 3(A) 0.3 1.25 3.6 N/A N/A 205 416 417 424
Fig. 3(B) 0.2 1.35 3.6 N/A N/A 208 423 423 431
Fig. 3(C) 1.1 1.05 3.6 N/A 0.34 188 384 385 395
Fig. 3(D) 3.45 1.15 3.6 3.05 0.34 157 325 326 338
Fig. 3(E) 0.3 1.25 3.6 N/A 1.0 205 420 421 434
Fig. 3(F) 1.55 0.05 3.7 N/A 0.18 252 512 512 523

Out of the 106 gene trees, 100 trees placed Scer and Spar as sister taxa and 4 unresolved

tree can be resolved to place them as sister taxa, which potentially reflects the lack of deep

coalescence involving this clade (and is reflected by the relatively large t3 values estimated).

Roughly 25% of the gene trees did not show monophyly of the group Scer, Spar, and Smik, thus

indicating a mild level of deep coalescence involving these three species (and reflected by the

relatively small t2 values estimated). However, a large proportion of the 106 gene trees indi-

cated incongruence involving Skud: 57 fully resolved gene trees placed Skud as a sister taxon

of the clade (Smik,(Scer,Spar)), and 34 fully resolved gene trees placed Skud as a sister taxon of

Sbay. This pattern is reflected by the very low estimates of the time t1 on the two phylogenetic

9
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be informative). It is worth mentioning here the time interval of t1 = t2 = t3 = 1.0 coalescent

units amount to a large extent of deep coalescence events, which blurs the phylogenetic signal,

and results in slight over- or under-estimation of the hybridization probabilities (Fig. S8 shows

the results for the time interval with t1 = t2 = t3 = 2.0).

However, the topology of the network in this case is assumed to be known, but both the

branch lengths and hybridization probabilities are to be estimated, then these parameters are

unidentifiable; that is, given the phylogenetic network N in Fig. 2A, two different pairs of

vectors of branch lengths and hybridization probabilities can be found to explain the observed

data with exactly the same probability (see Supplementary Material). If at least two alleles are

sampled from species B, then the parameter values become identifiable; however, an extremely

large, and potentially infeasible, number of gene trees need to be sampled to uniquely identify

the parameter values in practice (see Supplementary material; Fig. S10).

Furthermore, in the special case where α = 0.0, a phylogenetic tree, with appropriate branch

lengths can be found, to fit the data exactly with the same probability that the phylogenetic

network would. Let λ be the branch lengths vector with λ1 ≡ t1, λ2 ≡ t2, and λ3 ≡ t3, and let

γ be the hybridization probabilities vector with γ1 ≡ β. Now, consider the phylogenetic tree T

in Fig. 2E. Then, if we set t as a function of β, t2, and t3, as follows:

t(β, t2, t3) = − ln(βet2 + 1− β) + t2 + t3,

then,

PN,λ,γ(G ) = PT,t(G )

for any set G of gene trees. The values of t(β, t2, t3) are shown in Fig. 2F—H. These results

show that as t2 increases, the value of t becomes unaffected by t2, and that increasing t propor-

tionally to the increase in t3 always maintains identical probabilities of gene trees under both

species phylogenies (see Supplementary Material for further analysis, using the derivates of the
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SUMMARY

The concept of coalescent histories is central to defining 
reconciliation criteria and computing with them.

Efficient solutions for the MDC criterion on trees that are 
binary(non-binary) and/or rooted(unrooted) and/or with 
single(multiple) alleles

A general method for computing the probability of a gene 
tree given a phylogenetic network, and its application to 
detecting hybridization in the presence of ILS

We have also extended the MDC criterion to networks 
(results not shown)

PhyloNet: http://bioinfo.cs.rice.edu/phylonet

http://bioinfo.cs.rice.edu/phylonet
http://bioinfo.cs.rice.edu/phylonet
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