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Our aims in this lecture include:

I providing a brief introduction to modeling
dynamical systems by neural networks

I focusing on neural networks with random
projections,

I on their estimation and optimal input
signals.



Preliminaries
We start with a time-invariant continuous
time dynamical system (MISO)

x‘(t) = F(x(t), u(t)), y(t) = H(x(t)), x ∈ RD, u ∈ Rn, y ∈ R,

or discrete time system:

xn+1 = f(xn, un), yn = h(xk).

Non-autonomous dynamical system ==
system of differential equations with
exogenous (external) inputs.
Observations with (usually white) noise:

yn = h(xn) + εn.



Artificial neural networks at glance:
Neural networks are (general) nonlinear
black-box structures.

I Classical neural network architectures
(feed-forward structures):

I multi-layer perceptron with one hidden layer
and sigmoid activation functions (MLP),

I radial bases function networks (RBF),
I orthogonal (activation functions) neural

networks (wavelets networks, fourier networks)
I spline networks

I Other classes of NN:
I support vector machines,
I Kohonen nets ( based on vector quantization),
I based on Kolmogorov Representation Thm.

(Sprecher networks and others)



Dynamical neural networks:

1. networks with lateral or feedback
connections,

I Hopfield networks (associative memory),
I Ellman nets (context sensitive)

2. networks with external dynamics –
NARMAX, NARX, NFIR (see below).

Aims of modeling dynamical systems:

I simulation – estimate outputs when only
inputs are available,

I prediction – also last observations of
outputs yn, . . . , yn−p are given.



NFIR and NARX models:

We focus our attention on two stable models
(external dynamics approach):
NFIR (nonlinear finite impulse response)

yn+1 = g(un, . . . , un−r),

where g is a continuous (smooth) function.
NARX (nonlinear autoregressive model with
external inputs),

yn+1 = G(yn, . . . , yn−p, un, . . . , un−r),

where G is a continuous (smooth) function.



Further remarks on NN:

NN are usually non-linear-in-the-parameters.

Parametric vs nonparametric approach ??
If we allow a net to growth with the number
of observations, they are sufficiently rich to
approximate smooth functions. In practice,
finite structures are considered, leading to a
parametric (weights) optimizing approach.

Learning (training) == selecting weights,
using nonlinear LMS (using Levenberg -
Marquardt local optimization algorithm).
Our idea 1: some simplifications may lead to
linear-in-the-parameter network structures.



Further remarks on NN 2:

By a feed-forward NN we mean a real valued
function on Rd:

gM(x; w̄, θ̄) = θ0 +
M∑

j=1

θjϕ(< wj, x >),

where x ∈ K ⊂ Rd, K is a compact set.

Activation functions ϕ(t) is a sigmoid
function, e.g, logistic – 1

1+exp (−t)

hiperbolic tan – tanh(t) = 1−exp (−2t)
1+exp (−2t)

arctan 2
π

arctan (t)



Further remarks on NN 3:

Universal approximation property (UAP):

Certain classes of neural network models are
shown to be universal approximators, in the
sense that:
– for every continuous function f : Rd → R,
– for every compact K ⊂ Rd, ∀ε > 0,
a network of appropriate size M and a
corresponding set of parameters (weights)
w̄, θ̄ exist, such that

sup
x∈K
||f(x)− gM(w̄, θ̄; x)|| < ε.



Further remarks on NN 4:

Having a learning sequence (xn, yn),
n = 1, 2, . . . ,N, the weights w̄, θ̄ are usually
selected by minimization of

N∑
n=1

[
yn − gM(w̄, θ̄; xn)

]2
(1)

w..r.t. w̄, θ̄. This is frequently complicated –
by spurious local minima – iterative optimi-
zation process of searching global minimum.
It can be unreliable when dimensions of w̄, θ̄
are large, as in modeling dynamical systems.



Further remarks on NN 5:
Our idea is to replace w̄ in

gM(x; w̄, θ̄) = θ0 +
M∑

j=1

θjϕ(< wj, x >), (2)

by randomly selected vectors s̄j’s, say, and
replace x past inputs un, un−1 . . . , un−r and
(or) by past outputs yn, yn−1 . . . , yn−r, which
converts (2) into dynamic models with outer
dynamics.
M is frequently large and a testing procedure
for selecting essentially non zero θj’s will be
necessary. Later we skip θ0 parameter, which
is usually not necessary for modeling
dynamics.



Motivations for using random projections
To motivate our further discussion, consider the well
known, simple finite impulse response (FIR) model:

yn =
J∑

j=1

αj un−j + εn, n = 1, 2, . . . , N, (3)

where yn are outputs observed with the noise εn’s, while
un’s form an input signal, which is observed (or even
designed) in order to estimate αj’s. Let us suppose
that our system has a long memory – needs J ≈ 103 for
adequate modeling, e.g., chaotic systems. Is it
reasonable to estimate ∼ 103 parameters ?, even if N is
very large ?

The alternative idea: project vector of past un’s onto
random directions and select only those projections
that are relevant for a proper modeling.



Random projections
Projection: x 7→ v = Sx, Rd → Rk, k << d is defined
by projection matrix S:


s11 s12 . . . . . . . . . s1d

s21 s22 . . . . . . . . . s2d
...

... . . . . . . . . .
...

sk1 sk2 . . . . . . . . . skd




x1

x2
...
...

xd

 =


v1

v2
...

vk


Random projections are closely related to the
Johnson-Lindenstrauss lemma (Johnson-Lindenstrauss
1984), which states that any set A, say, of N points in
an Euclidean space can be embedded in an Euclidean
space of lower dimension (∼ O(log N)) with relatively
small distortion of the distances between any pair of
points from A.



Model 1 – with internal projections

For T denoting the transposition, define:

ūn = [un−1, un−2, . . . , u(n−r)]
T.

Above, r ≥ 1 is treated as large (hundreds,
say) – we discuss models with long memory.
Model 1. For n=(r+1), (r+2),. . . , N,

yn =
K∑

k=1

θk ϕ( s̄T
k ūn︸ ︷︷ ︸

int.proj.

) + εn, (4)

where εn’s are i.i.d. random errors, having
Gaussian distr. with zero mean and finite
variance; E(εn) = 0, σ2 = E(εn)2 <∞,



Model 1 – assumptions
I θ̄ = [θ1, θ2, . . . , θK]T – vector of unknown

parameters, to be estimated from (un, yn),
n = 1, 2, . . . ,N – observations of inputs un

and outputs yn.
I ϕ : R→ [−1, 1] a sigmoidal function,

limt→∞ ϕ(t) = 1, limt→−∞ ϕ(t) = −1,
nondecreasing, e.g. ϕ(t) = 2 arctg(t)/π.
We admit also: ϕ(t) = t. When
observations properly scaled, we
approximate ϕ(t) ≈ t.

I s̄k = sk/||sk||, where r × 1 i.i.d. random
vectors sk: E(sk) = 0, cov(sk) = Ir. sk’s
mutually independent from εn’s.



Model 1: yn =
∑K

k=1 θk ϕ( s̄T
k ūn︸ ︷︷ ︸

int.proj.

) + εn.

I K is large, but K << r = dim(ūn)
I Model 1 looks similarly as the projection

pursuit regression (PPR), but there are
important differences:

1. directions of projections s̄k’s are drawn
at random uniformly from the unit
sphere, (instead of estimated)

2. ϕ is given (instead of estimated)

Idea: project ūn onto many random
directions, estimate θk’s by LSQ, test
θk 6= 0, reject the terms θk ≈ 0 and
re-estimate.



We derive Fisher’s information matrix (FIM):

Case A) FIM exact, if ϕ(t) = t,

Case B) FIM approximate if ϕ(t) ≈ t.

Rewrite Model 1 as:

yn = θ̄T x̄n + εn, (5)

x̄T
n

def
= [ϕ(s̄T

1 ūn), ϕ(s̄T
2 ūn), . . . , ϕ(s̄T

K ūn)],

x̄n =︸︷︷︸
≈ if B)

ST ūn, (6)

S
def
= [̄s1, s̄2, . . . , s̄K]. Then, for σ = 1, FIM:

MN(S) =
N∑

n=r+1

x̄n x̄T
n = ST

[
N∑

n=r+1

ūn ūT
n

]
S. (7)



Averaged FIM (AFIM):

Define the correlation matrix of lagged input
vectors:

Ru = lim
N→∞

(N− r)−1
N∑

n=r+1

ūn ūT
n , (8)

which is well defined for stationary and
ergodic sequences. AFIM is defined as:

M(Ru) = ES

[
lim

N→∞
(N− r)−1 MN(S)

]
(9)

AFIM – final form:

M(Ru) = ES
[
ST Ru S

]
(10)



Problem statement:

The constraint on input signal power:

diag. el. [Ru] = lim
N→∞

N−1
N∑

i=1

u2
i ≤ 1. (11)

Problem statement – D optimal experiment design for Model 1

Assume that the class of Models 1 is
sufficiently rich to include unknown system.
Motivated by relationships between the
estimation accuracy and FIM, find R∗u, under
constraints (11) such that

max
Ru

Det[M(Ru)] = Det[M(R∗u)] (12)



Remarks on averaging w.r.t. S

As usual, when averages are involved, one can
consider different ways of combing averaging
with the matrix inversion and calculating
determinants. The way selected above is
manageable. Other possibilities: the
minimization, w.r.t. Ru, either

Det
{

ES

[
N M−1

N (S)
]}
, as N→∞ (13)

or ES Det
[
N M−1

N (S)
]
, as N→∞. (14)

The above dilemma is formally very similar to
the one that arises when we consider the
bayesian prior on unknown parameters.



D-optimal experiment design for Model 1

Result 1

maxRu
Det[M(Ru)], under (11), is attained

when all off-diagonal elements of R∗u are zero.
It follows from known fact that for symmetric A:
DetA ≤

∏r
k=1 akk with = iff A is a diagonal matrix.

Selecting R∗
u = Ir – r × r identity matrix, we obtain:

M(R∗
u) = ES[ST S] = IK,

because: E(s̄T
j s̄K) = 0 for k 6= j and 1, for k = j.

Remark
For N→∞ sequences un’s with Ru = Ir can be
generated as i.i.d. N (0, 1). For finite N pseudorandom
binary signals are known, for which Ru ≈ Ir.



Summary – yn =
∑K

k=1 θk ϕ( s̄T
k ūn︸ ︷︷ ︸

int.proj.

) + εn.

1. Select r ≥ 1 – expected length of the
system memory.

2. Generate input signal un’s with R∗u = Ir.

3. Observe pairs (un, yn), n = 1, 2, . . . , N.

4. Select K << r and generate s̄k’s as
N (0, Ir) and normalize their lengths to 1.

5. Select ϕ and calculate x̄n = vec[ϕ(s̄k ūn)].

6. Estimate θ̄ by LSQ:

θ̂ = arg min
θ̄

N∑
n=r+1

[
yn − θ̄T x̄n

]2
(15)



Summary – yn =
∑K

k=1 θk ϕ( s̄T
k ūn︸ ︷︷ ︸

int.proj.

) + εn.

I Test H0 : θ̂k = 0, for all components of θ̂.

I Form K – the set of those k that H0 :
θ̂k = 0 is rejected.

I Re-estimate θk, k ∈ K by LSQ – denote
them by θ̃k.

I Form the final model for prediction:

ŷn =
∑
k∈K

θ̃k ϕ(s̄T
k ūn) (16)

and validate it on data that were not used
for its estimation.



Remarks on estimating Model 1

1. The nice feature of the above method is
its computational simplicity.

2. It can be used also when the experiment is
not active, i.e., un’s are only observed.

3. The method can be applied also for
estimating a regression function with a
large number of regressors – replace ūn by
them.

4. For testing H0 : θ̂k = 0 we can use the
standard t-Student test.



Preliminary simulation studies – Model 1

The following system, with zero IC, was
simulated: t ∈ (0,Hor), Hor = 100,

ẋ(t) = −0.2 x(t) + 3 u(t) (17)

ẏ(t) = −0.25 y(t) + 0.5 x(t), (18)

where u(t) – interpolated PRBS. The
observations:

yn = y(n τ ) + εn, τ = 0.01,

εn ∼ N (0, 1), n = 1, 2, . . . , 104. The first
5900 observations used for learning
(estimation), the rest – for testing.



Simulation studies – the system behaviour
Complicated dynamics caused by PRBS input



Simulation studies – the system behaviour
”True” output y(t)



Simulation studies – the system behaviour
Sampled output y(n τ ) +noise



Simulation studies – estimated model:

yn =
K∑

k=1

θk (s̄T
k ūn) + εn, (19)

i.e., φ(ν) = ν (φ(ν) = arctan(0.1 ν) provides
very similar results), where

I K = 50 – the number of random
projections,

I r = 2000 – the number of past inputs
(r = dim(ūn)) that are projected by

I s̄k ∼ N (0, Ir) – normalized to 1.



Estimated model – response vs learning data



Estimated model – one step ahead prediction vs
testing data



Estimated model – one step ahead prediction vs testing data,

after rejecting 21 terms with parameters having p-val.> 0.05

in t-Student test (29 terms remain);



What if a time series is generated from a nonlinear
and chaotic ODE’s ?

Consider the well known chaotic Lorenz sys-
tem, perturbed by (interpolated) PRBS u(t):

ẋ(t) = 100 u(t)− 5 (x(t)− y(t)) (20)

ẏ(t) = x(t) (−z(t) + 26.5)− y(t) (21)

ż(t) = x(t)y(t)− z(t) (22)

Our aim: select and estimate models in order:
A) to predict x(tn) from χn = x(tn) + εn,
B) to predict y(tn) from ηn = y(tn) + εn,

without using the knowledge about (20)-(22).



The system behaviour – phase plot



The system behaviour – x(t) component – a part
used for the estimation (learning):

+ noise N (0, 0.1), sampled τ = 1.



Estimated model – Case A):

yn =
K∑

k=1

θk (s̄T
k ūn) + εn, (23)

where

I K = 150 – the number of random
projections,

I r = 2000 – the number of past inputs
(r = dim(ūn)) that are projected by

I s̄k ∼ N (0, Ir) – normalized to 1.
Note that we use 3 times larger number of
projections than in the earlier example, while r
remains the same.



Estimated model output vs learning data

,
obtained after selecting 73 terms out of
K = 150.



One step ahead prediction from the estimated
model output vs testing data (2000 recorded)

,

Very accurate prediction ! So far, so good ?
Let’s consider a real challenge: prediction of
y(t) component.



Even noiseless y(t) is really chaotic:

,



Simulated 104 noisy observations: ∼ 8000 used for learning,

∼ 2000 for testing prediction abilities.

,



Estimated model – Case B):

yn =
K∑

k=1

θk (s̄T
k ūn) + εn, (24)

where

I K = 200 – the number of random
projections,

I r = 750 – the number of past inputs
(r = dim(ūn)) that are projected by

I s̄k ∼ N (0, Ir) – normalized to 1.
Note that we use 2.66 times smaller number
of projections than in case B), while r is 30%
larger.



Estimated model – response vs learning data.
Case B), the first 1000 observations

The fit is not perfect, but retains almost all
oscillations.



Estimated model – response vs learning data.
Case B), next 2000 observations



Estimated model – one step ahead prediction
Case B), the first 1000 testing data



Estimated model – one step ahead prediction
Case B), all testing data

The prediction is far from precision, but still
retains a general shape of the highly chaotic
sequence.



Conclusions for Model 1

I Projections of long sequence of past inputs plus
LSQ provide easy to use method of predicting
sequences having complicated behaviours.

I The choice of r = dim(ūn) is important. Here it
was done by try and error, but one can expect that
Akaike’s or Rissannen’s criterions will be useful.

I The choice of K – the number of projections is less
difficult, because too large number of projections is
corrected at the stage of rejecting terms with small
parameters.

I One can also consider a mixture of projections
having different lengths.



Brief outline of Model 2
Based on projections of past outputs. Define:

ȳn = [yn−1, yn−2, . . . , y(n−p)]
T.

Above, p ≥ 1 is treated as large.
Model 2. For n=(p+1), (p+2),. . . , N,

yn =
L∑

l=1

βl ϕ( s̄T
l ȳn︸ ︷︷ ︸

past outputs

) + β0 un︸︷︷︸
input

+εn, (25)

where εn ∼ N (0, σ), ul – external inputs (to
be selected), βl’s unknown parameters (to be
estimated). φ(ν) = ν or φ(ν) ≈ ν – sigmoid.

Does not have a counterpart in PPR.



Model 2 – estimation

Important: we assume that εn’s are
uncorrelated. Note that σ is also unknown
and estimated.
The estimation algorithm for model 2:
(formally the same as for Model 1)

I replace ūn in Model 1 by ȳn concatenated
with un,

I use LSQ plus rejection of spurious terms
(by testing H0 : βl = 0),

I and re-estimate.
Mimicking the proof from Goodwin Payne
(Thm. 6.4.9), we obtain the following



Model 2 – experiment design

averaged and normalized FIM, when N→∞:

M̄ =


ES

(
ST A S

)
B 0

BT C 0

0 0 1/(2σ2)

 .
where S is p× K is the random projection
matrix. Define: ρ(j− k) = E(yi−j yi−k) and

VT = [ρ(1), ρ(2), . . . , ρ(p)].

A is p× p Toeplitz matrix, build on

[ρ(0), ρ(1), . . . , ρ(p− 1)]T



Model 2 – experiment design 2

Then, the rest of blocks in M̄ are given by:

B = (V − A β̄)/β0,

C = (ρ(0)− 2 β̄T V + β̄T A β̄ − σ)/β2
0

Task: find an input sequence u1, u2, . . . such
that Det

[
M̄
]

is maximized, under the
constraint:

ρ(0) = lim
N→∞

1

(N− p)

N∑
n=p

y2
n ≤ 1, (26)

that is interpreted as the constraint on the
power of the output signal.



Model 2 – experiment design 2

Mimicking the proof from Goodwin Payne
(Thm. 6.4.9) and using the assumed
properties of S, we obtain:

Theorem 2.

Assume ρ(0) > σ and that unknown system
can be adequately described by (25). Select
φ(ν) = ν. Then, Det(M̄) is maximized when
A is the unit matrix, which holds if ρ(0) = 1,
ρ(k) = 0 for k > 0, i.e., when the system
output is an uncorrelated sequence.



Model 2 – experiment design 3 – Remarks

Condition ρ(k) = 0 for k > 0 can formally be
ensured by the following minimum variance
control law (negative feedback from past yn):

un = −β−1
0

L∑
l=1

βl φ(s̄T
l ȳn) + ηn, (27)

where ηn’s is a set point sequence, which
should be i.i.d. sequence with zero mean and
the variance (ρ(0)− σ)/β2

0. In practice,
realization of (27) can cause troubles (not
quite adequate model, unknown β etc.), but
random projections are expected to reduce
them, due to their smoothing effect.



Model 3 = Model 1 + Model 2

The estimation and rejection procedure for
the combined model:

yn =
L∑

l=1

βl ϕ(s̄T
l ȳn) +

L+K∑
l=L+1

βl φ(s̄T
l ūn) + εn. (28)

is the as above.
Open problem: design D-optimal input signal
for the estimation of βl’s in (28), under input
and/or output power constraint.

One can expect that it is possible to derive
the equivalence thm., assuming φ(ν) = ν.



Concluding remarks

1. Random projections of past inputs and/or
outputs occurred to be a powerful tool for
modeling systems with long memory.

2. The proposed Model 1 provides a very
good prediction for linear dynamic systems,
while for quickly changing chaotic systems
its is able to predict a general shape of the
output signal.

3. D-optimal input signal can be designed for
Model 1 and 2, mimicking the proofs of
the classical results for linear systems
without projections.



Concluding remarks 2

– Despite the similarities of Model 1 to PPR,
random projections + rejections of spurious
terms leads to much simpler estimation
procedure.

– A similar procedure can be used for a
regression function estimation, when we have
a large number of candidate terms, while the
number of observations is not enough for their
estimation – projections allow for estimating a
common impact of several terms.

– Model 2 without an input signal can be used
for predicting time series such as sun spots.
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