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What are inverse problems? 



Inverse problem: Image deblurring 



Direct and inverse problem  
of image deblurring 

Direct problem: 
 Given a sharp photograph, what would the 
 blurred version of the image look like? 

 
 
Inverse problem: 

 Given a blurred photograph,  
 reconstruct the sharp image 



The inverse problem is more difficult  

Original image Blurred image Naïve inversion 

Direct problem Inverse problem 



With properly regularized inversion  
we can sharpen the photograph 



The Hubble space telescope had a "aw in its 
mirror, resulting in blurred images  
 
 
 
 
 
           Myöhemmin linssi vaihdettiin avaruuskävelyllä.  
           Tarkkojakin kuvia pystytään parantamaan inversiolla! 
 
 
 
 

      
 



The mirror "aw was compensated by a 
deconvolution algorithm 
 
 
 
Tarkkojakin kuvia pystytään parantamaan inversiolla 
 
 
 
 
 
 

     Source: NASA,  Quarktet  
 



The mirror "aw was compensated by a 
deconvolution algorithm 
 
 
 
 
 
 
 
The mirror was replaced in 1993. However, even the new sharp 
images could be further enhanced with deconvolution! 
 

     Source: NASA,  Quarktet  
 



Inverse problem: Computerized tomography 

Direct problem: 
 If the inner structure  
 of a person is known, 
 what would X-ray images  
 of her look like? 

 
 
 
Inverse problem: 

 Given X-ray images from all around the body, 
 what is the inner 3-D structure? 



Traditionally, CT data is collected  
slice by slice 

Images from http://www.fda.gov/cdrh/ct/what.html 



Using a reconstruction algorithm,   
inner structure in the slice is revealed 



Inverse problem: ozone layer tomography 

Direct problem: 
 If the ozone pro"le of the atmosphere were known,  
 what star occultation measurements would we get? 

 
Inverse problem: 

 Given star occultation measurements , 
 what is the ozone pro"le? 



As a result we get ozone density  
as function of altitude 

This inverse problem is mathematically  
the same than the CT problem,  
except with limited data 
 
 
 
Sources:  
European Space Agency 
Finnish Meteorological Institute 
Envisat and GOMOS projects  
http://www.fmi.!/tutkimus_otsoni/otsoni_26.html  
http://envisat.esa.int/handbooks/gomos/CNTR2.htm 



Fourth example of inverse problems: 
Electrical impedance tomography 

Feed electric currents  
through electrodes,  
measure voltages 
 

Reconstruct the image of electric 
conductivity  
in a two-dimensional slice 
 

Applications: 
monitoring heart and lungs  
of unconscious patients,  
detecting pulmonary edema, 
enhancing ECG and EEG 



At the RPI lab, we construct a chest phantom  
consisting of saline and agar  

”Lungs” with  
lower conductivity 
than background 
(240 mS/m) 

”Heart” with  
higher conductivity 
than background 
(750 mS/m) 

Background of salt water, conductivity 424 mS/m. 
Diameter of the tank is 30cm. 



This example is from  
Isaacson, Mueller, Newell and S 2004 
IEEE Transactions on Medical Imaging 23, pp. 821-828 

Reconstruction from phantom data 



Sixth example of inverse problems: 
Recovering the inner structure of Earth 

Direct problem: 
 Given the inner structure of Earth,  
 predict vibrations caused by an earthquake 

 
 
Inverse problem: 

 Given earthquake data around the world,  
 "nd sound speed distribution inside Earth 



(University of New Hampshire ) 

Direct problem 

Inverse Problem 



Glottal Inverse Filtering (GIF)  

Direct problem: If we know the vibration signal at the 
vocal folds and the shape of the vocal tract, what does the 
microphone record? 
Inverse problem: Given the microphone recording, !nd   
the vibration signal at the vocal folds and the shape of the 
vocal tract. This is called GIF !ltering. 

Vibration of vocal folds 

Microphone recording 



GIF-"ltering has many applications,  
for example speech synthesis and recognition 

Let’s compare two synthetic voices 
 
(1)  Commercial basic technique, 

(2)  Novel method developed by  
Paavo Alku (Aalto University, Finland) and  
Martti Vainio (University of Helsinki, Finland). 



What are not  inverse problems? 



Example of a non-inverse problem: 
Inverting a photograph 

Direct problem: 
 Given a photograph,  
 determine the negative image 

 
 
 
 
”Inverse problem”: 

 Given a negative,  
 determine the positive image 



Hadamard’s de"nition of a well-posed problem 
consists of three parts: 

(H1) A solution exists 

(H2) The solution is unique 

(H3) The output depends 
continuously on the input 
 
A problem is called ”ill-posed”,  
or inverse problem, 
if (H1), (H2) or (H3) fails. 

Jacques Salomon Hadamard (1865-1963) 
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Electrical impedance tomography: 
choose two different conductivities 



u1 

u2 

u1 

u2 

Electrical impedance tomography: big change  
in conductivity causes small change in data 



We construct a mathematical model  
for indirect measurements 

We write  
 

  m=Af+ε,  
 
where m is the measurement (k-dimensional vector)  
and f is the unknown quantity of interest.  
Further, ε is random noise (measurement error). 
 
Direct problem: given f, !nd m. 
 
Inverse problem: given m, !nd f. 



The goal of computational inversion is to 
calculate a noise-robust approximation to f 

More precisely, we need to write a computer program with 
 
Input: m (k-dimensional vector),  
 
Output: fn (n-dimensional vector), 
 
Where fn is an approximation to f in a suitable sense.  
Note that f is a function and fn is a vector. 
 
It is important that fn depends continuously on m. 
This can be achieved by regularization. 



A is the forward map taking f to its non-noisy 
data Af. A does not have a continuous inverse. 

Model space X         Data space Y   

f 

D(A) 

A(D(A)) 

A 

Af 



Let m=Af+ε. This is a schematic illustration of 
the idea of regularization: 

Model space X         Data space Y   

f 

D(A) 

A(D(A)) 

A m 

Af 
|ε|	


Γα	




Official de"nition of regularization: 



When designing a practical inversion algorithm, 
the following aspects need to be considered: 

What is the best way to discretize f? 
 
There are many regularization methods. Which one to use? 
 
What are the computational resources available  
(CPU power, memory)?  
 
How fast does the user need the reconstruction? 
 
The answers to these questions depend on the particular 
application. The mathematical approach used must be 
tailored accordingly. 
 
 



These questions are studied in the course:  

1.  How to write a practical inverse problem  
in matrix form: m=Af+ε? 

2.  How to detect ill-posedness from the matrix A 
using Singular Value Decomposition? 

3.  How to implement regularized inversion methods  
with Matlab software? 

4.  How to avoid inverse crimes? 



 
Forthcoming book: Mueller & S, 
Linear and nonlinear inverse problems 
with practical applications, SIAM 


