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Stochastic Simulation Modeling:
Performance prediction, but stochastic 
quantities, so estimates are often means
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Stochastic Simulation Modeling:
Statistical characterization of simulation output, 
say a sample mean, is primarily for finiteness of 
the simulation run (effort)
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Stochastic Simulation Modeling:
Errors in input distributions can have large 
impact on output
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Talk Focus
• Only on the distribution 

error, not the errors in model 

structure/logic 

• A ‘parametrist’ decomposes distribution error into:

– Wrong form (parametric family) – ignored for today

– Wrong parameters – focus for today

• Bayesian uncertainty analysis (BMA) can include family uncertainty – see 

Chick (2006) and Zouaoui and Wilson (2004) for discussions

• Strategy: nonparametrically characterize (via bootstrap) the impact of 

sampling error on simulation output (through error in the estimated input 

distribution parameters) 

• Related work: Barton (2007), Barton and Schruben (1993, 2001, 2002). 

Cheng (1994), Cheng and Holland (1995, 1997, 1998), Henderson (2003)



Stylized simulation (tractability)



M/M/ Queue Analytic Properties
These results 

integrate over both

simulation and input 

uncertainties



Real models more problematic...

• Tens (maybe hundreds) of input models

– Some with lots of data

– Some with little or no data

• Highly nonlinear relationship between inputs 
and outputs

• There are real consequences of failing to 
recognize risk in simulation estimates

• Our strategy: bootstrap characterization



The Bootstrap approach for percentile intervals

• General approach to determine the distribution 
of a statistic, say S(x1, x2, ..., xm) for example, S 
estimates m

– resample with replacement from {x} to get 
{xj1, xj2, ..., xjm}

(there will be some duplicates/missing from the original set)

– compute Sj for the jth bootstrap resample

– use {Sj} to construct an empirical distribution for S

• Key steps: i) resample, ii) compute, iii) edf for S

• Direct bootstrap: ii) entails a simulation run



The Goal, Revisited

True, real-world distribution

Input model based on observed real-world data



Underlying model

(M +) D



Our Strategy

• Recall Key steps: i) resample, ii) compute S, iii) 
ed for S

• (x1, x2, ..., xm) is the finite sample of input 
model data

• Computing is done via a metamodel, giving S
~



Our Strategy – and Expected Benefits
• Element 1: Instead of bootstrap evaluation of 

the simulation, evaluate a metamodel (c.f. 
Haylock and O’Hagan 1996, Oakley and 
O’Hagan 2002).

– Advantage: statistic (the metamodel evaluation) is 
a fast-to-compute, continuously differentiable 
function of the input data, and the latter is 
required for asymptotic validity of the bootstrap. 
Also impact of simulation noise greatly reduced

– Issues: metamodel type, design of the fitting expt.



• Element 2: stochastic kriging strategy

– Nonlinear response of simulation model calls for 
flexible metamodel that can approximate quite 
nonlinear and stochastic responses

• Element 3: a family of bootstrap-sample-
based experiment design strategies (to be 
compared with 

Our Strategy – and Expected Benefits



Metamodel-assisted bootstrap CI



Experiment design in moment space



Metamodel Expt Design
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From Jeremy Oakley: Estimating percentiles of uncertain  

computer code outputs, Applied Statistics 53, 83-93, 2004. 



Gamma/Gamma/1/k example

• Observe interarrival and service time data that are 
actually gamma

• Metamodel is a function of means and standard 
deviations, not the gamma parameters (thus the 
problem is 4 dimensional)

• Examine the impact of amount of real-world data; 
total simulation budget; and allocation of budget 
between design points and replications



Experiment design

d: number of design points

C: total computation budget

Fixed replications at all 

design points

runlength=1000 in terms of 

the number of finished 

customers.

(warmup=300)

Two levels of real-world 

data: m=50, 100

C

d
20 40 60

600

1200

n=30 n=15 n=10

n=20n=30n=60

Gamma/Gamma/1/50

Interarrival time Gamma(2,5/3), service time Gamma(3,1) gives utilization=0.9

True response is 4.1473 long-run average number of customers in system



Results

m = 100 C = 600 C = 1200

d = 20 d = 40 d = 60 d = 20 d = 40 d = 60

M-A Boot 
Coverage

95.4% 94.7% 94.8% 96.5% 95.6% 95.5%

M-A Boot 
Width

33.14 32.12 31.30 33.22 32.04 32.09

Cond. CI 
Coverage

3% 1%

Cond. CI
Width

0.45 0.34

Remember that the true value is about 4.15 customers in the system

The conditional CI would suggest that we have estimated it VERY PRECISELY

When we account for input uncertainty it is clear we have no idea



Overcoverage from Intrinsic Error

• Recall output is true mean plus input model 
error impact on mean plus simulation noise 
(intrinsic error)

• Direct bootstrap statistic values include 
simulation noise, which averages out over 
bootstrap replications but is treated as though 
it does not

• Result: overcoverage



Overcoverage from Intrinsic Error



Overcoverage from Intrinsic Error



Proving it works…



Conclusion

• Contributions: metamodel provides bootstrap validity, 
efficiency, Kriging metamodel effectiveness

• While the one-stage design worked well in these 
problems, we know that ultimately a sequential design 
(like Oakley 2004) will be required; this is a strength of 
stochastic kriging

• There will be limits to the number of input models we 
can handle this way:  Need screening

• We are also interested in prediction intervals

• Reference: Barton, Nelson and Xie. A framework for 
input uncertainty analysis. Proceedings of the 2010 
Winter Simulation Conference, 1189-1198.


