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Photoelastic Tomography in a nutshell

Quick summary

I The permittivity tensor field linearly related to stress tensor field

I For permittivity tensors C 1 close to const.δ light propagates in
straight lines approximately

I The polarization state of the light is changed in a way that depends
on the projection of the permittivity perpendicular to a light ray.

I In the linear approximation this is just the integral of the projection
perpendicular to the ray - the Transverse Ray Transform

I We cannot usually measure an absolute phase change in the light.
This means the isotropic part of the permittivity change, or
hydrostatic stress, is in the null space. We measure the so called
Truncated Transverse Ray Transform

So our aim is to explicitly invert the TTRT (on trace free symmetric rank
2 tensors) with as small a data set as we can.



Nut and bolt

Traditionally transparent models are physically sliced to measure stress
with polarized light.

Photo courtesy Rachel Tomlinson, University of Sheffield



Stressed cube sample

Epoxy cube stress frozen with a point load viewed through polarizer.
Photo courtesy Rachel Tomlinson, University of Sheffield



Stress-optical law
The (dielectric) permittivity tensor is assumed to be a linear function of
the stress

εij = ε0δij + C0σkkδij + C1σij

Note this is the most general form of linear relation invariant under
SO(3). σkk is called hydrostatic stress and the trace-free
σ̃ij = σij − (1/3)σkkδij the deviatoric stress.
For an anisotropic stress field the permittivity is anisotropic. Polarized
light passing through an isotropic (homogeneous) crystal splits in to two
rays with different polarization, and this is called birefringence. If the
anisotropic part is small the two rays approximately coincide but one still
gets the sum of the two polarization states and this can be measured
with a polarimeter.



Maxwell’s equations

∇×H + iωεE = 0

∇× E− iωµ0H = 0

Given an isotropic homogeneous permittivity ε1δ we suppose that the
stressed component results in a possibly anisotropic permittivity
ε = ε1δ + f ,
Quasi-isotropic, means anisotropic part of f and its derivatives are small,
then the (complex) electric field E propagating along the ray
x + tξ, t ∈ R in direction ξ satisfies the system of ordinary differential
equations (Rytov’s law)

∂

∂t
E =

i

2ε1
Pξ(εE)

and E · ξ = 0. here Pξ is the projection on to the plane orthogonal to ξ.
The solution operator T(ξ,x) (initial to final value) for this ODE is a
unitary transformation of the (complexification of) the plane orthogonal
to ξ. T(ξ,x) is then our data.



Linearization
Using a Born-Neumann series argument we can consider the change in
data δT(ξ,x) due to a small change in permittivity f (the Fréchet
derivative)

δT(ξ,x) =
i

2ε1

∞∫
−∞

Pξ(f )(x + tξ) dt =:
i

2ε1
J(f )(ξ, x)

This gives us the Transverse Ray Transform, a kind of Radon transform
for tensor fields. Given the data δT for a suitable collection of rays we
want to find f .
Sharafutdinov gives a neat trick to show that the ray transform is
invertible by reducing it to a scalar Radon transform. Consider the plane
normal to a vector η, and a ray x + tξ in that plane then

η · J(f )(ξ, x)η =

∫
η · f (x + tξ)η dt

which is the Radon transform of the scalar η · f η, that is the η
component of f . Choosing six vectors such that their outer product spans
symmetric matrices, we measure in planes normal to these six vectors.



Experimental setup

Tomlinson has built apparatus to gather this data. The model is
immersed in a cuboidal tank filled with fluid matched to the refractive
index of the unstressed epoxy resin. Inside the tank (IT) the model sits
on a rotation stage (R) . This stage, rather than the apparatus is rotated
about a vertical axis. A monochromatic collimated light source L
illuminates the model with polarized light. The light passes through an
analyser (A), which is rotated under computer control, and the resulting
image captured by an afocal camera.



Experimental setup cont.

To achieve rotation about other axes the object is rotated through a right
angle, or through another angle supported by a wedge.



Photo of apparatus

Apparatus in Tomlinson’s lab in Sheffield



Unfortunately...

Unfortunately we cannot measure J, the transverse ray transform as we
would need to measure the absolute phase change of light through the
object.
What we can measure is the Truncated Transverse Ray Transform....



The Projection Q

For a unit vector ξ ∈ Rn, let Qξ : S2Cn → S2Cn be the orthogonal
projection onto the subspace {f ∈ S2Cn | f ξ = 0, Trf = 0}. For
example for n = 3, for an orthonormal basis of the form (e1, e2, e3 = ξ),
the projection is expressed by

Qξf =
1

2

 f11 − f22 2f12 0
2f21 f22 − f11 0

0 0 0


.
(note only two independent components).



Truncated Transverse Ray Transform

A word on S’s: S means Schwartz space of smooth rapidly decreasing
functions, S2 symmetric tensors S2 the sphere.
The truncated transverse ray transform is the linear operator

K : S(Rn; S2Cn)→ S(TSn−1; S2Cn)

defined by

Kf (ξ, x) =

∞∫
−∞

Qξf (x + tξ) dt.

Since Qξδ = 0, the operator K vanishes on scalar multiples of the
Kronecker tensor δ, i.e., K (ϕδ) = 0 for ϕ ∈ S(Rn). Therefore we will
study the problem of inverting the operator K on the subspace of
S(R3; S2C3) consisting of trace free tensor fields.



What was known about inversion of K

I Sharafutdinov’s book [S] contains an explicit inversion formula for K
assuming data is known on all rays.

I Aben et al (eg [AEAA]) give a simple inversion formula for one
diagonal component for the case σij,j = 0. In the distributional sense
this means normal forces on the surface of the object (a domain) are
zero. This has been used on experimental data for glass objects.

I Szotten, L. and Tomlinson [SzLT] have done numerical inversion
with rays parallel to six planes with no assumptions. Numerical
evidence suggests that less data would be sufficient..

We now describe the first general inversion results [SL]. Uniqueness for
rays parallel to three planes and stable inversion for six. We will go on to
show one plane is not enough data and that the inversion is stable in
Sobolev norms for six [Sz].



Uniqueness for three axes

For a unit vector η ∈ S2, let L3
η = {(ξ, x) ∈ TS2 | ξ · η = 0} be the family

of lines orthogonal to η.

Theorem
A trace-free tensor field f ∈ S(R3; S2C3) is uniquely determined by the
data (Kf |L3

η1
,Kf |L3

η2
,Kf |L3

η3
) for a generic choice of three vectors

(η1, η2, η3), in particular an orthogonal basis is sufficient.

An explicit reconstuction procedure is given but it is unstable.



Stable reconstruction for six axes.

Consider the set of six unit vectors
η1 = 1√

2
(e2 + e3), η2 = 1√

2
(e3 + e1), η3 = 1√

2
(e1 + e2),

η4 = 1√
2

(e2 − e3), η5 = 1√
2

(e3 − e1), η6 = 1√
2

(e1 − e2),

where (e1, e2, e3) is an orthonormal basis of R3

Theorem
The data (Kf |L3

η1
, . . . ,Kf |L3

η6
) uniquely determines a trace-free field

f ∈ S(R3; S2C3) with a stable, explicit reconstruction formula.



Overall idea
For given η ∈ S2 let P be a plane parallel to η⊥.
η × f η can be considered as a (2D) vector field on P. We can apply a
slice by slice 2D reconstruction formula to this vector field, and to f
projected on to P, and this reconstruction formula is very similar to scalar
Radon transfor inversion: backprojection and a power of the Laplacian.
Taking Fourier transforms (frequency y) results is a pair of equations

Φη(y)f̂ (y) = λη(y), Ψη(y)f̂ (y) = µη(y),

where λη(y) and µη(y) are some scalar functions that have been
effectively recovered from the data Kf |L3

η
in the slice-by-slice

reconstruction, and Φη(y) (Ψη(y)) is a pure algebraic linear functional
with coefficients depending linearly (quadratically) on y .
These two scalar equations insufficient to determine the tensor field f̂ .
We need (η1, . . . , ηN) to obtain the system

Φηi (y)f̂ (y) = ληi (y), Ψηi (y)f̂ (y) = µηi (y) (1 ≤ i ≤ N)

of linear algebraic equations.
Question is how big does N need to be?



Three types of ray transform

We have seen the TTRT K and the TRT

Jf (ξ, x) =

∞∫
−∞

Pξf (x + tξ) dt,

The lateral ray transform

I : S(Rn;Cn)→ S(TSn−1), I : S(Rn; S2Cn)→ S(TSn−1)

is defined on vector and tensor fields by formulas

If (ξ, x) =

∞∫
−∞

f (x + tξ) · ξ dt and If (ξ, x) =

∞∫
−∞

ξ · f (x + tξ)ξ dt

respectively. Note result is scalar. We also define Iη,s f on the plane
sη + η⊥ by the projection of f on to that plane.



Relations between them

The projections Pξf and Qξf are related by

Qξf (x) = Pξf (x) +
1

2
(ξ · f (x)ξ)ε(ξ),

where εij(ξ) = δij − ξiξj

(Kf )(ξ, x) = (Jf )(ξ, x) +
1

2
(If )(ξ, x) · ε(ξ) for (ξ, x) ∈ TS2.

For η ∈ S2 orthogonal to ξ. ε(ξ)η = η and for
(ξ, x) ∈ TS2, ξ · η = 0, |η| = 1.

(Kf )(ξ, x)η = (Jf )(ξ, x)η +
1

2
(If )(ξ, x)η

(ξ × η) · (Kf )(ξ, x)η = (ξ × η) · (Jf )(ξ, x)η

η · (Kf )(ξ, x)η = η · (Jf )(ξ, x)η +
1

2
(If )(ξ, x)



Relation to lateral ray transform on planes

Let ιη,s be the injection of the plane sη + η⊥ and ι∗η,s the pull back of
tensor fields to that plane.

Lemma
Let f ∈ S(R3; S2C3) be a trace-free tensor field. Equations

Iη,s((η × f η)|sη+η⊥) = K 1
η,s f ,

Iη,s(ι∗η,s f − 2Tr(ι∗η,s f )δ) = 2K 2
η,s f

hold for every s ∈ R and η ∈ S2, where the functions
K i
η,s f ∈ S(TS1

η) (i = 1, 2) are defined by

(K 1
η,s f )(ξ, x) = (ξ×η)·(Kf )(ξ, sη+x)η, (K 2

η,s f )(ξ, x) = η·(Kf )(ξ, sη+x)η.

How does this help?



Explicit reconstruction for 2D lateral RT
The previous lemma is helpful as it relates the K i

ηf , which we can
measure plane by plane and the lateral ray transform of vectors and
tensors on planes for which there are explicit reconstruction formulae.
The tangential component τg ∈ C∞(R2) of a vector field
g ∈ C∞(R2;C2) is defined by

(τg)(y) = g(y) · y⊥

and for a tensor field The tangential component τg ∈ C∞(R2) of a
tensor field g ∈ C∞(R2; S2C2) can be defined by

(τg)(y) = |y |2Trg − y · g(y)y

The inversion formula [S] for I on vector fields is

τFx→y f (y) =
i

2
|y |Fx→y

[
B
(∂(If )

∂p

)]
,

and tensor fields is

τFx→y f (y) =
1

2
|y |3Fx→y (B(If )),

where F is the Fourier transform and B is the backprojection operator
(i.e. the formal adjoint R# of the two dimensional Radon transform ).



Backproject and ‘filter’

The explicit reconstruction formulae of the 2D radon transform involve
the backprojection operator, that is the adjoint of the Radon transform
and a ‘filter’ or power of the Laplacian (before or after backprojection).
Our reconstruction formulae are also of this form.
Choose an orthonormal basis (e1, e2) of R2 and let
ξ(θ) = cos θe1 + sin θe2 and ξ⊥(θ) = − sin θe1 + cos θe2

(Bϕ)(x) =
1

2π

2π∫
0

ϕ(ξ(θ), (x · ξ⊥(θ))ξ⊥(θ))dθ.

The manifold TS1 can be identified with R× S1 by the diffeomorphism
(p, ξ) 7→ (ξ, pξ⊥) for (p, ξ) ∈ R× S1. Therefore the derivative
∂
∂p : S(TS1)→ S(TS1) is well defined.



Putting it together

Lemma
Let f̂ be the 3D Fourier transform of a trace-free tensor field. For a unit
vector η ∈ S2, equations

(πηy) · f̂ (y)η = λη(y) (1)

and
|πηy |2(η · f̂ (y)η)− (πηy) · f̂ (y)πηy = µη(y) (2)

hold on R3 with right-hand sides defined by

λη(y) =
i

2
|πηy |Fx→y

[(
Bη
∂(K 1

η f )

∂p

)
(x)
]
, (3)

µη(y) = |πηy |3Fx→y [(BηK 2
η f )(x)]. (4)

Here πη : R3 → R3 is the orthogonal projection onto η⊥, Fx→y is the 3D
Fourier transform on R3, the back projection operator Bη on each plane
perpendicular to η.



System for three axes

(η1, η2, η3) an orthonormal basis, denote ληi by λi and µηi by µi .
We obtain the algebraic equations

y2 f̂12 + y3 f̂13 = λ1,

y1 f̂12 + y3 f̂23 = λ2,

y1 f̂13 + y2 f̂23 = λ3;

(2y 2
2 + y 2

3 )f̂22 + 2y2y3 f̂23 + (y 2
2 + 2y 2

3 )f̂33 = −µ1,

(2y 2
1 + y 2

3 )f̂11 + 2y1y3 f̂13 + (y 2
1 + 2y 2

3 )f̂33 = −µ2,

(2y 2
1 + y 2

2 )f̂11 + 2y1y2 f̂12 + (y 2
1 + 2y 2

2 )f̂22 = −µ3.

(5)

Which is non-degenerate off the coordinate planes.



Result for three axes

The general result for three independent unit vectors follows easily and
we have

Theorem
A trace-free tensor field f ∈ S(R3; S2C3) is uniquely determined by the
data (Kf |L3

η1
,Kf |L3

η2
,Kf |L3

η3
) for a generic choice of three vectors

(η1, η2, η3), in particular an orthogonal basis is sufficient.

Of course, this reconstruction algorithm possesses the following
instability: in the presence of measurement errors in the data, the
accuracy in recovering f̂ (y) decreases as the point y approaches the
surface

Γ = {y ∈ R3 | det (y) = 0} = {y ∈ R3 | y1y2y3 = 0}.



Choice of six axes

We make the explicit choice,
η1 = 1√

2
(e2 + e3), η2 = 1√

2
(e3 + e1), η3 = 1√

2
(e1 + e2),

η4 = 1√
2

(e2 − e3), η5 = 1√
2

(e3 − e1), η6 = 1√
2

(e1 − e2),
(6)

where (e1, e2, e3) is an orthonormal basis. Note that ηi ⊗ ηi spans S2R3

and we conjecture that that is sufficient for a stable reconstruction.



Reconstruction of off-diagonal elements


|y |2 f̂12 + y2y3 f̂13 + y1y3 f̂23 = (µ3 − µ6)/2,

y2y3 f̂12 + |y |2 f̂13 + y1y2 f̂23 = (µ2 − µ5)/2,

y1y3 f̂12 + y1y2 f̂13 + |y |2 f̂23 = (µ1 − µ4)/2.

(7)

This system is nondegenerate at every point 0 6= y ∈ R3. Indeed, the
determinant satisfies det ≥ 2|y |6/3. Therefore above system is uniquely
solvable for any y 6= 0 and the solution satisfies the stability estimate

|f̂jk(y)| ≤ 3

2
|y |−2

3∑
i=1

|µi (y)− µi+3(y)| (j 6= k). (8)



Reconstruction of diagonal elements

The diagonal elements are a bit more complicated, but eventually we
arrive at the following stable reconstruction, given the off-daigonal
elements

f̂11 =

√
2

3|y |2
(

(y2 + y3)λ1 + (y1 − 2y3)λ2 + (y1 − 2y2)λ3 + (y2 − y3)λ4

− (y1 + 2y3)λ5 + (y1 + 2y2)λ6

)
− 4

3|y |2
(y1y2 f̂12 + y1y3 f̂13 − 2y2y3 f̂23).

(9)
and similar.



Summary of the result for six

|f̂ (y)| ≤ C
(
|y |−1

6∑
i=1

|λi (y)|+ |y |−2
3∑

i=1

|µi (y)− µi+3(y)|
)

(10)

with some universal constant C .
Similarly we obtain the estimate on the Frobenius norm of f̂

|f̂ (y)|2 ≤ C ′′
(
|y |−2

6∑
i=1

|λi (y)|2 + |y |−4
3∑

i=1

|µi (y)− µi+3(y)|2
)

(11)

which we show later gives stability estimates in L2 based Sobolev spaces
We have now proved the following theorem

Theorem
For the family ηi , i = 1, ..6 of unit vectors the data (Kf |L3

η1
, . . . ,Kf |L3

η6
)

uniquely determines a trace-free field f ∈ S(R3; S2C3) with a stable,
explicit reconstruction formula. Stability estimates are given by (10) and
(11).



Non-uniqueness for one axis

We expect data from one axis to be insufficient to reconstruct the
deviatoric part of f and indeed we can construct elements of the
nullspace of the TTRT with zero trace.
We have

f̂ (y)η · Pηy = λη (12)

|Pηy |2 f̂ (y)η · η − f̂ (y)Pηy · Pηy = µη (13)

And for some fixed η we assume λη = µη = 0
If Pηy = 0, then (12)-(13) are identically satisfied so assume Pηy 6= 0.
We now define

ξ =
Pηy

|Pηy |
(14)

ζ = η × ξ (15)



Nullspace

Coordinate system given by (η, ξ, ζ), (12) and (13) we need f̂12 = 0 and
f̂11 − f̂22 = 0, and Tr f̂ = 0
Choose α, β and γ functions of η,y to construct the tensor

f̂ (ỹ) =

 α 0 β
0 −α γ
β γ 0

 (16)

satisfying (12)-(13).
Here we use the notation f̂ (ỹ) to indicate that we are considering f̂ in
(η, ξ, ζ)-coordinates.



Null space cont..

Use a rotation matrix Ry→ỹ to change back to standard coordinates for
each y , followed by an inverse Fourier transform,

f (x) = Fy→x

(
RT
y→ỹ f̂ (ỹ) Ry→ỹ

)
(17)

Since α, β and γ were arbitrary, we have constructed a non-trivial
element of the nullspace of the TTRT with data from a single axis. We
can choose f̂ to satisfy Paley-Weiner so f has compact support.



Slice-by-slice Radon transform

Let R̄η be the slice-by-slice Radon transform with rays perpendicular to η
defined on S (R3, for convenience we take η = (0, 0, 1) for now.
For x ∈ R3 = R2 × R and write f (y , z) = fz(y), with y ∈ R2, and z ∈ R.
We then write the slice-by-slice Radon transform R̄ on functions as

R̄f (θ, p, z) = R[fz(y)]. (18)

It can be extended to f ∈ S ′(R3; S2R3) using the slice backprojection
B̄ = R̄# on a test function φ:

〈R̄f , φ〉 = 〈f , B̄φ〉 (19)

We define the Sobolev norm for slice-by-slice Radon data g

||g ||2s̄ =

∫
S1

∫
R

∫
R

(1 + t2 + ζ2)s |Fp→t
z→ζ

g(θ, p, z)|2 dt dζ dθ, (20)

Clearly, R̄ is bounded from Hs(Ba)→ H s̄(TS1 × R) for s > 3/2 by the
trace theorem (Ba ball of radius a in R3). What about the inverse?



Stability of slice-by-slice inversion

The following lemma is proved in [Sz].

Lemma
Let f ∈ Hs(Ba). Then

||f ||s ≤ (8π)−1/4|||R̄f |||
s+ 1

2

(21)

Remark: The inverse of R̄ is of course the slice-by-slice filtered
backprojection operator.



Stability for six-axis inversion
The stability estimates (10) and (11) show that f̂ij can be recovered
stably at least for y 6= 0. We now express this in Sobolev spaces.
Recall

λη =
i

2
|Pηy |

̂(
Bη
∂K 1

η f

∂p

)
(22)

And noting that the Hilbert transform (multiplication by i sgn y in Fourier
space) is a Sobolev isometry we define K̄ 1 by

Fp→tK̄
1
η f (h, θ, p) = −i(sgn t)Fp→tK

1
η f (h, θ, p), (23)

we see then

|λη| = 1
2 |Pηy | |R̄−1K̄ 1

η f |
≤ 1

2 |y | |R̄
−1K̄ 1

η f |,
(24)

and

||λ̌η||s ≤ ||K 1
η f ||

s+ 3
2

. (25)



Stability for six-axis inversion cont

Similarly
||µ̌η||s+2 ≤ |||K 2

η |||s+ 1
2

. (26)

To avoid y = 0 we define for ε > 0 a “high pass filtered” fij , fε,ij ,given by

f̂ε,ij(y) =

{
f̂ij(y) |y | > ε

0 |y | ≤ ε
(27)

Theorem
Let fij ∈ C∞(Ba) and K i

ηi f be given. Then for any ε > 0 we have

||f̂ε(y)||2s ≤
6∑

i=1

(
C |||K 1

ηi f |||
2

s+ 1
2

+ C ′|||K 2
ηi f |||

2

s+ 1
2

)
(28)

for some constants C (ε), C ′(ε).



Low frequencies do not matter

Lemma
Let f be a compactly supported function with support in Ba and f̂ε be a
high pass filtered f , given by

f̂ε(y) =

{
f̂ (y) |y | > ε

0 |y | ≤ ε
(29)

Then f is completely and stably determined by f̂ε for any ε ∈ (0, 1/a)



Implementation

Linear forward problem solved but other ‘inverse crimes’ avoided:

I Arbitrarily chosen f not related to photoelasticity

I f has compact support (obviously)

I Originals 1533 voxels

I Data generated with a ‘camera’ using 243× 324 pixel images, at 1
degree angular steps

I Images downsampled to 51× 81 and 5% gaussian noise added

I Finally reconstructed onto 563 voxel grid (slightly larger than 1/3 of
the original, to avoid grids matching)



Original f

Original f11, f12, f13, f22, f23, f33



Reconstruction with three axes

Reconstruction using three axes f11, f12, f13, f22, f23, f33



Reconstruction with six axes

Reconstruction using six axes f11, f12, f13, f22, f23, f33
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