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Main questions

1. Identify the geometric and topological structures which
describe (or are related to) the M-branes.

2. Dually, identify the geometry and topology associated to the
fields related to the M-branes. Mainly via various notions of
cohomology:

I Integral
I Generalized
I twisted
I differential

3. Construct some math needed to describe the M-branes.

4. Some consequences for physics.

→ Outline the program.

→ Results are rigorous/formal.

→ Will highlight main ideas and interpretations rather than
technical matters.
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Notation and terminology

Physical theory Bundle-like structure Group-like structure

Dirac theory of Spinors Spin structure Spin(n) group

String theory String structure String(n) group

Fivebrane theory Fiverbane structure Fivebrane(n) group
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Structures associated to M-branes

Topological
Differential

refinement
// Differential geometric

Fieldstrengths Potentials

Anomalies/constraints ‘Wilson loops’/holonomy.

Brane Topological Geometric

Particle F2 field strength connection A1

String H3 field strength B-field B2

M2-brane G4 field strength C-field C3

M5-brane
G4,
H3,
G7/H7 dual

C-field C3

B-field B2

“dual field” C6/B6
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Insight from reduction/dualities

D = 11 : M2

�� ##

“∗11” // M5

�� ""
D = 10 : D2 String

“∗10”
// NS5 D4

Studying D=10 string/fivebrane

⇓

Insight on D=11 M2/M5− branes
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NS String and fivebranes

I Neveu-Schwarz (NS) branes that couple to the NSNS fields.

I The fundamental string couples to the B-field B2, whose
curvature is H3 ( = dB2+ non-exact, locally).

I The Hodge dual of H3 in ten dimensions is H7, which can be
viewed as the curvature of a degree six ‘potential’ B6, to
which couples the NS 5-brane.

The fivebrane – as opposed to branes of other dimensions– is
distinguished in 10-dimensional spacetime since it does indeed lead
to a structure that naturally generalizes the string structure, due to
the existence of the field H7, the dual field to H3.

→ It is interesting that this is also captured by the homotopy
groups of the orthogonal group!

String/Fivebrane duality in D = 10 ↔ M2/M5 duality in D = 11
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Main setting/ingredients

String Theory M-Theory

sigma model φ : Σ2 ↪→ X 10 sigma model Φ : M3 ↪→ Y 11

ψ ∈ Γ(SΣ2 ⊗ φ∗TX 10),

B2 1-gerbe

ψ ∈ Γ(SM3 ⊗N (M3 ↪→ Y 11),

C3 2-gerbe

D-brane ⊃ ∂Σ2 M5-brane ⊃ ∂M3

Freed-Witten condition
W3 + [H3] = 0

Witten Flux quantization
1
2λ+ [G4] = a
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Why String group?
1. The String group captures the Green-Schwarz anomaly

cancellation condition
p1

2
(X 10) + ch2(E ) = 0 ∈ H4(X 10;Z) . (1)

2. The flux quantization condition of the C-field

[G4]− p1

4
= a ∈ H4(Y 11;Z) class of an E8 bundle. (2)

3. The C-field potential can viewed as a String structure.
4. The M2-brane worldvolume action SM2 ⊃

∫
M3 C3 can be

described via String structures.
5. The M5-brane worldvolume action

SM5 ⊃
∫

M6

C6 + C3 ∧ h3 (3)

can be described via the String group and also the Fivebrane
group.

As a result of having a mathematically precise formulation, we get
some insights into the physics as well.
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M2-branes and the String group: Overview

I If we take the M2-brane worldvolume M3 to be Spin, then M3

always admits a String structure.

I So we can always lift the Spin bundle on M3 to a String
bundle.

I However, there might be more than one String structure.
These are the classes of a gerbe, or (constant part of) the
C-field.

I It turns out that the C-field can be viewed as a String class.

⇒ Interesting consequence for the partition function.
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M5-branes and the String group: Intuitive relation

1. Heuristic description of the String group,

2. relation to M5-branes, and

3. why loop groups appear.

Recall Z2 → Spin→ SO, Spinc = Spin×Z2 U(1)

I This can be viewed as describing abelian-charged spinors.

I We would like to generalize this. For that, write
Z2 = K (Z2, 0), U(1) = S1 = K (Z, 1) Eilenberg-MacLane
space.

I Consider higher degree: K (Z, n) for n > 1; “still abelian in
some sense but nonabelian in another sense”.

πi K (Z, n) =

{
Z if i = n
0 otherwise.
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I Restrict to exceptional groups G .

I Since dim W ≤ 8, ΩG ∼ K (Z, 2).

I The group of unbased loops LG fits into the split exact
sequence ΩG → LG → G .

I On the other hand, the String group String(G ), corresponding
to G , is defined via the fiber sequence

K (Z, 2)→ String(G )→ G . (4)

⇒ From the point of view of a worldvolume W of dim ≤ 8:
String(G ) is seen as a ‘twisted form’ of LG , up to homotopy.
⇒ Up to homotopy, loop-valued fields on W can be seen as
String(G )-valued fields. For instance, in including both a C-field
and a B-field, we are really considering the effects of having both
G and its loop group ΩG , and our proposal is that the way the two
interact is precisely encoded in the structure of the corresponding
string group String(G ).
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Historical: Why String structures in Physics?
I Dirac’s in modern language: lifting from SO(n) to Spin(n) ↔

“killing” the first homotopy group π1(SO(n)) of SO(n).
I String theory: requires lifting Spin(n) to the String group

String(n), giving rise to String structures.
I Killingback/Witten/Coquereaux-Pilch/Lerche-Warner...:

Such structures interpreted in terms of the vanishing condition
of the worldsheet anomaly of the heterotic superstring in the
context of the index theory of Dirac operators on loop space.

I Loop bundles: The String structure is regarded as a lift of an
LSpin(n)- bundle over the free loop space LX through the

Kac-Moody central extension L̂Spin(n)-bundle.
I Stolz-Teichner: interpret as a lift of the original Spin(n)-

bundle down on target space X to a principal bundle for the
topological group called String(n).

I Baez-Crans-Schreiber-Stevenson/ Henriques: Realization as a
smooth albeit categorified group: the String 2-group.

→ differential geometric treatment of String structures on X .
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The homotopy groups of the orthogonal group

The homotopy groups of the orthogonal group O(n), for n
sufficiently large, are

πk (O(n)) =


Z2 for k = 0, 1 mod 8
Z for k = 3, 7 mod 8
0 otherwise

. (5)

The condition on n is best understood by considering the stable
orthogonal group, also know as the infinite orthogonal group,
which is defined as the direct limit of the sequence of inclusions

O(1) ⊂ O(2) ⊂ · · · ⊂ O =
∞⋃

k=0

O(k). (6)
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k 0 1 2 3 4 5 6 7

πk (O(n)) Z2 Z2 0 Z 0 0 0 Z

O(n)〈k〉 O(n) SO(n) Spin(n) String(n) Fivebrane(n)

s

kill π0

EE {

kill π1

AA �
kill π3

;; �

kill π7

77

“kill” → “factorize”.
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BFivebrane(n)

��

Fivebrane structure

BString(n)

��

String structure

BSpin(n)

��

Spin structure

BSO(n)

��

Orientation

X //

44

99

>>

BB

BO(n) Riemannian

target space Whitehead tower of BO(n)
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String structures

I Homotopy fibration seq.: K (Z, 2)→ String(n)→ Spin(n).

I In the geometric description of K (Z, 2) as PU(H), the
projective unitary group on an infinite-dimensional Hilbert
space H, the H-field H3 occurs as the canonical degree three
class DD of PU(H) bundles. In the operator algebra language
this is called the Dixmier-Douady class.

I Classifying functor: K (Z, 3)→ BString(n)→ BSpin(n).

String structure on X :

1. The obstruction is:
1

2
p1(X ) ∈ H4(X ;Z) .

2. The set of lifts, i.e. the set of String structures for a fixed
Spin structure is a torsor for a quotient of H3(X ;Z).
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Fivebrane structures

I Homotopy fibration: K (Z, 6)→ Fivebrane(n)→ String(n).

I From a physical point of view if X is ten-dimensional, it is
natural to ask whether a similar interpretation of the dual field
H7 can be given. From a mathematical point of view, it is
natural to ask whether a similar construction to the degree
three case can be carried out with the first non-trivial
homotopy group π7 of String.

I Classifying functor: K (Z, 7)→ BFivebrane(n)→ BString(n).

Proposition (SSS)

1. The obstruction is given by
1

6
p2(X ) ∈ H8(X ;Z) .

2. The set of lifts, i.e. the set of Fivebrane structures for a fixed
String structure is a torsor for a quotient of the seventh integral
cohomology group H7(X ;Z).
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Twisted structures
Warm-up: Freed-Witten in type II string theory: the third integral
Stiefel-Whitney class W3 of a D-brane Q has to be trivial relative
to the Neveu-Schwarz field H3|Q restricted to the D-brane, in that
the two classes agree: W3 = [H3|Q ] ← twist for Spinc .

Definition
Given a cocycle α4 : M → K (Z, 4), an α-twisted String structure
(or a String structure relative to α) on a Spin manifold M with
classifying map f : M → BSpin(n) is a homotopy η:

M
f //

α4 ''

BSpin(n)

1
2

p1

��
K (Z, 4)

η��
. (7)

Condition:
1

2
p1(TX ) + [α4] = 0 . If α is trivial (i.e. factors

through a point) then this reduces to ordinary String structure.

I For the Fivebrane: replace 1
2 p1 with 1

6 p2 and α4 with β8. 19 / 47



String structures on bundles

String structures are in general carried not just by a manifold X ,
but by a vector bundle E → X (e.g. the gauge bundle on the
target space of the heterotic string):

E → X has Spin structure ⇐⇒


E is orientable
and
w2(E ) = 0

E → X has String structure ⇐⇒


E has Spin structure
and
1
2 p1(TX ) = ch2(E )

.

E → X has Fivebrane structure ⇐⇒


E has String structure
and
1
6 p2(TX ) = ch4(E ) + · · ·

.

If the Chern character of E vanishes, this reduces to saying that X
itself has String/Fivebrane structure.
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The Green-Schwarz anomaly

I The Chapline-Manton coupling: dH3 = dCS(ω)− dCS(A),
for ω and A the local connection 1-forms of a Spin and gauge
bundle, respectively and CS(−) the Chern-Simons 3-forms.

I The standard Green-Schwarz mechanism via H3.

1

2π
dH3 = ch2(A)− 1

2
p1(ω), (8)

I Killingback: the right hand side is the (image in real
cohomology of the) obstruction to having a String structure
on the virtual difference bundle TM − E ; this obstruction
class has to vanish.

Observation [SSS]: Green-Schwarz is a twisted String structure
condition.
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Dual Green-Schwarz anomaly

I The dual Green-Schwarz mechanism via H7. The H-field
H3 can be viewed as the dual of a field H7 where, rationally,
this is just Hodge duality H7 := ?H3. The expression is

dH7 = 2π

(
ch4(A)− 1

48
p1(ω)ch2(A) +

1

64
p1(ω)2 − 1

48
p2(ω)

)
.

I We interpret this “dual Green-Schwarz mechanism” as saying
that H7 trivializes the obstruction to having a Fivebrane
structure on the pair (TX , E ): If we have a String structure
on TX − E coming from String structures on both bundles
separately, in that p1(TX ) = 0 = ch2(E ), then, at the level of
cohomology,

ch4(E )− 1

48
p2(TX ) = 0 . (9)

Observation [SSS]: Dual Green-Schwarz is a twisted Fivebrane
structure condition.
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Bundle view on anomalies (Freed)

The complex anomaly line bundle with connection
over the space confbos of bosonic fields is the ten-
sor product of a Pfaffian line bundle Pfaff from
the fermionic path integral and another line bundle,
Charge, due to the presence of electric and magnetic
charges.

Pfaff ⊗ Charge

��
confbos

The action funcional e−S is supposed to be a com-
plex function on confbos, but is in general, in fact, a
section of the anomaly line bundle.

Pfaff ⊗ Charge

��
confbos

e−S

]]

In order for the starting point of quantization to be well
defined one needs anomaly cancelation: the anomaly
line bundle needs to be trivializable and one needs a
choice of trivialization that identifies it with the trivial
line bundle with trivial connection.

Pfaff ⊗ Charge
' // (confbos × C,∇ = 0)

The obstruction to this trivialization is the anomaly.
The curvature of the connection on Pfaff⊗Charge
is called the local anomaly, its holonomy the global
anomaly.

local anomaly: curv(Pfaff ⊗ Charge)
global anomaly: Hol(Pfaff ⊗ Charge)

curv(Pfaff) = −
∫

Z 12

I4 ∧ I8; curv(Charge) =

∫
Z 12

jE ∧ jB .

Anomaly cancellation demands that we identify I4 and I8 as the
magnetic currents for the field strengths H3 and H7. 23 / 47



The field strength G4 as an obstruction to String structure

I Witten’s flux quantization: [G4] +
λ

2
= a ∈ H4(Y 11;Z) .

I This makes sense only if λ is divisible by two. It means that it
is not [G4/2π] but [G4/π] that is well defined as an integral
cohomology class and that this class is congruent to λ modulo
two.

I A weaker condition can be obtained by ‘multiplying by two’,

2[G4] + λ = 2a. (10)

I Rewrite in a suggestive way as λ− 2 ([G4]− a) = 0, so that we
identify α := 2([G4]− a) as the twist of the String structure.
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The Diaconescu-Freed-Moore model
I G4 is geometrically described as a shifted differential character

in the sense of Hopkins-Singer. This is the equivalence class
of a differential cocycle which trivializes a specific differential
5-cocycle related to the integral Stiefel-Whitney class W5(Y ).

I It was proposed in DFM that G4 lives in

Ȟ4
1
2
λ

(Y 11), (11)

the space of shifted characters on Y 11 with shift 1
2λ, and

similarly on the fivebrane worldvolume.
I DFM p.o.v.: the class 1

2λ acts as a twist for the differential
character.

I Alternative p.o.v: 1
2λ is what is being twisted, and hence plays

a more central role. The E8 gauge theory can then be seen as
responsible for the twist of 1

2λ. Therefore

1

2
λ−shifted E8 structure︸ ︷︷ ︸

DFM

; E8−twisted String structure︸ ︷︷ ︸
SSS
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The String class from the membrane.

Consider the embedding of the membrane Σ3 ↪→ Y 11 with normal
bundle N . The fields on the membrane worldvolume include a
metric h, the pullback of the C -field and a spinor
ψ ∈ Γ(S(Y 11)|Σ3). Restricting S(Y 11) to Σ3 gives the splitting

S(Y 11)|Σ3 = S(Σ3)⊗ S−(N )⊕ S(Σ3)⊗ S+(N ), (12)

where kappa symmetry requires the fermions to be sections of the
first factor. Neither of the factors in

ZM2 = Pfaff(DS(Σ3)⊗S−(N )) exp

[
i

∫
Σ3

(C3 + i`−3
p vol(h)

]
(13)

are separately well-defined, but the product is [Witten]. Taking Σ3

to be the boundary of a 4-manifold B4 we get
∫

B4 G4 in place of
the first factor in the exponent in (13). The partition function is
independent of the choice of bounding manifold B4.
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If M3 is Spin then M3 already admits a String structure because
1
2 p1(M3) = 0, by dimension reasons. Since this is automatic, one
might wonder what is gained by assuming this extra structure?

The idea is that while M3 always admits a String structure, we can
have more than one String structure. We have the following
diagram

K (Z, 3) // BString //

��

∗

��
M3

OO
ψ

99

σ // BSpin
λ // K (Z, 4) .

(14)

Choosing a String structure ψ is equivalent to trivializing λ ◦ σ. If
we fix one String structure ψ then any other is classified by maps
from M3 to K (Z, 3), which is H3(M3;Z). If we take
K (Z, 3) = BK (Z, 2) then we can say that the set of String
structures on M3 is a torsor over the group of equivalence classes
of gerbes on M3. From one given (equivalence class of) String
structure we obtain for each (equivalence class of a) gerbe another
(equivalence class of a) String structure.
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The long exact sequence for relative cohomology is

· · · → H3(M3) −→ H4(B4,M3) −→ H4(B4) −→ H4(M3) · · ·
αω3 7→ λ(τ, ψ) + ∂(αω3) 7−→ λ(τ) ,

where ω3 is the volume form on M3 and α is a real number.
⇒ Given a choice of initial String structure on M3, any other
choice will be given by the difference with multiples of the volume
form ω3. Note that the only parameter which is varying is α ∈ R.

Observation
Unless the volume is quantized, the M2 partition function depends
on the choice of String structure on the M2 worldvolume.

I String theory: the partition function depends crucially on the
Spin structure of the string worldsheet. Modular invariance
requires summing over all such structures.

→ Membrane theory might require consideration of dependence on
the String structure, and possibly summing over such structures.
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The framing in Chern-Simons theory
A framing of M3 is a homotopy class of a trivialization of the
tangent bundle TM3. Given a framing f : M3 → TM3 of M3 the
gravitational Chern-Simons term can be defined as

IM3(g , f ) =
1

4π

∫
M3

f ∗CS(ω) , (15)

where g , ω are metric and Levi-Civita connection on M3.

I Witten: The partition function of Chern-Simons theory on M3

depends on: M3, the structure group G , the Chern-Simons
coupling k , and a choice of framing f of the manifold.

I

ΩString
3

∼= Ωfr
3

⇒ study of Chern-Simons theory with a String structure
Therefore, it is natural to consider a String structure in
Chern-Simons theory, and hence on the M2 worldvolume.

I We can look at the dependence of the M2 partition function
on the String structure through the dependence of
Chern-Simons theory on the choice of framing.

I Different framings generally give different values for the
partition function. However, there are transformations that
map the value corresponding to one framing to the value
corresponding to another.
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Not only is a String structure allowable, but is in fact desirable.
This is because such a structure explains the framing anomaly in a
very natural way.

Under the transformation IM3 → IM3 + 2πs, where s is the change
in framing, the partition function transforms as
ZM3 → ZM3 · exp

(
2πis · d

24

)
, for d a constant related to the level

of the theory. This factor of 24, making the partition function
essentially a 24th root of unity, is reflection of the fact that both
the String- and the framed cobordism group are isomorphic in
dimension three to Z24.
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Any Lie group G has two canonical String structures defined by
the left invariant framing fL and the right invariant framing fR of
the tangent bundle TG .
For M3 = SU(2), there are three framings: a left framing and a
right framing (related by orientation reversal) and a trivial framing
given by taking S3 = ∂D4 to be the boundary of the 4-disk. The
invariants associated to these framings are

ΩString
3 −→ tmf −3

[SU(2), fL] 7−→ − 1

24

[SU(2), fR ] 7−→ 1

24[
SU(2), ∂D4

]
7−→ 0 .

The dependence on framing of Chern-Simons theory (and hence
also for the membrane partition function) can be seen more
naturally within String cobordism. Suggests that the membrane
partition function takes values in (twisted) tmf .
Note that within Spin cobordism there would be no nontrivial
expressions in dimension three. This is because ΩSpin

3 = 0. 31 / 47



The dual field in M-theory.
M-theory, via its low energy limit, 11-dimensional supergravity.
The equation of motion for C3 is obtained from varying the action

S(C3) =

∫
Y

[
G4 ∧ ∗G4 +

1

6
G4 ∧ G4 ∧ C3 − I8 ∧ C3

]
(16)

to obtain d ∗ G4 = −1
2 G4 ∧ G4 + I8. Here I8 is the one-loop term

[Duff-Liu-Minasian] given in terms of the Pontrjagin classes

I8 =
p2(TY )− 1

2 ( 1
2 p1(TY ))2

48
. (17)

The integral lift of EOM leads to a class defined in [DFM]

[G8] =

[
1

2
G 2

4 − I8

]
=

1

2
a(a− λ) +

7λ2 − p2

48
. (18)

Proposition (SSS)

Assume that Y already admits a String structure, i.e. 1
2 p1(Y ) = 0.

Then [G8(Y )] = 1
2 a2− 1

48 p2(Y ) defines an obstruction to a twisted
Fivebrane structure.
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Type IIA
I Kriz-S.: The String condition is closely related to the

condition on vanishing of the integral seventh Stiefel-Whitney
class, W7 = 0, observed in Diaconescu-Moore-Witten and
studied in [Kriz-S.] in connection to elliptic cohomology. In
particular, the String condition implies the vanishing of W7 as
W7 = Sq3( 1

2 p1), where Sq3 is the Steendrod square.

→ No anomaly with String structure.

I Type II string theory on X in the absence of any nontrivial
Ramond-Ramond fields. This theory also has a degree seven
dual, H7, of the H-field H3. While H3 in this case is closed,
H7 is not. Instead, from the dimensional reduction from
M-theory, H7 satisfies

dH7 =
p2(ω)−

(
1
2 p1(ω)

)2

48
.

→ H7 provides a trivialization of the 8-class.
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M5-brane worldvolume anomalies

I DFM: interpreted the vanishing of a certain torsion class θ
defined by Witten on the M5-brane worldvolume as a
necessary condition for the decoupling of the fivebrane from
the ambient space ( “the bulk”). Hence the vanishing of θ
meant that the M5-brane can have a well-defined partition
function.

I Embedding ι : W 6 ↪→ Y 11, 10-dimensional unit sphere bundle
π : X →W of W with fiber S4 associated to the normal
bundle N →W . The integration of G8 over the fiber of X
gives exactly the torsion class θ on the fivebrane worldvolume

θ = π∗(G8) ∈ H4(W ;Z). (19)

Therefore, the vanishing of G8 is a necessary condition for the
existence of a non-zero partition function [DFM].

I [SSS]: A Fivebrane structure is a necessary condition for the
existence of a non-zero partition function for the M5-brane.
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Twisted String structure on the M5-brane worldvolume

I The topological part of the M5-brane worldvolume action can
be described via a lift to an eight-dimensional disk bundle over

the original worldvolume: there is a bundle D2 → X 8 πD

−→W6,
described as follows. Let M7 be a Spin 7-manifold, which is a
circle bundle over W6, and which has a C-field C3. Then we
have an E8 bundle on M7. Let X 8 be an oriented 8-manifold
with boundary M7 over which C3 extends. This always exists
because of the vanishing of the cobordism group
ΩSpin

7 (K (Z, 4)) = 0, since K (Z, 3) ∼ E8 in this range of
dimensions.

I The action includes the term

S8 =

∫
X 8

G4 ∪ G4 − G4 ∪ λ . (20)
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I For X 8 Spin, the values of the integral

h(x) =

∫
X 8

(z ∪ z + λ ∪ z) (21)

is always even. The term λ ∪ z in (21) means that instead of
quantizing the torus T that parametrizes flat C-fields on W6

modulo gauge transformations, the modification implies that
one instead is quantizing another torus T ′, which
parametrizes, up to gauge transformations, C-fields that are
no longer flat, but instead have curvature 1

2λ. The new torus
T ′ is isomorphic (not canoncially) to the original torus T , via
the map C3 7→ C3 + C ′3, where C ′3 is any C-field of curvature
1
2λ. The transformation is

h(x)
z 7→z− 1

2
λ
//
∫

X 8 z ∪ z . (22)

I Shift corresponding to a twisted String structure, where T
corresponds to the cocycle (to be viewed as a twist) and T ′ is
shifted (by the class that is being twisted by the cocycle).
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Differential cohomology

The idea is to throw in connections in addition to field strengths:

Field Cohomology Differential Cohomology

Gauge fields curvature F2 curvature F2 and connection A1

1-gerbe H-field H3 H-field H3 and B-field B2

2-gerbe G-field G4 G-field G4 and C-field C3

View the fields in (higher) Deligne cohomology, or Cheeger-Simons
differential characters, or (higher) gerbes with connections ...

⇒ Models via differential cohomology which take into account e.g.
String structures [FSS].
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Smooth structure

I The topological groups String(n) and Fivebrane(n) cannot
be finite-dimensional Lie groups.

I String(n) does have a natural incarnation as a smooth
2-group, a higher categorical version of a Lie group

I Similarly, Fivebrane(n) does naturally exist as a smooth
6-group.

I Generally, there are smooth refinements of all higher
connected covers of Lie groups. Being smooth, these spaces
have infinitesimal approximations by L∞-algebras in
generalization of how any ordinary Lie group has a Lie algebra
associated with it.

SSS : Have differential refinements of String(n)- and
Fivebrane(n)-structures (and beyond) that are expressed in
terms of higher smooth bundles with smooth L∞-algebra
valued connection forms on them.
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n-algebras

I Reasonable expectation: Higher degree fields require higher
algebraic structures.

I Which ones?

I L∞-algebras are analogs for higher connected covers of a Lie
algebra of a Lie group. They have brackets of all degrees.

[ · , · ]︸ ︷︷ ︸
1−algebra

, [ · , · , · ]

︸ ︷︷ ︸
2−algebra

, · · ·

String(n) ; string(n): 2-algebra (an L∞-algebra truncated at
degree 2) has up to degree 3 bracket
Fiverbrane(n) ; fivebrane(n): 6-algebra (an L∞-algebra
truncated at degree 6), has up to degree 7 bracket.

I Propose [FSS]: capture some aspects of the M-branes.
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Nonabelian cohomology

I Freed/Hopkins-Singer: Differential refinements, abelian case.
For example, the Ramond-Ramond fields, Maxwell fields.

I Freed-Witten, Green-Schwarz, and dual Green-Schwarz
mechanisms are controlled by nonabelian structures. These
are the O(n)-principal bundle underlying the tangent bundle
of spacetime and the U(n)-principal bundle underlying the
gauge bundle on spacetime, as well as their lifts to the higher
connected structure groups: a map X → BSpin(n) (smooth
or not) gives a cocycle in nonabelian cohomology, and so do
its lifts such as X → BString(n) (and beyond).

I These define differential twisted nonabelian cocycles that may
be interpreted as differential twisted Spinc -, String- and
Fivebrane-structures, respectively.

I Equivalent anomalies differ by a coboundary, so that they are
given by cohomologous nontrivial cocycles. Equivalence
classes of anomalies are captured by the relevant cohomology.
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I The various abelian background fields, such as the B-field and
the C-field, are unified into a natural coherent structure with
the nonabelian background fields – the spin and gauge
connections – with which they interact.

I [FSS]: For instance, the relations between the abelian and the
nonabelian differential forms that govern the Green-Schwarz
mechanism are realized as a (twisted) Bianchi identity of a
single nonabelian L∞-algebra valued connection on a smooth
twisted String(n)-principal 2-bundle.

I This uses characteristic classes of L∞-algebra bundles
developed by [SSS1].
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The geometry of the structures

The physics of all the cases we consider involves a manifold X –the
target space – or a submanifold Q ↪→ X thereof– a brane –
equipped with

I two principal bundles with their canonically associated vector
bundles:

I a Spin-principal bundle underlying the tangent bundle TX (and
we will write TX also to denote that Spin-principal bundle),

I and a complex vector bundle E → X – the “gauge bundle” –
associated to a SU(n)-principal bundle or to an E8-principal
bundle with respect to a unitary representation of E8;

I an n-gerbe / circle (n + 1)-bundle with class Hn+2(X ,Z) –
the higher background gauge field – denoted [Hi ] or [Gi ] or
similar in the following.

All these structures are equipped with a suitable notion of
connetions, locally given by some differential-form data.

Once obstruction is imposed: abelian ; nonabelian.
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BString
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""

1
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p1(TX )

��

c2(E)

��

BU〈6〉

��
BSpin

1
2

p1 // B3U(1) BU〈4〉
c2oo

+3H3ks

︸ ︷︷ ︸
abelian cohomology︸ ︷︷ ︸

nonabelian cohomology

Figure: String(n) and Fivebrane(n) are shifted central extension of
nonabelian groups, so cohomology with coefficients in these groups has
components in nonabelian cohomology. This appears as abelian
cohomology twisted by nonabelian cocycles in a certain way. The middle
part identifies the cocycle representative in H4(X ,Z) and the coboundary
between them, but does not specify where these cocycles come from.
The outer part of the diagram, labeled “nonabelian cohomology” does
specify the object whose class is the one identified by the middle part.

43 / 47



M-branes and nonabelian Chern-Simons

I When a class is trivial in cohomology [βi ] = 0 ∈ H i (X ;R)
then the corresponding differential form is exact βi = dγi−1.
⇒ This allows us to consider boundaries.

I For the M2-brane: Trivially we essentially have Chern-Simons
theory. This arises from the trivialization of the String
structure.

I What about the M5-brane? A trivialization of the Fivebrane
structure p2(ω) ∼ dCS7.
We do have such a term: I8, so build a Chern-Simons theory
via I8(ω) = dCSI8 with CSI8 ∼ CS7(ω) + CS3(ω) ∧ p1(ω).

⇒ Capture aspects of the nonabelian gerbe theory on the
(extended) M5-brane worldvolume via 7d Chern-Simons [FSS].
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M-branes and elliptic cohomology
Q: So what else can we do if we have a (twisted) String structure?
A: Discover relation to elliptic cohomology.

I We have already outlined this for the M2-brane via framing.

I M5-brane: String orientation of topological modular forms.

I Note that in the case of D-branes, the connection to twisted
K-theory could have been discovered using the Freed-Witten
formula W3 + [H3] = 0, even though it came after the charge
formula of Minasian-Moore.

I We now instead have an condition λ− 2[G4] = 2a, which we
interpret as an orientation with respect to twisted elliptic
cohomology.

I We then turn the problem around: Given the above
orientation, construct the charge of the M-branes in twisted
elliptic cohomology. [Work in progress with M. Ando].

⇒ possible corrections to the twisted K-theory formula.
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M-branes and (twisted) K-theory
Any relation to (twisted) K-theory? Can be seen more
transparently from strings/fivebranes in ten dimensions.

I For the string: B2 is the potential whose fieldsrength H3

serves as the twist in the K-theoretic description of D-branes.
d + v−1

2 H3∧

Orientation: W3 + [H3] = 0.

I For the fivebrane: Dual potential B6 has a field strength H7.
Is this the twist of some theory?
This cannot be K-theory.

I [S.-Westerland]: Constructed Twisted Morava K-theory.
This has periodicity of period 6.
d + v−1

6 H7∧

Orientation: W7 + [H7] = 0.

Note: String structure ⇒ Orientation with respect to Morava.
This holds in the twisted case if [H7] = Sq3[α4].
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Thank you!
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