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Plan

1. Previous work by myself on searchable sets and ordinals.

2. Ongoing work and questions with Dag Normann.
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We consider definability of searchable sets

For two hierarchies of finite types:

1. The set-theoretical hierarchy. (Full type hierarchy.)

2. The continuous hierarchy. (Kleene–Kreisel functionals.)
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Kleene–Kreisel hierarchy

1. Work with a universe of spaces with good function spaces of continuous maps.

E.g. Sequential topological spaces, compactly generated spaces, QCB spaces,
limit spaces, filter spaces.

2. Start with the discrete spaces N and 2, and close under finite products and
function spaces.

The resulting spaces are called Kleene–Kreisel spaces.
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Two systems

1. Gödel’s system T .

Typed λ-calculus with base types 2 and N,
and with higher-type primitive recursion.

2. Platek-Scott-Plotkin’s PCF.

Can be seen as the extension of system T with fixed-point recursion.
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Computability and definability in the continuous hierarchy

Any Kleene–Kreisel space has an associated subset of computable points.

Theorem (Dag Normann 1997, published 2000).

1. Any point of any Kleene–Kreisel space is PCF definable from some type-1
oracle (sequence of natural numbers).

2. A point is computable if and only if it is PCF definable.
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We look at three hierarchies in this talk

1. Sets with arbitrary maps.

2. Spaces with continuous maps.

3. Spaces with computable continuous maps.

It is important that in this hierarchy all points are included in the spaces, not
just the computable ones.

Computable maps act on not-necessarily-computable data.
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Searchable set

This definition can be interpreted in any of the three hierarchies:

Definition. A subset K of a type X is searchable if it has a selection function

ε : (X → 2)→ X

such that for all p : X → 2,

(i) ε(p) ∈ K, (ii) p(ε(p)) = 0 ⇐⇒ ∃x ∈ K. p(x) = 0.
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Searchable set

From a selection function ε : (X → 2)→ X one gets quantification functionals

E,A : (X → 2)→ 2,

E(p) = p(ε(p)), A(p) = 1− E(1− p)

such that for all p : X → 2,

E(p) = 0 ⇐⇒ ∃x ∈ K. p(x) = 0, A(p) = 0 ⇐⇒ ∀x ∈ K. p(x) = 0.
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Theorems for the Kleene–Kreisel hierarchy

First, observe that a set is searchable if and only if its closure is searchable,
with the same selection function.

This is because we are considering continuous predicates.

Hence we can work w.l.o.g. with closed searchable sets.
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Theorems for the Kleene–Kreisel hierarchy

T.F.A.E. for any closed subset K of a type X:

1. K has a continuous selection function.

2. K is compact and non-empty.

3. K is a continuous image of the Cantor space.
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Theorems for the Kleene–Kreisel hierarchy

T.F.A.E. for any closed subset K of a type X:

1. K has a computable selection function.

2. K is a computable image of the Cantor space.

Moreover, the two kinds of data are inter-definable in PCF.

Also, any non-empty compact set is PCF-searchable from some type-1 oracle.
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Theorems for the Kleene–Kreisel hierarchy

1. Computable images of searchable sets are searchable.

2. Searchable sets are computably closed under countable products. (Tychonoff)

3. From a quantifier E for a non-empty closed set one can computably build a
selection function ε.

Moreover, these operations are PCF-definable.

Several other topological facts about compact sets translate to computational
facts about searchable sets. E.g. Arzela–Ascoli type theorems.
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Theorems for the set-theoretical hierarchy

We consider sets with T -definable selection functions.

We call them T -searchable.
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Theorems for the set-theoretical hierarchy

Theorem. (Tait, 1950’s, Gandy-Hyland, 1970’s)

The cantor space 2N is not T -searchable.

Considered S1− S9 rather than T .

And the definability of the fan functional rather than searchability.

But the same arguments can be easily reused.
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Theorems for the set-theoretical hierarchy

Theorem. (Folklore)

The set N∞ = {α ∈ 2N | ∀n. αn ≥ αn+1} is T -searchable.

The points are 1n0ω −→ 1ω.

15



Theorems for the set-theoretical hierarchy

Theorem. (Folklore)

The set N∞ = {α ∈ 2N | ∀n. αn ≥ αn+1} is T -searchable.

Proof

Define ε(p)(n) = min{p(1m0ω) | m < n}.

If p has a root 1m0ω, then ε(p) = 1m0ω for the minimal such m.

Otherwise, ε(p) = 1ω, which may or may not be a root.

(The reasoning can be made constructive, but this is another story.)
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Theorems for the set-theoretical hierarchy

Can strengthen the theorem after this proof:

Theorem. The set N∞ has a T -definable selection function such that

ε(p) = inf{x ∈ N∞ | p(x) = 0}.
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Theorems for the set-theoretical hierarchy

This is, as far as I know, everything that was known about T -searchable sets.

Both in the literature and the folklore.

What else is T -searchable?
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Theorems for the set-theoretical hierarchy

Notice that N∞ in the lexicographic order is ω + 1.

From Cantor, we know that every countable ordinal can be embedded in the
lexicographic order of 2N.

Every successor countable ordinal is compact Hausdorff in its interval topology.

(And all compact Hausdorff spaces with countably many points arise in this way.)

Any such space can be topologically embedded into 2N.
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Theorems for the set-theoretical hierarchy

Theorem.

1. For every ordinal γ < ε0, the interval [0, γ] can be order-embedded into 2N so
that the image is a T -searchable subset of 2N.

2. This can be done so that the selection function finds the smallest solution, or
the infimum of the set of solutions.

3. Moreover, the embedding is topological with respect to the interval topology
of [0, γ] and the Cantor topology of 2N.

4. The embedding can be chosen so that its image

a. is a T -definable retract of 2N,
b. is T -enumerable.
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Questions and work with Dag

1. Is every T -searchable set countable? Yes. Don’t know whether in T , though.

2. Does every T -searchable subset of 2N have Cantor rank < ε0?

3. Is every T -searchable subset of 2N closed? No.

{1n0ω | n ∈ N} is T -searchable. Proved this week by Dag.

4. Is the closure of every T -searchable subset of 2N also searchable?

5. Which dense sets of a closed T -searchable subset of 2N are also searchable?

6. More generally, characterize the T -searchable subsets of 2N and NN.

7. From a quantifier, can we T -define a selection function?
Maybe Dag has proved it, just before the talk.
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