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Introduction

First introduced by Trakhtenbrot in a recursion theoretic setting
in paper ”On autoreducibility” 1970.

A set A is autoreducible if there is an oracle Turing machine M
such that A = L(MA) and M never queries x on input x .

In ”P-mitotic sets” 1984, Ambos-Spies introduced the
polynomial-time variant of autoreducibility, where the oracle
Turing machine is required to run in polynomial time.

Besides autoreducibility by Turing reduction, autoreducibility
notion is generalized to any other redutions.



Introduction

The question of whether complete sets for various classes are
polynomial-time autoreducible has been studied extensively.

Why is it important? Because of possible interesting complexity
class separations in some cases.



Introduction

What has been known?

≤p
m ≤p

1-tt ≤p
tt ≤p

T

NP yes yes open yes
ΣP
i yes yes open yes

ΠP
i yes yes open yes

∆P
i yes yes yes yes

PSPACE yes yes open yes
EXP yes yes open yes
NEXP yes yes open open

(Autoreducibility and Mitoticity, SIGACT News 2009. Christian
Glaßer, Mitsunori Ogihara, A. Pavan, Alan Selman, Liyu Zhang)

Open problem 1: Is it true that all Turing complete sets for NEXP
are Turing autoreducible?

Open problem 2: Under what reductions are all complete sets for
NEXP are autoreducible?



Introduction

Why is it interesting? Because of a possible important
separation.(Using autoreducibility to separate complexity classes.
SIAM Journal on Computing. H. Buhrman, L. Fortnow, D. van
Melkebeek, and L. Torenvliet)

If there is one Turing complete set of NEXP that is not Turing
autoreducible, then EXP is different from NEXP.(Autoreducibility
and Mitoticity, SIGACT News 2009. Christian Glaßer et. al.)



Results

We showed that under ≤p
2-tt , disjunctive truth-table, and

conjunctive truth-table reductions, all complete sets for NEXP
are autoreducible.

Besides that, negative results are also obtained.(A comparison of
polynomial time completeness notions, Theoretical Computer
Science 1987. Osamu Watanabe)

In the relativized world, a negative result is obtained for
NEXP.(Using autoreducibility to separate complexity classes.
SIAM Journal on Computing. H. Buhrman, L. Fortnow, D. van
Melkebeek, and L. Torenvliet)



Results

Theorem 1: Every ≤p
2-tt-complete set for NEXP is

≤p
2-tt-autoreducible.

Theorem 2: Every ≤p
dtt-complete set for NEXP is

≤p
dtt-autoreducible.

Theorem 3: Every ≤p
ctt-complete set for NEXP is

≤p
ctt-autoreducible.

Theorem 4: There is a ≤p
tt-complete set for NEXP that is not

≤p
btt-autoreducible.

Theorem 5: There is a Turing complete set for NEXP that is not
≤p

bT -autoreducible.

Theorem 6: Relative to some oracle, there is a ≤p
2-T -complete set

for NEXP that is not Turing autoreducible.



Proof overview

Proof overview for Theorem 1:
Recall that L1≤p

2-ttL2 if and only if there exist 2 polynomial time
computable functions f and g (g is a boolean function of 2 variables)
such that for any x , f (x) = 〈q1, q2〉 and
x ∈ L1 ⇐⇒ g(L2(q1), L2(q2)) = 1.
For any ≤p

2-tt-complete set A for NEXP, we want to prove A is
≤p

2-tt-autoreducible.
Intuitively the idea is to define a set B consisting of elements of the
form 〈0i , x〉 such that:

B ∈ NEXP, so B≤p
2-ttA by ≤p

2-tt-reduction Mj for some j .

For any x , membership of x in A can be determined by
membership of y in A and truth-table of Mj on input 〈0j , x〉.
Here y is another query of Mj on input 〈0j , x〉
Diagonalization will be used to avoid ”unwanted” case.



Proof overview

The set B is defined as follows:
Given an input 〈0i , x〉, there exist 2 polynomial computable functions
fi and gi of Mi .

Compute fi (〈0i , x〉) = 〈q1, q2〉 and denote Q = {q1, q2}.
If x /∈ Q then: accept 〈0i , x〉 ⇐⇒ x ∈ A.



Proof overview

Otherwise, if x = q1, consider the following cases of boolean function
gi (α, β)

1 gi = 0 : Accept 〈0i , x〉.
2 gi = 1 : Reject 〈0i , x〉.
3 gi (1, β) = 0 and gi (0, β) = 1: Reject 〈0i , x〉.
4 gi (1, β) = 1 and gi (0, β) = 0: Reject 〈0i , x〉.
5 gi (1, β) = 0 and gi (0, β) is not constant: Accept 〈0i , x〉.
6 gi (1, β) = 1 and gi (0, β) is not constant: Reject 〈0i , x〉.
7 gi (0, β) = 0 and gi (1, β) is not constant: Accept 〈0i , x〉.
8 gi (0, β) = 1 and gi (1, β) is not constant: Reject 〈0i , x〉.
9 gi (1, β) = ¬β and gi (0, β) = ¬β: Accept 〈0i , x〉 ⇐⇒ x ∈ A.

10 For all other cases:
First nondeterministically compute the value A(x).
Consider the following cases of boolean function gi (A(x), β) with
one variable

gi (A(x), β) = ¬β: accept 〈0i , x〉 ⇐⇒ x /∈ A.
gi (A(x), β) = β: accept 〈0i , x〉 ⇐⇒ x ∈ A.



Proof overview

Claims:

B ∈ NEXP.

If gj belongs to the last case and fj(〈0j , x〉) = 〈x , y〉 then:
x ∈ A ⇐⇒ y ∈ A.



Proof overview

So the ≤p
2-tt autoreduction of A is as follows:

Given input x , compute fj(〈0j , x〉) = 〈q1, q2〉 and Q = {q1, q2}.
If x /∈ Q: accept iff MA

j accepts 〈0j , x〉.
Otherwise, if x = q1,
Consider the following cases of boolean function gj(α, β):

gj(1, β) = 0 and gj(0, β) = 1: Accept

gj(1, β) = 1 and gj(0, β) = 0: Reject

gj(1, β) = 0 and gj(0, β) is not constant: Reject

gj(1, β) = 1 and gj(0, β) is not constant: Reject

gj(0, β) = 0 and gj(1, β) is not constant: Accept.

gj(0, β) = 1 and gj(1, β) is not constant: Accept.

gj(1, β) = ¬β and gj(0, β) = ¬β: Accept iff q2 /∈ A.

For all other cases: Accept iff q2 ∈ A.



Interesting open problems

Problem 1: For k ≥ 3, are all ≤p
k-tt-complete sets for NEXP

≤p
k-tt-autoreducible?

Problem 2: Are all ≤p
tt-complete sets for NEXP

≤p
tt-autoreducible?

Problem 3: Are all Turing complete sets for NEXP
probabilistically Turing autoreducible?



Questions

Questions? Ideas? Many thanks!!
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