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Definition
A pseudo-jump operator is a function J : 2ω → 2ω with:

1. X ≤T J(X ) for all X ; and

2. There is some Turing functional Ψ with J(X ) = dom ΨX .

A pseudo-jump operator is increasing if for all X , J(X ) >T X .



Examples:

I The jump operator is a pseudo-jump operator.

I Nearly any construction of a c.e. set gives a pseudo-jump
operator:

J(X ) = the result of the construction relativized to X .

If the construction produces a non-computable set, then the
resulting operator will be increasing.



Theorem (Jockush and Shore)

For any pseudo-jump operator J, there is a non-computable c.e.
set A with J(A) ≡T ∅′.
The proof is as uniform as could be desired.



Pseudo-jump inversion provides a mirror in the c.e. degrees,
reflecting lowness classes into highness classes, and vice versa.

I Fix a lowness class (or a highness class). Take the
construction of a non-computable c.e. element of that class.

I Let J be the corresponding pseudo-jump operator.

I Let A be c.e. such that J(A) ≡T ∅′.
I Then relative to A, ∅′ has the lowness property. So A has

some highness property.

For example, if J is the pseudo-jump operator corresponding to the
standard construction of a low c.e. set, and J(A) ≡T ∅′, then A is
high.



Another pseudo-jump inversion result:

Theorem (Nies; Kučera)

For any pseudo-jump operator J and any Π0
1-class P of positive

measure, there is an A ∈ P with J(A) ≡T ∅′.

Coles, Downey, Jockusch and LaForte asked if the original
pseudo-jump inversion could be paired with cone avoidance.

Question (Coles, Downey, Jockusch and LaForte)

For an increasing pseudo-jump operator J and a non-computable
c.e. set E , is there always a c.e. set A with:

1. J(A) ≡T ∅′; and
2. E 6≤T A?



We can restate this in the negative as:

Question
Is there an increasing pseudo-jump operator J, a class C containing
all the inverses of J, and a c.e. set E such that E is Turing below
every c.e. element of C?



Why might such things exist?

Definition
C� = {A | A is c.e. and (∀X ∈ C ∩MLR)[A ≤T X ]}.

Theorem (Nies)

(super-high)� = SJT.

So the Nies-Kučera version of pseudo-jump inversion is not
compatible with cone-avoidance:

I Let J be the operator corresponding to the construction of a
super-low set. (The inverses of J are all super-high.)

I Let P be a Π0
1 class of positive measure containing only

randoms.

I Let E be SJT.



Motivated by diamond-classes:

Definition
C♠ = {A | A is c.e. and (∀X ∈ C)[X c.e.⇒ A ≤T X ]}.

C� and C♠ are always ideals (conflating sets with degrees).

So we want a class C with C♠ a non-trivial ideal.

We should be focusing on highness classes.



Theorem (Ng)

There is a minimal pair c.e. super-high degrees.

Corollary

(high)♠ = (super-high)♠ = 0.



How about pseudo-jump inverting the K -trivial sets? The inverse
class is known as LR-hard:

Definition
A set X is LR-hard if MLRX ⊆ MLR∅

′
.

Theorem (Kjos-Hanssen, Miller, Solomon)

The LR-hard sets are precisely the almost everywhere dominating
sets.

Theorem (Nies)

There is an incomplete c.e. set which computes all K-trivial sets.

So we would like a reflection of this theorem. Unfortunately, this
remains open. In fact, the following is open.

Question
Is there a minimal pair of c.e. LR-hard sets?



Definition
A trace for a partial function f : ω → ω is a sequence 〈Tz〉z∈ω of
finite sets with f (z) ∈ Tz for all z ∈ dom(f ).
A trace 〈Tz〉z∈ω is c.e. if the Tz are uniformly c.e. sets.

Definition
An order is a total, nondecreasing, unbounded function h with
h(0) > 0.
If h is an order, 〈Tz〉z∈ω is an h-trace if |Tz | ≤ h(z) for all z .

Definition
For an order h, a set A is called h-jump-traceable (h-JT) if every
partial A-computable function has a c.e. h-trace.
A set A is strongly jump-traceable (SJT) if it is h-JT for every
computable order h.



SJT:

I Proper sub-ideal of the K -trivials.

I (super-high)�.

I (super-low)�.

I (ω-c.a.)�.

I Obey all benign cost functions.

I Covering problem for Demuth randomness.

I Bases for partially relativized Demuth randomness
(DemuthBLR randomness).



Definition
A set A is h-JT-hard if ∅′ is h-JT relative to A.
That is, for every partial ∅′-computable function f , there is an
h-trace which is c.e. relative to A.

Definition
A set A is SJT-hard if it is h-JT-hard for every computable order h.

So SJT-hard sets can trace all partial ∅′-computable functions.

The partial ∅′-computable functions are precisely the partial
functions with Σ0

2 graphs.



We can use this to force changes in A. Suppose we are building a
Σ0
2 function f , and monitoring the trace

〈
TA
z

〉
z∈ω.

I We define f (2) = 5.

I 5 must eventually occur in TA
2 with some use.

I Later, we wish to force a change below this use. We re-define
f (2) = 6.

I 6 must eventually occur in TA
2 . So either A has changed

beneath the use of 5, or |TA
2 | has increased.

I The second case cannot occur too often, else |TA
2 | > h(2).



Theorem (Downey and Greenberg)

There is no minimal pair of c.e. SJT-hard sets.

The proof only uses
√

log n-JT-hard, instead of SJT-hard.

Theorem (Downey and Greenberg)

There is a non-computable set E ∈ (SJT-hard)♠.

Downey and Greenberg asked what (SJT-hard)♠ looks like? For
example, are all the elements K -trivial?



The proof of the minimal pair result can be improved to use a
weaker order:

Theorem (Diamondstone, Downey, Greenberg and Turetsky)

There is no minimal pair of c.e. (16 log n)-JT-hard sets.

This is interesting because of LR-hardness:

Theorem (Hölzl, Kräling and Merkle)

For every K trivial set A, there is a constant d such that A is
d log n-JT.

Relativizing, this becomes:

Corollary

For every LR-hard set A, there is a constant d such that A is
d log n-JT-hard.



The proofs of both results are compatible with finite injury without
changing the order:

Theorem (Diamondstone, Downey, Greenberg and Turetsky)

For any pair of c.e. (16 log n)-JT-hard sets, there is a non-K-trivial
(non-super-low, a.n.r., etc.) set Turing below both.

With a stronger order, they are also compatible with certain
amounts of infinite injury:

Theorem (Diamondstone, Downey, Greenberg and Turetsky)

(SJT-hard)♠ contains a super-high c.e. degree.



Theorem (Diamondstone, Downey, Greenberg and Turetsky)

There is no least c.e. SJT-hard.

Corollary

(SJT-hard)♠ contains no SJT-hard sets.

Question
Is (SJT-hard)♠ principal?

Question
Does (SJT-hard)♠ contain an h-JT-hard for every computable h?

Question
Are there any other non-trivial spade-classes?


