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Ubiquitous eddies (at -100m) in the oceans caused by baroclinic  
instability in the mid- and high latitude regions         Sakuma et al. (‘02) 

 

 

 

 

 



Stability condition for a stratified fluid 

Static state 

Brunt Väisälä frequency 

Incompressible limit 

Shear flow 

A necessary condition for 2D linear stability 

Richardson number 



Nonlinear stability for a 3D stratified flow 
Abarbanel, Holm, Marsden & Ratiu: PRL 52 (1984) 2352  

A sufficient condition for formal stability 

2nd variation of energy  

Example 
weakly 3D 

Estimation by  

Fourier representation 

are NOT INDEPENDENT from each other 



3D formal stability for a general 

(rotating) flow (of an ideal gas) 
Sakuma & Fukumoto (2012) 

Variation of energy to 2nd order 

are independent from each other 

Ertel’s potential vorticity 

Casimir invariants 



3D non-homentropic Euler flow 

Euler equations for a non-homentropic flow 

Baroclinic effect 

specific enthalpy 

Ertel’s potential vorticity 

Casimir invariants 



A unified View of Topological Invariants 
from Noether’s Theorem 

cf. Barotropic case: Y. Fukumoto: Topologica 1 (2008) 003 

Part 1 

How far is the Casimir invariant from the helicity? 

A. Yahalom: J. Math. Phys. 36 (1995) 1324 

Particle relabeling symmetry 



Topological invariants of an ideal barotropic fluid 



Emmy Amalie Noether 1882-1935 



2D Casimir invariant is a cross helicity 

cross helicity 



Lagrangian label function 

Hamilton’s principle for Euler-Poincaré equation  
for a non-homentropic flow 

D. D. Holm 



Variation of action in a general form 



Euler-Poincarė equations 



Hamilton’s principle in material coordinates 

Rewrite the variation in terms of the Lagrangian variables X 

Euler-Poicare equations in terms of the material coorfinates  

for arbitrary variation        subject to B.C. and I.C. 



Particle relabeling symmetry 

Generator for particle relabeling 

Under particle relabeling, the action is unchanged  

By Euler-Poincaré equations, 

Noether’s charge 

Time-independent change of particle labels 



Noether’s theorem for particle relabeling symmetry 

Noether’s charge 

Example 

Casimir invariant 



A generalized helicity: 
Another topological invariant 

Baroclinic helicity 

Euler-Poincarė equations 



Formal stability analysis of  

three-dimensional ideal gas flows 

H. Sakuma & Y. Fukumoto (2012) in preparation 

Part 2 



Equations for a non-homentropic ideal gas 

in a rotating frame 

Ertel’s potential vorticity 

Casimir invariants 

Morrison & Greene: PRL 45 (1980) 790  



A steady state 

First variation 

a steady state 

Assumption 



Second variation of the energy  

Obstacle 

A key step  



A criterion for formal stability 

positive definite 

Example: a flow with zonal symmetry 

In the low Mach number limit 



Summary 

are independent from each other 

Part 1.  A unified view of topological invariants from 
              Noether’s theorem 

Casimir invariant 

Baroclinic helicity 

Part 2. Formal stability of 3D ideal gas flows 







Cross Helicity 

Euler-Poincaré eqs. 


