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Plan of Lecture 

ÅPolygonal grids: Icosahedron Cut cells 

ÅHigh and low order grids and basis function-systems 
Serendipity Sparse grids 

ÅUniform high order Methods on high order grids: Galerkin, 
L-Galerkin, Spectral elements, Baumgardner Grid (order 2), 
serendipity-grids/function systems 

ÅL-Galerkin with Serendipity grid  

ÅSome Results    



Serendipity 
Hexagonal Sparse 

Grids: o2 

 
 
O2: full grid        Main points  
O2 points 
 
 
 
 
 
 
 
 
 
 
 

3-d, o2: 
2*3+3 : (7+2+2)*3= 
 
9 : 36  
 
  
 



Projected Saving by sparse grids order 3: 3-d 
computer time in units of classical o4-FD 

 

ÅPhysics hexagonal: 2/27 or 2/81 

ÅDynamics hexagonal: 12/81 

 

ÅIncludingTime-step simplification: 

ÅSimplified time-stepping for dynamics for hexagonal:  

Å2*4+10/ 81*4=18/314 



Cut Cells, Triangulation,high order 
points, phantom points, diagnostic 

points  
 

 

 

 

 

 

 



Polynomial order 
ÅThe representation order is the degree of 

interpolating polynomials 

ÅConsistency or convergence order may be 
higher due to super-convergence 

ÅIf the grid lines up on great circles divergence 
can be computed by  a combination of 1-d 
operators 



Definition of flux based conservation 
schemes 
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Finite difference flux based conservation 

For dual cells: 
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Simple example in 1-d 
(Only for regular grids) 
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For Serendipity L-Galerkin methods 
point fluxes are between D-nodes  

Nodes for a cell  

Linear C-node   Linear D-
nodes 

Higher order nodes are always c-nodes (continuous) 



Spaces and Point Fluxes 
ÅS: Continuous, polynomial in cells 

ÅD: Discontinuous, polynomial in cells 

ÅFunctions in D-space are defined by more 
than one Amplitude at each node 

ÅIn Triangular/hexagonal grid main nodes 
have 6 amplitudes, high order points (on 
sides of triangles) have 

ÅPoint fluxes for the L-Galerkin operator G  
are between D-node Amplitudes and 
defined such that the field is in S      



The Galerkin/L-Galerkin Zoo 

ÅOperators used: Galerkin G;          ; Regularization  

R (                          ); Collocation K 

ÅSimple 3rd order L-Galerkin: 

 

Standard Galerkin:  

Å2-projecton schemes:                                

Å2 step schemes allow conserving schemes for non-
conserving form of equs.  
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Simple O3 

ÅFor simple O3 with regularisation operator an 
existing 3rd order finite difference scheme can be 
enhanced by high order grid points such that the 
resulting scheme is conserving and third order    



ÅB 

Numerical properties of different 
Serendipity Schemes 



5 day forecasts of vertical velocities to  
26 Jan 1989 



Temperatures at level 20 



RMS of temperature (right) and winds (left) 
against radiosondes 

cut cells 
 





Third Order Convergence of Shallow Water 
Model at Day 3 




