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•Water distribution

– salt water ≈ 97.5%

– fresh water ≈ 2.5%

• Fresh water distribution

– ice sheets ≈ 70%

Antarctica ≈ 64% Greenland ≈ 7%

– groundwater ≈ 30%

– surface water ≈ 2%

rivers ≈ 0.005% fresh water lakes ≈ 0.02%

– atmosphere ≈ 0.03% (about 10 times biological water)

• Sea level rise if the two major ice sheets melt

– Greenland: 7 meters (23 feet)

– Antarctica: 61 meters (200 feet)



• The 4th Report of the Intergovernmental Panel on Climate Change1 (IPCC
2007) declared that, at that time, the mathematical and computational
models for ice sheets did not provide credible predictions for sea level rise

ice-sheet science was not good enough

• Lots2 more activity in ice-sheet research since then

1This is the group that shared the 2007 Nobel Peace Prize with Al Gore
2Lots on an absolute scale, relatively little compared to atmosphere and ocean research activity



THE BASICS OF ICE-SHEET Mathematical MODELING



• Ice-sheet geometry

z vertical direction

z = b(x, y) bedrock surface

h(x, y, t) ice elevation

H(x, y, t) = h− b ≥ 0 ice thickness

h−H bottom of ice sheet

if b = h−H ⇒ bottom is ice-bedrock interface z = b

if b < h−H ⇒ bottom is ice-ocean interface h−H



• Ice sheets are modeled as very slowly moving incompressible flow of a viscous
fluid

⇒ think glaciers for slowness

⇒ think incompressible Navier-Stokes equations as the flow model

• Assumption: ice-sheet flows are quasi-static relative to temperature evolution

⇒ neglect inertial term ∂u/∂t + u · ∇u

⇒ but, the velocity and pressure depend on time because

the momentum equation is coupled to the time-dependent

energy equation

•We are left with the steady Stokes equations3 for the dynamics of ice sheets

3Given what I’d done before, I thought this was a good problem to work on – little did I know . . .



• But, highly nonlinear rheology

⇒ the viscosity depends very nonlinearly on the velocity

⇒ the viscosity also depends on the temperature

• The momentum equation is coupled to

⇒ an evolution equation for the temperature

⇒ an evolution equation for the height of the ice sheet

- because the ice thickness changes in time, the

domain Ωt occupied by the ice changes in time

• The Stokes model is the gold standard for ice-sheet modeling

– however, in the past, it was not used in climate system models



• Instead, simplified models were and are used

– simplifications are effected by taking advantage of the fact that the

thickness of an ice sheet is small compared to its horizontal extent

=⇒ we have a small parameter δ = vertical dimension
horizontal dimension

– there is a hierarchy (actually, more like a tree) of ice-sheet models

– compared to airline frequent flier programs, ice sheets allow for more
membership levels

level model name terms kept comments
gold Stokes all

silver model first-order model O(δ) 3D in horizontal velocity

bronze model L1L2 model O(δ) depth integrated, 2D

iron model shallow-shelf model O(1) depth integrated, 2D

iron model shallow-ice model O(1) closed form for horizontal velocity



THE STOKES ICE SHEET MODEL

• Momentum equation for the velocity u and pressure p −∇ · τ +∇p = ρg~k in Ωt × (0, tmax]

∇ · u = 0 in Ωt × (0, tmax]

with the constitutive model (ρ, g, Q, R, n, and A0 are given constants)

τ = 2η ε ⇐ stress-rate of strain relation

ε = 1
2

(
∇u +∇uT

)
⇐ rate of strain tensor

η =
1

2
A−

1
nε

1−n
n
e ⇐ nonlinear viscosity (n = 3 is the usual choice)

ε2e = 1
2ε : ε

A = A(T ) = A0e
− Q
RT ⇐ A depends on the temperature T



• Energy equation for the temperature T

ρc
∂T

∂t
+ ρcu · ∇T = ∇ · (k∇T ) + 2η ε : ε in Ωt × (0, tmax]

where c and k are given constants

• Thickness evolution for the thickness H

∂H

∂t
+ u

∂H

∂t
+ v

∂H

∂t
− w = S(x, y, t) on Γt × (0, tmax]

where

{u, v, w} denote the components of the velocity u

S(x, y, t) is a given accumulation-ablation function

(accounts for, e.g., accumulation due to snowfall)

Γt is the horizontal extent of the ice



• Initial conditions

Ω0 = given initial domain ⇐⇒ initial condition for H

T (x, 0) = T0(x)

given Ω0 and T0,
the initial velocity u0(x) is determined from the Stokes equations

– T0 often obtained as follows:

- construct a temperature field by vertically interpolating between a given

surface temperature and some guessed at constant temperature at the

bedrock

- run the simulation code with fixed inputs until it reaches steady state

- use that steady state temperature as the initial temperature T0(x)

– there is increasing interest in determing T0 using data assimilation ap-
proaches based on sparse spatial (but perhaps dense temporal) observa-
tions of surface temperatures and perhaps interior temperatures determined
from bore hole sampling



• Boundary conditions for the velocity and pressure

– at the atmosphere-ice boundary, given the atmospheric pressure patm,

σ · n = −pn + τ · n = −patmn ⇐ continuity of the stress

- often patm is set to zero or at best a constant

– at the ocean-ice boundary, given

- the constant density of the ocean water ρoce
- the depth below sea level of the ocean-ice boundary d(x, y),

σ · n = −pn + τ · n = −ρocegdn ⇐ continuity of the stress

Note:

σ = −pI + τ = −pI + 2ηε

denotes the stress tensor (I = identity tensor)



– at the bedrock-ice boundary

un = 0 ⇐ no penetration

tt =

 −βφ(|ut|)ut if |tt| > τc ⇐ ice “slides” over bedrock

0 if |tt| < τc ⇐ no slip

β > 0 is a constant or β = β(x, y)

- the boundary condition along the ice-bedrock boundary is referred to as

the basal boundary condition

- notation
t = σ · n ⇐ stress vector
tn = t · n ⇐ normal stress vector

tt = t− tn = n× t× n ⇐ tangential stress vector
un = u · n ⇐ normal velocity

ut = u− un = n× u× n ⇐ tangential velocity



- choices for φ(·)

(i) simple Robin-type BC; simplest, but no justification φ(θ) = 1

(ii) Coulomb friction φ(θ) =
1

θ

(iii) power law φ(θ) = θα α ∈ (−1, s− 2]

(iv) modified Coulomb friction φ(θ) = ψ(θ)
1

θ
ψ has certain properties

- choices for τc

(a) a prescribed function of x and y

(b) a function of the normal stress σn
e.g., τc = ν|σn| for some constant ν



• Boundary conditions for the temperature

– at the atmosphere boundary

T = Ta = a constant often Ta is set to the mean annual surface temperature

or maybe

−k∇T · n = ?????

– at the ocean boundary

T = ocean temperature

or maybe

−k∇T · n = ?????

– at the bedrock boundary

−k∇T · n = geothermal heat source + sliding friction heat source

or

T = some wild guess



• Condition on the height

Stop(x, y, t) = 0 at ice-ocean-air triple points ⇐ Stop = 0 at sea level

• Existence and uniqueness of solutions in appropriate function spaces have
been proved for the Stokes ice-sheet model for all choices for φ and τc in the
basal boundary condition



THE BLATTER-PATTYN FIRST-ORDER ICE-SHEET MODEL

• The scaling analysis is tantamount to assuming that

– horizontal derivatives of the vertical velocity component w are negligible

∂w

∂x
≈ 0

∂w

∂y
≈ 0

– the vertical momentum balance at a point is “independent” of x and y

∂σxz
∂x
≈ 0

∂σyz
∂y
≈ 0

∂σzz
∂z

=
∂τzz
∂z
− ∂p

∂z
≈ ρg

• These simplifying relations can be deduced based on purely physical argu-
ments, e.g., the surface slope is small, so surface slope squared and any
associated terms must be very small



• Simplified equations for the balance of momentum
u, v, w ⇐ velocity components (w = vertical component)

τxx, τxy, τxz, . . . ⇐ entries of the viscous stress tensor

p ⇐ pressure

h ⇐ height (input from the height evolution equation)

– the horizontal momentum balance equations uncouple from the continuity
equation and the vertical momentum balance equation

=⇒ u and v can be determined independently of w and p from the

simplified horizontal momentum balance equations

∂

∂x
(2τxx + τyy) +

∂τxy
∂y

+
∂τxz
∂z

= ρg
∂h

∂x

∂

∂y
(2τyy + τxx) +

∂τyx
∂x

+
∂τyz
∂z

= ρg
∂h

∂y



with a simplified constitutive relation τ = 2ηε = A−
1
nε

1−n
n
e ε with

ε2e =

(
∂u

∂x

)2

+

(
∂v

∂y

)2

+

(
∂u

∂x
+
∂v

∂y

)2

+
1

2

(
∂u

∂y
+
∂v

∂x

)2

+
1

2

(
∂u

∂z

)2

+
1

2

(
∂v

∂z

)2

which depends only on u and v

– once u and v have been found, w can be determined by vertical integrating
the continuity equation

∂w

∂z
= −∂u

∂x
− ∂v

∂y

– once w has been found, the pressure p can be determined by vertical
integrating the simplified vertical momentum equation

∂p

∂z
=
∂τzz
∂z
− ρg



• The horizontal momentum equation is still coupled to the energy equation
and the height evolution equation

• The energy equation and boundary conditions also simplify in the first-order
model

– for the boundary conditions, one also assumes that
n1, n2, n1w, n2w are all ≈ 0 and n3 ≈ 1

• Although it is still a 3D model, with respect to computations,

the first-order model has significant advantages over the Stokes model

– for the costly part of the computation (the horizontal momentum equa-
tion), the number of unknowns is reduced from 4 to 2

– the continuity equation uncouples so that one does not have to worry about
numerical stability issues arising from injudicious discretization schemes

– in fact, the horizontal momentum equations are a (nonlinear) symmetric,
positive definite system of two second-order partial differential equations

– standard finite element discretization techniques can be used



THE SHALLOW-SHELF MODEL

• In addition to the assumptions that led to the first-order model, if one assumes

p(x, y, z) = p(z) = ρg(h− z) ⇐ hydrostatic balance

εxz, εyz ≈ 0

one is led to the shallow-shelf horizontal momentum equations

∂

∂x
(2τxx + τyy) +

∂τxy
∂y

= ρg
∂h

∂x
∂

∂y
(2τyy + τxx) +

∂τyx
∂x

= ρg
∂h

∂y

with

ε2e =

(
∂u

∂x

)2

+

(
∂v

∂y

)2

+

(
∂u

∂x
+
∂v

∂y

)2

+
1

2

(
∂u

∂y
+
∂v

∂x

)2



• For a basal boundary condition of the form

tn = f (ut)

tangential stress = function of the tangential velocity

the shallow-shelf equations may be vertically integrated to obtain

∂

∂x

(
H(2τxx + τyy)

)
+
∂

∂y

(
Hτxy

)
− f (ut) = ρg

∂h

∂x
∂

∂y

(
H(2τyy + τxx)

)
+

∂

∂x

(
Hτyx

)
− f (ut) = ρg

∂h

∂y

where H(x, y, t) denotes the thickness of the ice

• The big advantage this model has over the Stokes and first-order models is
that it is a 2D model for u(x, y) and v(x, y)

– as is the case for the first-order model, the shallow-shelf model is a (non-
linear), symmetric, positive definite system



THE SHALLOW-ICE MODEL

• In addition to the assumptions that led to the first-order model, if one assumes

p(x, y, z) = p(z) = ρg(h− z) ⇐ hydrostatic balance

εxx, εyy, εxy, εyx ≈ 0 ⇐ compare with shallow-shelf model

one is led to the shallow-ice horizontal momentum equations

∂τzx
∂z

= ρg
∂h

∂x
and

∂τzy
∂z

= ρg
∂h

∂y

with

ε2e =
1

2

(
∂u

∂z

)2

+
1

2

(
∂v

∂z

)2

• These equations may be vertically integrated exactly to obtain formulas for u
and v in terms of h, ∂h/∂x, and ∂h/∂y,

– this is great for computations because there is nothing to compute,

at least to obtain u and v



THE L1L2 MODEL

• Seen enough models? The L1L2 model is somewhat difficult to describe, so
we won’t, except to say a few words about it

– it is a 2D simplification of the first-order model which nominally has the
same order of accuracy (with respect to the expansion parameter δ)

– through a vertical integration of the first-order model equations, a system
of differential equations for the horizontal components of the velocity along
the ice-bedrock boundary are derived

– once those equations are solved, the velocity components in the interior
are determined at any point (x, y) by vertical integration



STOKES

⇓

FIRST ORDER

⇓

LIL2 SHALLOW SHELF SHALLOW ICE

Stokes terms kept: all O(δ) O(1)

model accuracy relative to Stokes: exact O(δ2) O(δ)



COMPUTATIONAL METHODOLOGY



• Grids

– triangular variable resolution centroidal Voronoi-based Delauney tessella-
tion (CVDT) grids for 2D problems

– prismatic tetrahedral layered grids for 3D problems

- start with a 2D variable resolution CVDT grid

- in the vertical direction, stack layers of prisms with triangular faces

at the top and bottom

- divide each prism into tetrahedra



– refinement is done with two refinement goals

- accurately resolve boundaries

- refine in regions of interest

for the second goal, we currently use proxies such as the ice-sheet

thickness to guide the passive refinement

but we are also currently working on goal-oriented, adjoint-based

active grid refinement



A 2D CVDT grid of Greenland and a zoom-in



A 3D layered prismatic CVDT grid of Greenland and a zoom-in; the vertical
direction is greatly expanded



A 3D layered prismatic CVDT grid of Greenland with 26 layers and 33,343
nodes per layer; colors display the local ice thickness; the vertical direction is
stretched by a factor of 15

=⇒ the global aspect ratio of Greenland (and Antarctica) is indeed small



• Discretization

– Finite difference methods on uniform grids are the commonly used dis-
cretization approach for ice-sheet dynamics modeling (among other things,
this results, in staircase boundary approximations)

- finite volume based approaches (including a few having variable grid

resolution) have been recently implemented

- we (and several others) use finite element methods along with

variable resolution grids

– For Stokes modeling we use the P2–P1 (Taylor-Hood) finite element pair
based on the CVDT triangular and prismatic tetrahedral meshes

- we have found that in certain locations (e.g., near where the basal

boundary condition switches from no slip to slip and along the

bedrock boundary in general), lack of mass conservation becomes

and issue



- so we enrich the Taylor-Hood pressure space with the P0 pressure

space to achieve excellent element-wise mass conservation

- because a lot of degrees of freedom (1 per simplex) are added, we

will be applying enrichment only in the small regions where the

standard Taylor-Hood element pair results in “large” |∇ · u|

Distribution of |∇ · u| for a glacier benchmark test; left: standard Taylor-
Hood element pair has max(|∇·u|) = 1.861; right: modified Taylor-Hood
element pair has max(|∇ · u|) = 7.185 × 10−6. Note the smallness of
the regions for which |∇ · u| is large, even for the standard element pair.
However, it is very important to get those regions “right” because they
correspond to important (i.e., influential) phenomena.



– For the first-order and L1L2 models, we use P2 elements

- because these models involve systems of second-order elliptic PDEs,

there are no issues related to numerical stability due to an

injudicious choose of elements

- we have extensively compared the use of P1 and P2 elements, and

have found that it is worthwhile using the putatively higher-order

accurate choice

- on the other hand, we have found that using even higher-“accuracy”

elements does not pay off, probably because of the lack of sufficient

regularity in the solution (this holds for the Stokes case as well)

– The energy equation is often simplified so that the temperature can be
determined by simply solving an ODE at each horizontal grid point

- we have developed a P2 finite element solver for the full 3D energy

equation



• Nonlinear solvers

– Picard iterations have been the method of choice for ice-sheet modeling

– recently, we (and others) have implemented Newton’s method

- this is relatively low-hanging fruit for speeding up simulations

- however, the implementation of Newton’s method is not entirely

straightforward

– whereas Picard is fairly robust (albeit slow), Newton’s method is substan-
tially more sensitive (partly because of the “singular” viscosity)

- we start with a few iterations of Picard before switching to Newton

(helps get into the attraction ball of the latter method)



Residual vs. number of iterations for first-order and L1L2 model simulations



 1e-14

 1e-12

 1e-10

 1e-08

 1e-06

 0.0001

 0.01

 1

 100

 0  5  10  15  20  25  30  35

Exp.A picard
Exp.A newton

 1e-14

 1e-12

 1e-10

 1e-08

 1e-06

 0.0001

 0.01

 1

 100

 0  5  10  15  20  25  30  35

Exp.B picard
Exp.B newton

 1e-12

 1e-10

 1e-08

 1e-06

 0.0001

 0.01

 1

 100

 0  5  10  15  20  25  30  35

Exp.C picard
Exp.C newton

 1e-12

 1e-10

 1e-08

 1e-06

 0.0001

 0.01

 1

 100

 0  5  10  15  20  25  30  35

Exp.D picard
Exp.D newton

Newton vs. Picard for Stokes model simulations of 4 benchmark problems



• Linear solvers and parallelization

– grid partitioning is done on the 2D base grid

after all, the number of vertical grid points is the same everywhere

– use a METIS grid partitioning algorithm

– use solvers from the TRILINOS package, but with a Boomer MG (an
algebraic multi-grid) preconditioner

2D and 3D views of a partition of a sample tetrahedral grid into 32 subgrids



Load balanced partition of the Greenland CVDT mesh into 16 sub-meshes;
the right figure shows how sub-domains are expanded by one layer to form
the inner interfaces for communication between sub-domains



CPU time vs. number of processors for a first-order model simulation; clearly,
if we want to use thousands of processors (and that is what our funders want)
we have to something different; we’re working on it



VERIFICATION USING MANUFACTURED SOLUTIONS



•We have constructed a 3D exact solution of the Stokes ice-sheet model with
“ realistic” boundary conditions

– the basal boundary condition is the simplest Robin type

•We have used that manufactured solution on benchmark geometries to verify
the correctness of our codes

• Here’s a sample result

L2 Errors in the velocity and pressure for the Stokes model
Mesh DOF Velo. Error Conv. Rate Pres. Error Conv. Rate

20×20×5 56,184 2.67× 101 - 1.91× 101 -
40×40×10 424,364 4.00× 100 2.74 6.70× 100 1.51
80×80×20 3,296,724 3.16× 10−1 3.66 1.82× 10−1 1.88

160×160×40 25,985,444 6.30× 10−2 2.33 5.66× 10−2 1.68



WHAT’S LEFT TO DO?



• Lots! than have important effects

– there are major modeling issues to be resolved

– still room for improvement in the numerics

especially with regards to efficiency

– several opportunities for analyses and numerical analyses

• I’ll just touch on 3 pressing issues



• The basal boundary condition

– how the ice interacts with the bedrock is of paramount importance in
determining how fast the ice will move or not move and, ultimately, even
how fast it will or will not melt

– yet, lots is unknown about how to model that interaction

- what is the functional form of the boundary condition (φ, τc)?

- what are the values of parameters or parameter functions (β, α, ν)?

– can these questions be answered by solving inverse problems?

- what sort of data is available to guide the inverse design?

- is that data good enough to arrive at rational answers?

- are existing inverse design algorithms applicable to the ice-sheet

setting, or are new ones needed?



• The initial temperature

– although it seems that we know a lot about about what is happening on
Greenland and Antarctic

- lots of sensors + satellite data + bore hole data

the data is spatially sparse (less so in time, perhaps)

– but we need initial conditions everywhere on the computational grid

– the initial conditions should be inferred from the available field data

- are there enough good data to make rational inferences?

- are there good enough algorithms for making rational inferences?

- can the numerics inform what type of additional field data should

be gathered?



• Moulins and crevasses

– among the sub-grid features that can have a big effect



VERY SMALL SAMPLE OF COMPUTATIONAL RESULTS



•We have done extensive testing of all computational approaches for all models
in the model tree

– we have used benchmark problems given in the literature

– we have also used the realistic geometries of Greenland and Antarctica



• A benchmark glacier test

no-slip basal BC basal BC with slip allowed
Results using the first-order model



Surface velocity results from the first-order and Stokes models for the no-slip
basal boundary condition (left) and for the basal boundary condition with slip
allowed (right)



SI SS LIL1 FO

Comparison of surface velocities for 4 models for a 5km resolution simulation of
Greenland with basal slipping allowed



Comparison of surface velocities for the shallow-ice and first-order models for a
5km resolution simulation of Antarctica with no-slip at the basal boundary



•We are currently preparing a paper giving extensive comparisons of results
and computational costs using the different models

– all work is for stand-alone ice-sheet models

- i.e., ice sheet is uncoupled from other climate system components

- data that is supposed to come from other components is instead

prescribed

– thus our comparisons are not the last word towards informed model selec-
tion

- there is evidence that the performance of ice-sheet models differs

in coupled and uncoupled environments

– they are also not the last word because mathematical ice-sheet models are
still not wholly believable of justified

- what we hope our work has done is, through analysis and verification,

is to put the numerics on a sound foundation in settings for which

accurate input data are available



• Predictions?

Predicted sea-level rise due to Greenland melting


