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Nematic liquid crystals
A liquid with local orientational order.
Average local orientation is represented by director n.
Apolar molecules – director is a headless vector – line field.
Scalar order parameter:
Q-tensor description accounts for S:

n  –n
First order phase transition – Landau–de Gennes free energy:

Spatial variation – elastic free energy:

P. G. de Gennes & J. Prost,
The Physics of Liquid Crystals (1995)
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Topological defects

N. D. Mermin, Rev. Mod. Phys. 51, 591 (1979)
M. Kleman, Rep. Prog. Phys., 52, 555 (1989)

Director field can contain topologically stable defects – points and lines (loops).
Defects are places where the order changes discontinuously and is thus ill-defined.
The director field is a mapping from the medium to the real projective plane – the GSM.
Disclination lines

Point defects

 Encircle the defect line – observe the
rotation – winding number.

 Enclose the defect in a sphere – count the
mapping order – topological charge.

 Described by fundamental group 1(GSM).

 Described by homotopy group 2(GSM).

 In 3D: group

 Defects are enumerated by integers.
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– defect or nondefect.

 Closed loops also carry topological charge
of a point defect.

 Reversal of director changes the sign.

Nematic colloids
Elasticity mediated interactions between
microscopic water droplets

Frustration generated defect loops
-1
+1

P. Poulin et al., Science 275, 1770 (1997)
H. Stark, Phys. Rep. 351, 387 (2001)

What do we know?
 Line defects are always closed loops with a constant crosssection (-1/2 disclinations).

–1/2

 Nematic braids: experiments and simulations show linking
and knotting.
 Rewiring is possible with use of optical tweezers or even
spontaneously.
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Is the topological classification of such a system different?

Mechanism of colloidal entanglement
Local I-N temperature quench with laser tweezers

Similar structures, except at two sites –
check which pairs of vertices are connected:

“figure of eight” ”figure of omega” “figure of theta”
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Rewiring sites are tetrahedrally shaped.

M. Ravnik et al., Phys. Rev. Lett. 99, 247801 (2007)

S. Čopar et al., Phys. Rev. Lett. 106, 177801 (2011)

Reconnection by tetrahedral rotations
Disjoint Saturn rings

Figure of eight

Disclination loop segments
encircled by tetrahedron

Figure of theta
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Figure of omega

Director field is everywhere normal to faces and hyperbolic at edges of tetrahedron.
Cut – rotate 120 degrees (3 options) – paste – rewires and preserves continuity.

Structure of disclination lines
Closed disclination loops are ribbons with a threefold internal structure.

Twist does not
change under
rewiring – rigid
rotations

Orbifold

Transverse director profile of
the ribbon has to be preserved
by continuity of the field.

An angle offset of
any integer multiple
of 2/3 is allowed

Decomposition into twist & writhe

Calugareanu theorem (1959): SL = Tw + Wr
S. Čopar, T. Porenta, S. Žumer, Phys. Rev. E 84, 051702 (2011)

Twist is zero –
confinement to a
sphere, strong
elastic penalty

Writhe is
quantized to thirdinteger values

Self-linking number and Conservation law

SL = Wr

Self-linking number counts embedded turns of the profile around the closed defect loop.
The quantization of the SL is directly related to Berry’s phase, which
corresponds to the angular shift that is acquired upon the parallel transport
of a surface normal traveling along a surface of the three-sided strip.
We use the tantrix representation: the loop is mapped to the unit sphere of
tangents. Fuller’s formula shows: tetrahedral rotation changes Wr by 2/3.

N, SL
More loops:

Tetrahedral rotation, which preserves curve orientation, changes
the number of loops n by 1, and SL by 2/3:

F. B. Fuller, Proc. Natl. Acad. Sci. USA 75, 3557 (1978),
K. Jänich, Appl. Math. 8, 65 (1987), S. Čopar et al., Phys. Rev. Lett. 106, 177801 (2011).

Complex topology observed in liquid crystals
I. Chuang, R. Durrer,
N. Turok, B. Yurke,
Science 251, 1336
(1991)

Only transient
structures, observed
during the phase
transition!

Predicted triple
ring structure

Defect coarsening
dynamics after a
temperature
quench – tangles

I. Chuang, N. Turok,
B. Yurke, Phys. Rev.
Lett. 66, 2472 (1991)

Möbius strip

Hopf link
Y. Bouligand, J. Phys. (France) 35, 215 (1974)
Y. Bouligand, J. Phys. (France) 35, 959 (1974)

Y. Bouligand, B. Derrida, V. Poenaru, Y. Pomeau,
G. Toulouse, J. Phys. (France) 39, 863 (1978)

Entanglement stabilized by confinement-induced twist

Selfassembled
structures

Up or down?
Crossing in a
tloris projection!

90°twist

U. Tkalec, M. Ravnik, S. Čopar, S. Žumer, I. Muševič, Science 333, 62 (2011)

Obtaining torus knots and links
Reidemeister moves:

Classification after:
C. C. Adams: The Knot Book,
Am. Math. Soc. (2004)
R. G. Sharein’s package for representing knots – Knotplot

Real-time experiments by using optical tweezers

Unknot

Trefoil knot

Figure-8 knot

Whitehead link

Reconfigurability by rewiring of the tangles

Trivial
tangle
Tetrahedron

Tetrahedral rotation

Tetrahedral rotation

Classification scheme
Topological constraints are satisfied by the self-linking number SL.
Conservation law plots knots into (SL, n) diagram, which shows alternating linked and
unlinked structures:

Every rewiring is allowed  every knot is possible on a large enough colloidal array.
B. G. Chen, S. Čopar, R. Sazdanović, R. D. Kamien, Manuscript in preparation

The Jones polynomial and knot identification
Kauffman (unoriented) tangles:

 Writhe calculation: numerical integration

 Lk: counting crossings or numerical integration
 Knot classification?
Orient links  obtain integer writhe  drop orientation,
summation formula for Kauffman bracket  recover
Jones polynomial  table lookup  hope it is right

Targeted design of desired knot or link
Step 1

Step 2

Step 3

Step 4
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