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f : C→ C is analytic
f n is the nth iterate of f
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The Julia set J(f ) is the boundary of the escaping set.
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The Fatou set F (f ) = C \ J(f ).
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1 < d ≤ 2, there exists f
with
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The structure of the escaping set
Eremenko’s conjectures

Eremenko conjectured (1989) that, if f is transcendental entire,
then
1. All components of I(f ) are unbounded
2. I(f ) consists of curves to∞.

Theorem (Rottenfusser, Rückert, Rempe and Schleicher)

I(f ) consists of curves to∞ if

f is a finite composition of functions of finite order in class B.

RRRS shows that there is a function in class B for which
all path-connected components of I(f ) are points;
all components of I(f ) are unbounded.
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The fast escaping set

Let r > 0 and M(r) = max|z|=r |f (z)|.

Definition (Bergweiler and Hinkkanen, 1999)

The fast escaping set is A(f ) =
⋃

L∈N f−L(AR(f )) where:

AR(f ) = {z ∈ C : |f n(z)| ≥ Mn(R) ∀ n ∈ N},

where R > 0 is such that Mn(R)→∞ as n→∞.

Theorem (follows from Eremenko, 1989)

J(f ) = ∂A(f )

Theorem (Rippon and Stallard, 2005)

All components of A(f ) are unbounded and hence I(f ) has at
least one unbounded component.
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A new structure for the escaping set
Rippon and Stallard

Theorem

If f has a multiply connected Fatou component

then A(f ) and
I(f ) are connected and are spiders’ webs.

Definition

E is a spider’s web if
E is connected;
there is a sequence of bounded simply connected domains
Gn with

∂Gn ⊂ E , Gn+1 ⊃ Gn,
⋃
n∈N

Gn = C.
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Picture of a spider’s web

f (z) = 0.5(cos z1/4 + cosh z1/4)



Properties of spiders’ webs
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If AR(f ) is a spider’s web then

I(f ) is a spider’s web and
so is connected;

each point in A(f ) is the
limit of a sequence of
points, each in a distinct
component of A(f )c ;
there are no unbounded
Fatou components.
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Surprising link with Baker’s conjecture

Baker’s conjecture
If f has order less than 1/2 then f has no unbounded Fatou
components.

Partial results were proved by
using lemmas that imply that AR(f )
is a spider’s web (and hence no
unbounded Fatou components and
I(f ) is connected).

Funded by EPSRC (0.5FT, 2009 - 2012, 2013 - 2015) to
investigate the link between Baker’s conjecture and Eremenko’s
conjecture.
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