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Classical (conventional) variational principle

The least-action-principle is a foundational concept of physics, and expresses the idea
that Nature tends the follow the path of least work.

I goes back to geometric principles in ancient Greece (Claudius Ptolemy) and in
optics (Euclid, Hero of Alexandria);

I was first formulated by Pierre-Louis Moreau de Maupertuis and Leonhard Euler
(around 1744) – Leibniz (around 1705?);

I is incorporated in the unifying formalisms of Lagrange and Hamilton;

I has an analogue in quantum mechanics through the Feynman path integral;

I is central to modern physics in the formulations of quantum field theory.
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Ambitions

”. . . those boring integrable systems”
Anonymous referee of a NWO grant proposal

in the Netherlands in the early 1990s

This talk endeavours to show how the study of integrable systems might inform new
ways of thinking about fundamental aspects of physics.



The original problem

Multidimensional consistency: We know that many ”integrable” equations, discrete
and continuous possess the property of multidimenional consistency.

I continuous: commuting flows, higher symmetries & master symmetries,
hierarchies;

I discrete: consistency-around-the-cube, Bäcklund transforms, higher continuous
symmetries, commuting discrete flows

In all these cases we can think of the dependent variable a (possibly vector-valued)
function of many (discrete and continuous) variables

u = u(n,m, h, . . . ; x , t1, t2, . . . )

on which we can impose many equations simultaneously, and it is the compatibility of
those equations that makes the integrability manifest.

Key question: How to capture the property of multidimensional consistency within a
Lagrange formalism?

The main problem is that the variational principle, through the EL equations, only
produces one equation per component of the dependent variables, but not an entire
system of compatible equations on one and the same dependent variable!
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symmetries, commuting discrete flows

In all these cases we can think of the dependent variable a (possibly vector-valued)
function of many (discrete and continuous) variables

u = u(n,m, h, . . . ; x , t1, t2, . . . )

on which we can impose many equations simultaneously, and it is the compatibility of
those equations that makes the integrability manifest.

Key question: How to capture the property of multidimensional consistency within a
Lagrange formalism?

The main problem is that the variational principle, through the EL equations, only
produces one equation per component of the dependent variables, but not an entire
system of compatible equations on one and the same dependent variable!



The original problem

Multidimensional consistency: We know that many ”integrable” equations, discrete
and continuous possess the property of multidimenional consistency.

I continuous: commuting flows, higher symmetries & master symmetries,
hierarchies;

I discrete: consistency-around-the-cube, Bäcklund transforms, higher continuous
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symmetries, commuting discrete flows

In all these cases we can think of the dependent variable a (possibly vector-valued)
function of many (discrete and continuous) variables

u = u(n,m, h, . . . ; x , t1, t2, . . . )

on which we can impose many equations simultaneously, and it is the compatibility of
those equations that makes the integrability manifest.

Key question: How to capture the property of multidimensional consistency within a
Lagrange formalism?

The main problem is that the variational principle, through the EL equations, only
produces one equation per component of the dependent variables, but not an entire
system of compatible equations on one and the same dependent variable!



The original problem

Multidimensional consistency: We know that many ”integrable” equations, discrete
and continuous possess the property of multidimenional consistency.

I continuous: commuting flows, higher symmetries & master symmetries,
hierarchies;

I discrete: consistency-around-the-cube, Bäcklund transforms, higher continuous
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This question was answered in a series of recent papers
• S. Lobb & FWN: Lagrangian multiforms and multidimensional consistency, J. Phys.
A:Math Theor. 42 (2009) 454013
• S. Lobb, FWN & R. Quispel, Lagrangian multiform structure for the lattice KP
system, J. Phys. A:Math Theor. 42 (2009) 472002
• S. Lobb & FWN, Lagrangian multiform structure for the lattice Gel’fand-Dikii
hierarchy, J. Phys. A:Math. Theor. 43 (2010) 072003
• J. Atkinson, S.B. Lobb and F.W. Nijhoff, An integrable multicomponent quad
equation and its Lagrangian formalism, Theor. Math. Phys 173 (2012) # 3 pp.
1644-1653
• A. Bobenko and Yu. Suris, On the Lagrangian Structure of Integrable
Quad-Equations, Lett. Math. Phys. 92 (2010) 17–31
• P. Xenitidis, FWN & S. Lobb, On the Lagrangian formulation of multidimensionally
consistent systems, Proc. Roy. Soc. A467 # 2135 (2011) 3295-3317
• S. Yoo-Kong, S. Lobb and F.W. Nijhoff, Discrete-time Calogero-Moser system and
Lagrangian 1-form structure, J. Phys. A: 44 (2011) 365203
• S. Yoo-Kong and F.W. Nijhoff, Discrete-time Ruijsenaars-Schneider system and
Lagrangian 1-form structure, arXiv:1112.4576 (Dec. 2011)
• Yu. Suris, Variational formulation of commuting Hamiltonian flows: multi-time
Lagrangian 1-forms, arXiv: 1212.3314 (Dec. 2012)
• R. Boll, M. Petrera and Yu. Suris, Multi-time Lagrangian 1-forms for families of
Bäcklund transformations. Toda-type systems, arXiv:1302.7144 (Feb. 2013)
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The answer

Answer: The Lagrangians become (multi-)forms, i.e. extended objects, subject to a
special property: the closure relation.
I.o.w. the Lagrangians become differential (or difference) forms that are closed subject
to the equations of the motion.

I These are forms in a multidimensional space of independent variables, where the
action functional, defined as the integral of such forms over geometric objects
(curves, surfaces, etc), depends on those geometries;

I The closedness of the form under the equations of motion, is crucial to allow the
geometrical object to be deformed (fixing boundaries), and in order for the
variational equations to be compatible with the deformation;

I Explicit examples were considered for 2-forms and 3-forms, and 1-forms (the
easiest scenario to study variational formalisms involving Lagrangian forms).

I For the 1-form case (case of ODEs and commuting flows) we established the
system of EL equations on arbitrary curves in the space of independent variables
(work with S. Yoo-Kong and S. Lobb, 2011).

I Recently, for the 1-form case the connection with the Hamiltonian structure of
(Liouville-integrable) finite-dimensional systems was established (Suris, Dec.
2012; Boll et al., Feb. 2013).

I More recent: the constitutive set of EL equations for the 2D lattice was
established (presented in my talk at the Sophus Lie Center, June 5:
http://staff.www.ltu.se/ norbert/JNMP-Conference-2013/JNMP-conference-
2013.html; Boll et al., new arXiv preprint last
week).
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If anything, this should be about physics ....

”Mathematics is a part of physics. Physics is an experimental science, a part of
natural science. Mathematics is the part of physics where experiments are cheap.”
V.I. Arnol’d, On teaching mathematics. (Extended version of the address at the
discussion on teaching of mathematics in Palais de Découverte in Paris on 7 March
1997.)

”In the middle of the twentieth century it was attempted to divide physics and
mathematics. The consequences turned out to be catastrophic. Whole generations of
mathematicians grew up without knowing half of their science and, of course, in total
ignorance of any other sciences. They first began teaching their ugly scholastic
pseudo-mathematics to their students, then to schoolchildren (forgetting Hardy’s
warning that ugly mathematics has no permanent place under the Sun)”.
(ibid.).

”A considerable part of the super-abstract activity comes down simply to
industrialising shameless grabbing of discoveries from discoverers and then
systematically assigning them to epigons- generalizers. Similarly to the fact that
America does not carry Columbus’s name, mathematical results are almost never
called by the names of their discoverers.”
(ibid.).
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Multidimensional consistency on the lattice

quadrilateral P∆Es on the 2D lattice:

Q(u,T1u,T2u,T1T2u; p1, p2) = 0

notation of shifts on the elementary
quadrilateral on a rectangular lattice:

u := u(n1, n2), T1u = u(n1 + 1, n2)
T2u := u(n1, n2 + 1), T1T2u = u(n1 + 1, n2 + 1)
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Verifying consistency: Values at the black disks are initial values, values at open
circles are uniquely determined from them, but there are three different ways to
compute T1T2T3u.
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Closure relation and Lagrangian multiform structure

♦ MDC implies that on one and the same dependent variable
u = u(n1, n2, n3, . . . , p1, p2, p3, . . . ) one can simultaneously impose a multitude of
compatible P∆Es, Qi,j = 0 in any pair of independent variables ni , nj ;
♦ The aim: To give a complete Lagrangian description of multidimensional consistent
(MDC) integrable systems;
♦ Problem: Conventional least-action principle yields only one single equation (per
component of the dependent variable u) as EL equation, giving the ”dynamical”
equation of the system;
♦ Thus, we need a new variational approach enabling the derivation of the multitude
of equations of the MDC system;
♦ Answer: The Lagrangians will become extended objects, i.e. components of a
Lagrangian multiform.
The existence and consistency of this approach resides on the following fundamental
observation (Lobb & Nijhoff, 2009):

Proposition: MDC systems of lattice equations, possess Lagrangians which obey the
following closure relation:

∆1L (u,T2u,T3u; p2, p3) + ∆2L (u,T3u,T1u; p3, p1) + ∆3L (u,T1u,T2u; p1, p2) = 0

on the solutions of the equations.
Here ∆i = Ti − id denotes the difference operator, i.e.. on functions f of
u = u(n1, n2, n3) we have: ∆i f (u) = f (Ti u)− f (u).
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Universal Lagrangian
For quadrilateral affine-linear equations for scalar dependent variable u = u(n)

Qpi ,pj (u, ui , uj , uij ) = 0 , ui := Ti u , uij := Ti Tj u ,

where the function possesses the symmetries of the square:

Qpi ,pj (u, ui , uj , uij ) = Qpi ,pj (ui , u, uij , uj ) = Qpi ,pj (uj , uij , u, ui ) = −Qpj ,pi (u, uj , ui , uij )

Let us introduce the biquadratic functions:

Quj Quij − Q Quj uij =: Kpi ,pj hpi (u, ui )

Qui Quij − Q Qui uij =: Kpj ,pi hpj (u, uj )

QuQuij − Q Quuij =: −Kpi ,pj hpij (ui , uj )

where Kp,q = −Kq,p is a function of the lattice parameters p, q only. We now
introduce1 the ”interpolating Lagrangian” L = L (u,Ti u,Tj u; u0,Ti u

0,Tj u
0) :

L (u, ui , uj ) =

∫ u

u0

∫ ui

u0
i

dx dy

hpi (x , y)
−
∫ u

u0

∫ uj

u0
j

dx dy

hpj (x , y)
−
∫ ui

u0
i

∫ uj

u0
j

dx dy

hpij (x , y)

+

∫ ui

u0
i

dx

∫ Y (u0,x,u0
ij )

u0
j

dy

hpij (x , y)
+

∫ uj

u0
j

dy

∫ X (u0,y,u0
ij )

u0
i

dx

hpij (x , y)

where the functions X and Y are solutions of the equations

Qpi ,pj (u0, x ,Y , u0
ij ) = 0 respectively Qpi ,pj (u0,X , y , u0

ij ) = 0 .

1P. Xenitidis, F.W. Nijhoff and S. Lobb, On the Lagrangian formulation of multidimensionally consistent
systems, (Xenitidis, Nijhoff & Lobb, Proc. Roy. Soc.,2011).
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Q4 Equation

This equation, due to V.Adler (1998) reads:

Qpi ,pj = pi (u ui + uj uij )− pj (u uj + ui uij ) (3.1)

−pij (u uij + ui uj ) + pi pj pij (1 + u ui uj uij ) (3.2)

where pi =
√

k sn(αi ; k) , pj =
√

k sn(αj ; k) , pij =
√

k sn(αij ; k) with αij = αi −αj .
For the biquadratics we have

hp(x , y) = p(1 + x2y2)−
1

p
(x2 + y2) + 2

P

p
xy , Kpi ,pj = −pi pj pij

where p = (p,P) are points on the elliptic curve given by
P2 = p4 − (k + 1/k)p2 + 1 and k the modulus of the Jacobi elliptic function.
The double integral in the Lagrangian can be evaluated as:∫ x1

x0

∫ y1

y0

dx dy

hp(x , y)
= −2

∫ η1

η0

dη log

(
sn(ξ1)− sn(η + α)

sn(ξ1)− sn(η − α)

sn(ξ0)− sn(η − α)

sn(ξ0)− sn(η + α)

)
,

with xi =
√

k sn(ξi ; k) , yi =
√

k sn(ηi ; k) and p =
√

k sn(α; k) . the latter is an
elliptic variant of the dilogarithm function.

Remark: The derivation of the universal formula (based on solving a system of PDEs
for the Lagrangian) demonstrates that the well-chosen ”admissable” Lagrangians are
more or less uniquely determined! Furthermore, they obey the closure relation.



Q4 Equation

This equation, due to V.Adler (1998) reads:

Qpi ,pj = pi (u ui + uj uij )− pj (u uj + ui uij ) (3.1)

−pij (u uij + ui uj ) + pi pj pij (1 + u ui uj uij ) (3.2)

where pi =
√

k sn(αi ; k) , pj =
√

k sn(αj ; k) , pij =
√

k sn(αij ; k) with αij = αi −αj .
For the biquadratics we have

hp(x , y) = p(1 + x2y2)−
1

p
(x2 + y2) + 2

P

p
xy , Kpi ,pj = −pi pj pij

where p = (p,P) are points on the elliptic curve given by
P2 = p4 − (k + 1/k)p2 + 1 and k the modulus of the Jacobi elliptic function.
The double integral in the Lagrangian can be evaluated as:∫ x1

x0

∫ y1

y0

dx dy

hp(x , y)
= −2

∫ η1

η0

dη log

(
sn(ξ1)− sn(η + α)

sn(ξ1)− sn(η − α)

sn(ξ0)− sn(η − α)

sn(ξ0)− sn(η + α)

)
,

with xi =
√

k sn(ξi ; k) , yi =
√

k sn(ηi ; k) and p =
√

k sn(α; k) . the latter is an
elliptic variant of the dilogarithm function.

Remark: The derivation of the universal formula (based on solving a system of PDEs
for the Lagrangian) demonstrates that the well-chosen ”admissable” Lagrangians are
more or less uniquely determined! Furthermore, they obey the closure relation.



Q4 Equation

This equation, due to V.Adler (1998) reads:

Qpi ,pj = pi (u ui + uj uij )− pj (u uj + ui uij ) (3.1)

−pij (u uij + ui uj ) + pi pj pij (1 + u ui uj uij ) (3.2)

where pi =
√

k sn(αi ; k) , pj =
√

k sn(αj ; k) , pij =
√

k sn(αij ; k) with αij = αi −αj .
For the biquadratics we have

hp(x , y) = p(1 + x2y2)−
1

p
(x2 + y2) + 2

P

p
xy , Kpi ,pj = −pi pj pij

where p = (p,P) are points on the elliptic curve given by
P2 = p4 − (k + 1/k)p2 + 1 and k the modulus of the Jacobi elliptic function.
The double integral in the Lagrangian can be evaluated as:∫ x1

x0

∫ y1

y0

dx dy

hp(x , y)
= −2

∫ η1

η0

dη log

(
sn(ξ1)− sn(η + α)

sn(ξ1)− sn(η − α)

sn(ξ0)− sn(η − α)

sn(ξ0)− sn(η + α)

)
,

with xi =
√

k sn(ξi ; k) , yi =
√

k sn(ηi ; k) and p =
√

k sn(α; k) . the latter is an
elliptic variant of the dilogarithm function.

Remark: The derivation of the universal formula (based on solving a system of PDEs
for the Lagrangian) demonstrates that the well-chosen ”admissable” Lagrangians are
more or less uniquely determined! Furthermore, they obey the closure relation.



Q4 Equation

This equation, due to V.Adler (1998) reads:

Qpi ,pj = pi (u ui + uj uij )− pj (u uj + ui uij ) (3.1)

−pij (u uij + ui uj ) + pi pj pij (1 + u ui uj uij ) (3.2)

where pi =
√

k sn(αi ; k) , pj =
√

k sn(αj ; k) , pij =
√

k sn(αij ; k) with αij = αi −αj .
For the biquadratics we have

hp(x , y) = p(1 + x2y2)−
1

p
(x2 + y2) + 2

P

p
xy , Kpi ,pj = −pi pj pij

where p = (p,P) are points on the elliptic curve given by
P2 = p4 − (k + 1/k)p2 + 1 and k the modulus of the Jacobi elliptic function.
The double integral in the Lagrangian can be evaluated as:∫ x1

x0

∫ y1

y0

dx dy

hp(x , y)
= −2

∫ η1

η0

dη log

(
sn(ξ1)− sn(η + α)

sn(ξ1)− sn(η − α)

sn(ξ0)− sn(η − α)

sn(ξ0)− sn(η + α)

)
,

with xi =
√

k sn(ξi ; k) , yi =
√

k sn(ηi ; k) and p =
√

k sn(α; k) . the latter is an
elliptic variant of the dilogarithm function.

Remark: The derivation of the universal formula (based on solving a system of PDEs
for the Lagrangian) demonstrates that the well-chosen ”admissable” Lagrangians are
more or less uniquely determined! Furthermore, they obey the closure relation.



Q4 Equation

This equation, due to V.Adler (1998) reads:

Qpi ,pj = pi (u ui + uj uij )− pj (u uj + ui uij ) (3.1)

−pij (u uij + ui uj ) + pi pj pij (1 + u ui uj uij ) (3.2)

where pi =
√

k sn(αi ; k) , pj =
√

k sn(αj ; k) , pij =
√

k sn(αij ; k) with αij = αi −αj .
For the biquadratics we have

hp(x , y) = p(1 + x2y2)−
1

p
(x2 + y2) + 2

P

p
xy , Kpi ,pj = −pi pj pij

where p = (p,P) are points on the elliptic curve given by
P2 = p4 − (k + 1/k)p2 + 1 and k the modulus of the Jacobi elliptic function.
The double integral in the Lagrangian can be evaluated as:∫ x1

x0

∫ y1

y0

dx dy

hp(x , y)
= −2

∫ η1

η0

dη log

(
sn(ξ1)− sn(η + α)

sn(ξ1)− sn(η − α)

sn(ξ0)− sn(η − α)

sn(ξ0)− sn(η + α)

)
,

with xi =
√

k sn(ξi ; k) , yi =
√

k sn(ηi ; k) and p =
√

k sn(α; k) . the latter is an
elliptic variant of the dilogarithm function.

Remark: The derivation of the universal formula (based on solving a system of PDEs
for the Lagrangian) demonstrates that the well-chosen ”admissable” Lagrangians are
more or less uniquely determined! Furthermore, they obey the closure relation.



Q4 Equation

This equation, due to V.Adler (1998) reads:

Qpi ,pj = pi (u ui + uj uij )− pj (u uj + ui uij ) (3.1)

−pij (u uij + ui uj ) + pi pj pij (1 + u ui uj uij ) (3.2)

where pi =
√

k sn(αi ; k) , pj =
√

k sn(αj ; k) , pij =
√

k sn(αij ; k) with αij = αi −αj .
For the biquadratics we have

hp(x , y) = p(1 + x2y2)−
1

p
(x2 + y2) + 2

P

p
xy , Kpi ,pj = −pi pj pij

where p = (p,P) are points on the elliptic curve given by
P2 = p4 − (k + 1/k)p2 + 1 and k the modulus of the Jacobi elliptic function.
The double integral in the Lagrangian can be evaluated as:∫ x1

x0

∫ y1

y0

dx dy

hp(x , y)
= −2

∫ η1

η0

dη log

(
sn(ξ1)− sn(η + α)

sn(ξ1)− sn(η − α)

sn(ξ0)− sn(η − α)

sn(ξ0)− sn(η + α)

)
,

with xi =
√

k sn(ξi ; k) , yi =
√

k sn(ηi ; k) and p =
√

k sn(α; k) . the latter is an
elliptic variant of the dilogarithm function.

Remark: The derivation of the universal formula (based on solving a system of PDEs
for the Lagrangian) demonstrates that the well-chosen ”admissable” Lagrangians are
more or less uniquely determined! Furthermore, they obey the closure relation.



Q4 Equation

This equation, due to V.Adler (1998) reads:

Qpi ,pj = pi (u ui + uj uij )− pj (u uj + ui uij ) (3.1)

−pij (u uij + ui uj ) + pi pj pij (1 + u ui uj uij ) (3.2)

where pi =
√

k sn(αi ; k) , pj =
√

k sn(αj ; k) , pij =
√

k sn(αij ; k) with αij = αi −αj .
For the biquadratics we have

hp(x , y) = p(1 + x2y2)−
1

p
(x2 + y2) + 2

P

p
xy , Kpi ,pj = −pi pj pij

where p = (p,P) are points on the elliptic curve given by
P2 = p4 − (k + 1/k)p2 + 1 and k the modulus of the Jacobi elliptic function.
The double integral in the Lagrangian can be evaluated as:∫ x1

x0

∫ y1

y0

dx dy

hp(x , y)
= −2

∫ η1

η0

dη log

(
sn(ξ1)− sn(η + α)

sn(ξ1)− sn(η − α)

sn(ξ0)− sn(η − α)

sn(ξ0)− sn(η + α)

)
,

with xi =
√

k sn(ξi ; k) , yi =
√

k sn(ηi ; k) and p =
√

k sn(α; k) . the latter is an
elliptic variant of the dilogarithm function.

Remark: The derivation of the universal formula (based on solving a system of PDEs
for the Lagrangian) demonstrates that the well-chosen ”admissable” Lagrangians are
more or less uniquely determined! Furthermore, they obey the closure relation.



Interplay Discrete ←→ Continuous

The lattice systems we consider here admit a role reversal:
lattice parameters p, q, . . . ↔ lattice variables n,m, . . .
For all quadrilateral P∆Es we have fully consistent system of equations comprising
three types of equations, all compatible discrete as well as continuous.

P∆E ↔ D∆E ↔ PDE

These D(∆)Es can be simultaneously imposed on the same dependent variables:

u = u(n1, n2, n3, . . . ; p1, p2, p3, . . . )

and possess the property of multidimensional consistency.
The consistency can be expressed as the condition that on solutions of these equations
the operators (Ti u)(. . . , ni , . . . ) = u(. . . , ni + 1, . . . ) , mutually commute in all lattice
directions and with the differential operators ∂pi , ∂pj , . . . , i.e. among these equations
hold on the solutions

Ti Tj u = Tj Ti u ,
∂

∂pi

(
∂u

∂pj

)
=

∂

∂pj

(
∂u

∂pi

)
, Ti

(
∂u

∂pj

)
=

∂

∂pj
Ti u .
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(
∂u

∂pj

)
=

∂

∂pj
Ti u .



Linear Case

P∆E Fully discrete Lagrangian:

Lij = w(Ti − Tj )w −
1

2

(
pi + pj

pi − pj

)(
(Ti − Tj )w

)2
,

Linear quadrilateral lattice equation:

(pi + pj )(Ti − Tj )w − (pi − pj )(id− Ti Tj )w = 0 .

The lattice Lagrangian Lij obeys the closure relation:

∆i Ljk + ∆j Lki + ∆kLij = 0

on solutions of the lattice equation.

D∆E Linear differential-difference equation:

2pi
∂

∂pi
w = ni (T−1

i − Ti )w ,

Semi-discrete Lagrangian:

Li = ni w
∂

∂pi
Ti w − pi

(
∂

∂pi
w

)2

.

Question: Is there a semi-discrete analogue of the closure relation? This is related to
Noether’s theorem.
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PDE Fully continuous equation;

∂pi ∂pj (p2
i − p2

j )∂pi ∂pj w = 4(nj∂pi − ni∂pj )
1

p2
i − p2

j

(nj p
2
i ∂pi − ni p

2
j ∂pj )w ,

has a Lagrangian:

Lis =
1

nj ni

{
1

2
(p2

i −p2
j )(∂pi ∂pj w)2+(n2

j (∂pi w)2−n2
i (∂pj w)2)+

p2
i + p2

j

p2
i − p2

j

(nj∂pi w−ni∂pj w)2

}

The continuous Lagrangian Lij obeys the closure relation:

∂pi Ljk + ∂pj Lki + ∂pk Lij = 0

on solutions of the continuous equation.
But, since the PDE is of higher order, this requires additional relations, e.g.,

nk (p2
i − p2

j )∂pi ∂pj w + ni (p2
j − p2

k )∂pj ∂pk w + nj (p2
k − p2

i )∂pi ∂pk w = 0
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Surface-dependent actions
The closure relation suggests the introduction of surface-dependent actions.

Discrete case:
action functional on a discrete surface σ:

S[u(n);σ] =
∑

σij (n)∈σ
Lij (n)

where Lij (n) has the interpretation of a discrete Lagrangian 2-form:
These are oriented expressions of the form:

Lij (n) = L (u(n), u(n + ei ), u(n + ej ); pi , pj )

defined on elementary plaquettes, in a
multidimensional lattice, characterized by the
ordered triplet σij (n) = (n, n + ei , n + ej )

n

ei

ej

σ a discrete surface in the multidimensional lattice consisting of (a connected
configuration of) elementary plaquettes σij (n)
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Continuous case:
The closure relation suggests that the Lij should be considered as components of a
Lagrangian 2-form, which is closed but only on the solutions of the equations of the
motion!

Thus, we can define an action functional

S[u(p);σ] =

∫
σ

∑
i,j

Lijdpi ∧ dpj

to be evaluated for any field configuration u (i.e. functions of the independent
variables p = (p1, p2, . . . ) ), associated with any (smooth) surface σ in the space of 3
(or more) independent variables.
The closure relation, due to Stokes’ theorem, expresses the fact that S is independent
of the surface σ (with given boundaries), but only on solutions of the equations of the
motion.

The elaboration of variations of a general surface-dependent functional w.r.t. the
surface itself has been considered in the literature before2 but in a context different
from considerations of integrability.

2I.M. Gel’fand and S.V. Fomin, Calculus of Variations, (Dover 1963).
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Lagrangians for a PDE system

The linear PDE, as a system can be written as:

∂pi ∂pj w =
2

p2
i − p2

j

(ni pj∂pj − nj pi∂pi )w +
2ni nj

p2
i − p2

j

zij

∂pi ∂pj zij = ∂pi

[
pj − pi

pj + pi
∂pj w +

2nj pi

p2
i − p2

j

zij

]
− ∂pj

[
pi − pj

pi + pj
∂pi w +

2ni pj

p2
i − p2

j

zij

]

In fact the form variable zij can be identified with: zij = (Ti − Tj )w .
The Lagrangian is given by

Lij =
2

p2
i − p2

j

zij (ni pj∂pj − nj pi∂pi )w − zij∂pi ∂pj w

+
ni nj

p2
i − p2

j

z2
ij +

pi − pj

pi + pj
(∂pi w)∂pj w .

The closure relation for this Lagrangian is satisfied provided the form field zij obeys
the constraint relations:

∂pk zij =
2pk (pj − pi )

(pi + pk )(pj + pk )
∂pk w +

2ni nk

p2
k − p2

i

zki −
2nj nk

p2
k − p2

j

zkj .

and
zij + zjk + zki = 0 , zij = −zji .
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Alternative PDE system

Instead of working with w and zij as canonical variables, there is another Lagrangian,
namely in terms of the shifted variables Ti =: wi and Tj w =: wj .

Lij =
pi + pj

pi − pj
(∂pi wj )(∂pj wi ) +

ni nj (pi + pj )

(pi − pj )3
(wi − wj )

2

+
2

(pi − pj )2

(
wj ni pj∂pj wi − wi nj pi∂pi wj

)
+

pi + pj

(pi − pj )3
(ni w

2
i + nj w

2
j )

The EL eqs lead to a coupled system of PDEs for wi and wj that can be derived from
the following system, eliminating w :

∂w

∂pi
= −

pi + pj

pi − pj

∂wj

∂pi
+

2ni pj

(pi − pj )2
(wi − wj ) ,

∂w

∂pi
=

pi + pj

pi − pj

∂wi

∂pj
−

2nj pi

(pi − pj )2
(wi − wj ) ,

∂2w

∂pi∂pj
=

2

(p2
i − p2

j

(
ni pj

∂w

∂pj
− nj pi

∂w

∂pi

)
−

2ni nj

p2
i − p2

j

(wi − wj ) .

The related autonomous system can be obtained also from a double continuum limit
from the fully discrete Lagrangian.



D∆E and PDE structure in the affine-multilinear case.
Recall the biquadratic hpi (u, ui ) defined by

Quj Quij − Q Quj uij =: Kpi ,pj hpi (u, ui )

where Q(u, ui , uj , uij ) = 0, and uj := Tj u, uij = Ti Tj u, is the affine multilinear lattice
equation.
Suppose the points on the curve are uniformized by parameters αi , i.e., pi = p(αi ),
and hpi (u, ui ) =: f (u, ui , αi ) such that the following relation holds:

∂αf (x , y , α) =
1

2

∣∣∣∣ f (x , y , α) ∂x f (x , y , α)
∂y f (x , y , α) ∂x∂y f (x , y , α)

∣∣∣∣ .
Then we have the following set of compatible D∆Es:

∂u

∂αi
= ni

(
f (u,Ti u, αi )

Ti u − T−1
i u

−
1

2

∂

∂Ti u
f (u,Ti u, αi )

)
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PDE system for affine multi-linear quad equations

The Lagrangian takes the form [Xenitidis,FN,Lobb,2011]:

Lij =
1

f (u, ui , αi )

∂u

∂αi

∂ui

∂αj
−

1

f (u, uj , αj )

∂u

∂αj

∂uj

∂αi
−

g(ui , uj ;αi , αj )

f (u, ui , αi ) f (u, uj , αj )

∂u

∂αi

∂u

∂αj

−ni nj∇i∇j g(ui , uj ;αi , αj ) + ni

(
1

f (u, uj , αj )
∇i g(uj , ui ;αj , αi ) + ∂u ln f (u, uj , αj )

)
∂u

∂αj
− nj

(
1

f (u, ui , αi )
∇j g(ui , uj ;αi , αj )

−nj

(
1

f (u, ui , αi )
∇j g(ui , uj ;αi , αj ) + ∂u ln f (u, uj , αj )

)
∂u

∂αi
.

Here ∇i = ∂/∂ui − (∂ui ln f (u, ui , αi )) and g(ui , uj ;αi , αj ) := hpij (ui , uj ) is the
diagonal biquadratic given by

QuQuij − Q Quuij =: −Kpi ,pj hpij (ui , uj )

and written in terms of the uniformizing variables αi , αj .
The independent variations w.r.t. u, ui and uj yield a coupled system of PDEs which
can be considered as the (hierarchy) generating PDE for the general affine multi-linear
system. It was shown in loc. cit. that as a multi-form system the Lagrangians Lij

obey the closure relation on solutions of the system of PDEs:

∂αi Ljk + ∂αj Lki + ∂αk Lij = 0 .
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Variational formalism for continuous Lagrangian 2-forms
Suppose we have a system with a dependent variable u depending on an arbitrary
number of independent variables pi , for i in some index set I . The action S is defined
on an arbitrary surface σ embedded in an arbitrary number of dimensions:

S[u(p);σ] =

∫
σ

∑
i,j∈I

Li,j dpi ∧ dpj .

Assuming that the surface σ can be (smoothly) parametrized by functions
p(s, t) = (pi (s, t))i∈I , the action can be written as

S =

∫∫
Ω

∑
i,j∈I

{
Li,j

∂(pi , pj )

∂(s, t)

}
dΩ,

where Ω is some open set in the space of s and t-variables.
Here the Lagrangian may typically take either one of the forms:

Li,j = L (u, ∂i u, ∂j u, ∂i∂j u; pi , pj ; ni , nj )

involving higher degree in the top derivative ∂i∂j u, or as a system:

Li,j = L (u, ∂i u, ∂j u, ∂i∂j u, vij ; pi , pj ; ni , nj )

of first degree in the top derivative. Here the variable vij is itself a 2-form. A final
version takes the form:

Li,j = L (ui , uj , ∂j ui , ∂i uj ; pi , pj ; ni , nj ) ,

where ui = Ti u, uj = Tj u. The latter can be obtained from a systematic double
continuum limit on the Lagrangian of the fully discrete model.
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2-form EL equations
Once again the variational equations are two-fold:
• Variations of the surface: σ → σ + δσ
• variations w.r.t. the fields: u → u + δu.
First, making a small variation p 7→ p + εφ, where ε is infinitesimal and φ vanishes on
the boundary ∂Ω of Ω and where the variations φk are arbitrary, we obtain the closure
relation:

∂Lj,k

∂pi
+
∂Lk,i

∂pj
+
∂Li,j

∂pk
= 0.

Second, infinitesimal variations of the dependent variable on an arbitrary, but fixed,
surface: u 7→ u + εη, the change in the action contains two types of contributions:
♦ contributions from derivatives along the surface (i.e. tangential contributions);
♦ contributions from derivatives transversal (or orthogonal) to the surface.
In the first type of contributions one can use integration by parts to obtain the
analogue of the EL equations; the second type gives rise to a system of additional
“constraints”.
The analysis simplifies considerably by considering only a special class of variations,
namely of the special form η(p) =

∑
i∈I ηi (pi ), hence leading to an incomplete, but

more transparant set of “weak” EL equations on the surface, leading to:∑
i,j∈I

{
∂Li,j

∂u
+

d

dpi

(
∂Lj,k

∂(∂u/∂pk )

)
+

d

dpj

(
∂Lk,i

∂(∂u/∂pk )

)}
∂(pi , pj )

∂(s, t)
= 0, ∀k ∈ I .

This set forms a necessary, but not sufficient, system of EL equations.
The main point: the Lagrangians should be seen as solutions of the system of linear
PDEs comprising the closure relation as well as the system of (strong) EL equations.
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Possible implications for physics
1. There are clear indications that integrable systems are in fact topological field

theories, or reductions thereof. In fact, integrable hierarchies of PDEs over loop
groups in 1+1 dimensions can be described by a Lagrangian formalism in terms
of the Wess-Zumino-Witten-Novikov (WZNW) action of the form3:

L = tr
(
∂`g · ∂`′g−1

)
+
`′ + `

`′ − `

∫ 1

0
dt tr

(
[∂`g · g−1, ∂`′g · g−1]

dg

dt
· g−1

)
.

(in terms of derivatives w.r.t. Miwa variables). Connections with Chern-Simons
theory over loop groups for 2+1-dimensional systems can also be demonstrated.

2. Unexpected physics is hidden in the generating PDEs which are compatible with
the lattice equations:the generating PDE for the lattice (pot) KdV is closely
related to the Ernst equation of General Relativity (describing gravitational
waves), whereas the gen. PDE for the lattice BSQ is related to the
Einstein-Maxwell-Weyl equations (grav. waves in the presence of Maxwell and
neutrino fields). [Tongas, Tsoubelis & Xenitidis, 2001; Tongas & FN, 2005]

3. In the jargon of (high-energy) physics ”a theory” equates a special choice of
Lagrangian, implying that in that jargon a Lagrangian multi-form theory should be
”a theory of theories”. Integrable systems would, in that picture, form a critical
point in the space of all theories. This is reminiscent of renormalization group
flows in critical phenomena, whereby we could view features like multidimensional
consistency (i.e., insensitivity of the system w.r.t. the number of dimensions) and
the coexistence of discrete/continuous flows (as interpolating flows of the
system) as parallel to the onset of long-range order at the critical point.

3F.W. Nijhoff, Integrable Hierarchies, Lagrangian Structures and Non-commuting Flows, Eds. M.J. Ablowitz, B.
Fuchssteiner and M. Kruskal, in: Topics in Soliton Theory and Exactly Solvable Nonlinear Equations, pp. 150–181,
Signapore, World Scientific Publ. Co. , 1987.
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dt tr

(
[∂`g · g−1, ∂`′g · g−1]

dg

dt
· g−1

)
.

(in terms of derivatives w.r.t. Miwa variables). Connections with Chern-Simons
theory over loop groups for 2+1-dimensional systems can also be demonstrated.

2. Unexpected physics is hidden in the generating PDEs which are compatible with
the lattice equations:the generating PDE for the lattice (pot) KdV is closely
related to the Ernst equation of General Relativity (describing gravitational
waves), whereas the gen. PDE for the lattice BSQ is related to the
Einstein-Maxwell-Weyl equations (grav. waves in the presence of Maxwell and
neutrino fields). [Tongas, Tsoubelis & Xenitidis, 2001; Tongas & FN, 2005]

3. In the jargon of (high-energy) physics ”a theory” equates a special choice of
Lagrangian, implying that in that jargon a Lagrangian multi-form theory should be
”a theory of theories”. Integrable systems would, in that picture, form a critical
point in the space of all theories. This is reminiscent of renormalization group
flows in critical phenomena, whereby we could view features like multidimensional
consistency (i.e., insensitivity of the system w.r.t. the number of dimensions) and
the coexistence of discrete/continuous flows (as interpolating flows of the
system) as parallel to the onset of long-range order at the critical point.

3F.W. Nijhoff, Integrable Hierarchies, Lagrangian Structures and Non-commuting Flows, Eds. M.J. Ablowitz, B.
Fuchssteiner and M. Kruskal, in: Topics in Soliton Theory and Exactly Solvable Nonlinear Equations, pp. 150–181,
Signapore, World Scientific Publ. Co. , 1987.
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Beyond Quantum Theory
Paul Dirac, in his seminal paper4, stated:
”The two formulations [namely that of Hamilton and of Lagrange] are, of course,
closely related but there are reasons for believing that the Lagrangian one is more
fundamental.”
Dirac’s paper contains already the key ideas underlying the path integral, later
introduced by Feynman.

First (tentative) proposal for a quantum multi-form Lagrange theory, by proposing the
following 1-form quantum propagator:

K(xb, tb, sb; xa, ta, sa) =

∫ t(sb)=tb

t(sa)=ta

[Dt(s)]

∫ x(tb)=xb

x(ta)=xa

[DΓx(t)] exp

(
i

~
S[x(t); Γ]

)
.

Here:

I [DΓx(t)] is some path integral measure along a curve Γ in the space of dependent
variables x(t);

I Γ is a curve in the space of independent variables, parametrised by the parameter
s ∈ [sa, sb], bounded by the points t(sa) = ta and t(sb) = tb;

I [Dt(s)] is some path integral measure in the space of independent variables;

I the action functional S is given by the Lagrangian 1-form action (Sikarin’s talk):

S[x(t); Γ] =

∫
Γ

L ·dt =

∫ sb

sa

ds
N∑

j=1

Lj (x(t(s)), xt1 (t(s)), . . . , xtN (t(s)); t(s)) ·
dtj

ds
.

4P.A.M. Dirac, The Lagrangian in Quantum Mechanics, Physikalische Zeitschrift der Sowjetunion, Bd. 3, Heft 1,
(1933)



Beyond Quantum Theory
Paul Dirac, in his seminal paper4, stated:
”The two formulations [namely that of Hamilton and of Lagrange] are, of course,
closely related but there are reasons for believing that the Lagrangian one is more
fundamental.”
Dirac’s paper contains already the key ideas underlying the path integral, later
introduced by Feynman.

First (tentative) proposal for a quantum multi-form Lagrange theory, by proposing the
following 1-form quantum propagator:

K(xb, tb, sb; xa, ta, sa) =

∫ t(sb)=tb

t(sa)=ta

[Dt(s)]

∫ x(tb)=xb

x(ta)=xa

[DΓx(t)] exp

(
i

~
S[x(t); Γ]

)
.

Here:

I [DΓx(t)] is some path integral measure along a curve Γ in the space of dependent
variables x(t);

I Γ is a curve in the space of independent variables, parametrised by the parameter
s ∈ [sa, sb], bounded by the points t(sa) = ta and t(sb) = tb;

I [Dt(s)] is some path integral measure in the space of independent variables;

I the action functional S is given by the Lagrangian 1-form action (Sikarin’s talk):

S[x(t); Γ] =

∫
Γ

L ·dt =

∫ sb

sa

ds
N∑

j=1

Lj (x(t(s)), xt1 (t(s)), . . . , xtN (t(s)); t(s)) ·
dtj

ds
.

4P.A.M. Dirac, The Lagrangian in Quantum Mechanics, Physikalische Zeitschrift der Sowjetunion, Bd. 3, Heft 1,
(1933)



Beyond Quantum Theory
Paul Dirac, in his seminal paper4, stated:
”The two formulations [namely that of Hamilton and of Lagrange] are, of course,
closely related but there are reasons for believing that the Lagrangian one is more
fundamental.”
Dirac’s paper contains already the key ideas underlying the path integral, later
introduced by Feynman.

First (tentative) proposal for a quantum multi-form Lagrange theory, by proposing the
following 1-form quantum propagator:

K(xb, tb, sb; xa, ta, sa) =

∫ t(sb)=tb

t(sa)=ta

[Dt(s)]

∫ x(tb)=xb

x(ta)=xa

[DΓx(t)] exp

(
i

~
S[x(t); Γ]

)
.

Here:

I [DΓx(t)] is some path integral measure along a curve Γ in the space of dependent
variables x(t);

I Γ is a curve in the space of independent variables, parametrised by the parameter
s ∈ [sa, sb], bounded by the points t(sa) = ta and t(sb) = tb;

I [Dt(s)] is some path integral measure in the space of independent variables;

I the action functional S is given by the Lagrangian 1-form action (Sikarin’s talk):

S[x(t); Γ] =

∫
Γ

L ·dt =

∫ sb

sa

ds
N∑

j=1

Lj (x(t(s)), xt1 (t(s)), . . . , xtN (t(s)); t(s)) ·
dtj

ds
.

4P.A.M. Dirac, The Lagrangian in Quantum Mechanics, Physikalische Zeitschrift der Sowjetunion, Bd. 3, Heft 1,
(1933)



Beyond Quantum Theory
Paul Dirac, in his seminal paper4, stated:
”The two formulations [namely that of Hamilton and of Lagrange] are, of course,
closely related but there are reasons for believing that the Lagrangian one is more
fundamental.”
Dirac’s paper contains already the key ideas underlying the path integral, later
introduced by Feynman.

First (tentative) proposal for a quantum multi-form Lagrange theory, by proposing the
following 1-form quantum propagator:

K(xb, tb, sb; xa, ta, sa) =

∫ t(sb)=tb

t(sa)=ta

[Dt(s)]

∫ x(tb)=xb

x(ta)=xa

[DΓx(t)] exp

(
i

~
S[x(t); Γ]

)
.

Here:

I [DΓx(t)] is some path integral measure along a curve Γ in the space of dependent
variables x(t);

I Γ is a curve in the space of independent variables, parametrised by the parameter
s ∈ [sa, sb], bounded by the points t(sa) = ta and t(sb) = tb;

I [Dt(s)] is some path integral measure in the space of independent variables;

I the action functional S is given by the Lagrangian 1-form action (Sikarin’s talk):

S[x(t); Γ] =

∫
Γ

L ·dt =

∫ sb

sa

ds
N∑

j=1

Lj (x(t(s)), xt1 (t(s)), . . . , xtN (t(s)); t(s)) ·
dtj

ds
.

4P.A.M. Dirac, The Lagrangian in Quantum Mechanics, Physikalische Zeitschrift der Sowjetunion, Bd. 3, Heft 1,
(1933)



Beyond Quantum Theory
Paul Dirac, in his seminal paper4, stated:
”The two formulations [namely that of Hamilton and of Lagrange] are, of course,
closely related but there are reasons for believing that the Lagrangian one is more
fundamental.”
Dirac’s paper contains already the key ideas underlying the path integral, later
introduced by Feynman.

First (tentative) proposal for a quantum multi-form Lagrange theory, by proposing the
following 1-form quantum propagator:

K(xb, tb, sb; xa, ta, sa) =

∫ t(sb)=tb

t(sa)=ta

[Dt(s)]

∫ x(tb)=xb

x(ta)=xa

[DΓx(t)] exp

(
i

~
S[x(t); Γ]

)
.

Here:

I [DΓx(t)] is some path integral measure along a curve Γ in the space of dependent
variables x(t);

I Γ is a curve in the space of independent variables, parametrised by the parameter
s ∈ [sa, sb], bounded by the points t(sa) = ta and t(sb) = tb;

I [Dt(s)] is some path integral measure in the space of independent variables;

I the action functional S is given by the Lagrangian 1-form action (Sikarin’s talk):

S[x(t); Γ] =

∫
Γ

L ·dt =

∫ sb

sa

ds
N∑

j=1

Lj (x(t(s)), xt1 (t(s)), . . . , xtN (t(s)); t(s)) ·
dtj

ds
.

4P.A.M. Dirac, The Lagrangian in Quantum Mechanics, Physikalische Zeitschrift der Sowjetunion, Bd. 3, Heft 1,
(1933)



Beyond Quantum Theory
Paul Dirac, in his seminal paper4, stated:
”The two formulations [namely that of Hamilton and of Lagrange] are, of course,
closely related but there are reasons for believing that the Lagrangian one is more
fundamental.”
Dirac’s paper contains already the key ideas underlying the path integral, later
introduced by Feynman.

First (tentative) proposal for a quantum multi-form Lagrange theory, by proposing the
following 1-form quantum propagator:

K(xb, tb, sb; xa, ta, sa) =

∫ t(sb)=tb

t(sa)=ta

[Dt(s)]

∫ x(tb)=xb

x(ta)=xa

[DΓx(t)] exp

(
i

~
S[x(t); Γ]

)
.

Here:

I [DΓx(t)] is some path integral measure along a curve Γ in the space of dependent
variables x(t);

I Γ is a curve in the space of independent variables, parametrised by the parameter
s ∈ [sa, sb], bounded by the points t(sa) = ta and t(sb) = tb;

I [Dt(s)] is some path integral measure in the space of independent variables;

I the action functional S is given by the Lagrangian 1-form action (Sikarin’s talk):

S[x(t); Γ] =

∫
Γ

L ·dt =

∫ sb

sa

ds
N∑

j=1

Lj (x(t(s)), xt1 (t(s)), . . . , xtN (t(s)); t(s)) ·
dtj

ds
.

4P.A.M. Dirac, The Lagrangian in Quantum Mechanics, Physikalische Zeitschrift der Sowjetunion, Bd. 3, Heft 1,
(1933)



Beyond Quantum Theory
Paul Dirac, in his seminal paper4, stated:
”The two formulations [namely that of Hamilton and of Lagrange] are, of course,
closely related but there are reasons for believing that the Lagrangian one is more
fundamental.”
Dirac’s paper contains already the key ideas underlying the path integral, later
introduced by Feynman.

First (tentative) proposal for a quantum multi-form Lagrange theory, by proposing the
following 1-form quantum propagator:

K(xb, tb, sb; xa, ta, sa) =

∫ t(sb)=tb

t(sa)=ta

[Dt(s)]

∫ x(tb)=xb

x(ta)=xa

[DΓx(t)] exp

(
i

~
S[x(t); Γ]

)
.

Here:

I [DΓx(t)] is some path integral measure along a curve Γ in the space of dependent
variables x(t);

I Γ is a curve in the space of independent variables, parametrised by the parameter
s ∈ [sa, sb], bounded by the points t(sa) = ta and t(sb) = tb;

I [Dt(s)] is some path integral measure in the space of independent variables;

I the action functional S is given by the Lagrangian 1-form action (Sikarin’s talk):

S[x(t); Γ] =

∫
Γ

L ·dt =

∫ sb

sa

ds
N∑

j=1

Lj (x(t(s)), xt1 (t(s)), . . . , xtN (t(s)); t(s)) ·
dtj

ds
.

4P.A.M. Dirac, The Lagrangian in Quantum Mechanics, Physikalische Zeitschrift der Sowjetunion, Bd. 3, Heft 1,
(1933)



Beyond Quantum Theory
Paul Dirac, in his seminal paper4, stated:
”The two formulations [namely that of Hamilton and of Lagrange] are, of course,
closely related but there are reasons for believing that the Lagrangian one is more
fundamental.”
Dirac’s paper contains already the key ideas underlying the path integral, later
introduced by Feynman.

First (tentative) proposal for a quantum multi-form Lagrange theory, by proposing the
following 1-form quantum propagator:

K(xb, tb, sb; xa, ta, sa) =

∫ t(sb)=tb

t(sa)=ta

[Dt(s)]

∫ x(tb)=xb

x(ta)=xa

[DΓx(t)] exp

(
i

~
S[x(t); Γ]

)
.

Here:

I [DΓx(t)] is some path integral measure along a curve Γ in the space of dependent
variables x(t);

I Γ is a curve in the space of independent variables, parametrised by the parameter
s ∈ [sa, sb], bounded by the points t(sa) = ta and t(sb) = tb;

I [Dt(s)] is some path integral measure in the space of independent variables;

I the action functional S is given by the Lagrangian 1-form action (Sikarin’s talk):

S[x(t); Γ] =

∫
Γ

L ·dt =

∫ sb

sa

ds
N∑

j=1

Lj (x(t(s)), xt1 (t(s)), . . . , xtN (t(s)); t(s)) ·
dtj

ds
.

4P.A.M. Dirac, The Lagrangian in Quantum Mechanics, Physikalische Zeitschrift der Sowjetunion, Bd. 3, Heft 1,
(1933)



Beyond Quantum Theory
Paul Dirac, in his seminal paper4, stated:
”The two formulations [namely that of Hamilton and of Lagrange] are, of course,
closely related but there are reasons for believing that the Lagrangian one is more
fundamental.”
Dirac’s paper contains already the key ideas underlying the path integral, later
introduced by Feynman.

First (tentative) proposal for a quantum multi-form Lagrange theory, by proposing the
following 1-form quantum propagator:

K(xb, tb, sb; xa, ta, sa) =

∫ t(sb)=tb

t(sa)=ta

[Dt(s)]

∫ x(tb)=xb

x(ta)=xa

[DΓx(t)] exp

(
i

~
S[x(t); Γ]

)
.

Here:

I [DΓx(t)] is some path integral measure along a curve Γ in the space of dependent
variables x(t);

I Γ is a curve in the space of independent variables, parametrised by the parameter
s ∈ [sa, sb], bounded by the points t(sa) = ta and t(sb) = tb;

I [Dt(s)] is some path integral measure in the space of independent variables;

I the action functional S is given by the Lagrangian 1-form action (Sikarin’s talk):

S[x(t); Γ] =

∫
Γ

L ·dt =

∫ sb

sa

ds
N∑

j=1

Lj (x(t(s)), xt1 (t(s)), . . . , xtN (t(s)); t(s)) ·
dtj

ds
.

4P.A.M. Dirac, The Lagrangian in Quantum Mechanics, Physikalische Zeitschrift der Sowjetunion, Bd. 3, Heft 1,
(1933)



Remarks:
• This extension of Feynman’s path integral for Lagrangian 1-forms generalizes (and
radicalizes) some modern points of view developed in the theory of quantum gravity
on background-independent quantum theories (cf., e.g., C. Rovelli, 2011)5

• The above extension of Feynman’s path integral suggests the possibility of having a
(perhaps infinite) regression of dependences, where in effect dependent and
independent variables (and forsooth parameters as well) all are more or less on the
same footing. This strikes a chord with the implications of the talk of James.
• The connection with recent work in statistical mechanics, in particular the
remarkable connection between Q4 and a master solution of the star-triangle relation6

is suggestive of an extension to 2D integrable quantum models. However, more seems
to be needed to connect this to a true model of quantum geometry.

5C. Rovelli, On the structure of background independent quantum theory: Hamilton function, transition
amplitudes, classical limit and continuous limit, arXiv:1108.0832.

6V V Bazhanov & S M Sergeev, A master solution of the quantum Yang-Baxter equation and classical discrete
integrable equations, arXiv 1006.0651.
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