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Outline

I After a brief history on the ”staircase method” I will describe
some of the results obtained in:

1 Initial value problems for lattice equations, Peter H. van der
Kamp, J. Phys. A: Math. Theor. 42 (2009) 404019

2 Higher analogues of the discrete-time Toda equation and the
quotient-difference algorithm, Paul E. Spicer, Frank W. Nijhoff,
Peter H. van der Kamp, Nonlinearity 24 (2011), 2229-2263

I Then I will state a conjecture about Initial Value Problems for
Z2 lattice equations, which I will illustrate with a system
recently found by Mikhailov and Grahovski.

I Finally, if time permits, I will discuss the results presented in
the preprint:

3 Initial value problems for quad equations, Peter H. van der
Kamp, arXiv:1210.1414 [nlin.SI]
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Initial value problems

For equations defined on a square, pKdV: (u− ̂̃u)(ũ− û) = α,
any staircase provides an initial value problem



Initial value problems

This is the staircase that was considered in [Papageorgiou, Nijhoff,

Capel, Integrable mappings and nonlinear integrable lattice equations (1990)],
where a method was developed to construct integrals for peri-
odic reductions of lattice equations defined on the square



Initial value problems
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That the method works well for more general staircases was
shown in [Quispel, Capel, Papageorgiou and Nijhoff, Integrable mappings de-

rived from soliton equations (1991)]
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In that paper a standard (s1, s2)-staircase was constructed
through a new discrete variable n = s1m − s2l , which guar-
antees a periodicity condition

un(l ,m) = un(l + s1,m + s2)
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For this (2,-1)-staircase we have n = l + 2m.
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Geometrically, the standard staircase is the straightest discrete
line.



Initial value problems
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The equation is used to calculate the points closest to the
staircase, and we get a 3-dimensional map, e.g. for pKdV:

(u1, u2, u3) 7→ (u2, u3, u1 −
α

u2 − u3
)



Initial value problems
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For the discrete time Toda equation: ũ̂û˜ + u2 = ûû we get a

4-dimensional map



[1] Initial value problems for lattice equations (2009)

I In [1] it was shown how to construct initial value problems for
scalar equations on arbitrary stencils.

I In finitely many directions we have Goursat problems. In all
other directions one can pose a Cauchy problem.

I For generic s = (s1, s2) the s-reduction of a lattice equation is
a system of gcd(s1, s2) O∆Es, equivalent to a d-dimensional
mapping, with

d = max
i

(∣∣∣∣Det

(
s

di

)∣∣∣∣) ,
where di is a distance between two squeezing lines with slopes
in region Ri .

I E.g. the dimension of the s-reduction of the discrete Toda
equation is given by 2 max(|s1 + s2|, |s1|).
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[1] Initial value problems for lattice equations (2009)

In [1] I also provided the Cauchy problems for the QD-algorithm

ûv̂ = uṽ , û + ̂̃v = ũ + ṽ .

The dimension of its s-reduction is also

2 max(|s1 + s2|, |s1|).



[2] Higher analogues of the discrete-time Toda equation
and the quotient-difference algorithm (2011)

From recurrences for (adjacent) two-variable elliptic orthogonal
polynomials we derived Lax pairs for a QQD-system and an
equation on an 11-point stencil



[2] Higher analogues of the discrete-time Toda equation
and the quotient-difference algorithm (2011)

The stencils for the QQD-system are

×

× × ×

For both the 11-point scalar equation, and the QQD-system we
performed s-reduction, with s2(2s1 + s2) 6= 0, yielding

4 max(|s1 + s2|, |s1|)

dimensional maps.



A conjecture

For any system of lattice equations on arbitrary
stencils there are finitely many directions where we
have a well-posed Goursat problem.

In all other directions we have well-posed Cauchy
problems.



A lattice system of Grahovski and Mikhailov

From the Bianchi commutativity of Darboux transformations of a
class of coupled nonlinear Schrödinger type equations:

q

q−1,0
+

q

q1,−1
− q−1,1

q
− q1,0

q
+ ψ−1,1ξ − ψξ1,−1 + µ− µ1 = 0,

ψ1,0 − ψ0,1 =
q1,0

q
ψ,

ξ − ξ1,−1 =
q10

q
ξ1,0.

defined on stencils

◦

◦

×

× , ◦ ◦

◦

,

× ×

× .

In arXiv:1303.1853, Grahovski and Mikhailov provided mixed
initial/boundary value problems to solve the system on (finite)
parallelograms.



Dimension and regions

Performing s-reduction, where s1s2(s1 + s2)(s1 + 2s2) 6= 0, the
system reduces to a d-dimensional map, with

d = 2 max(2|s1 + s2|, |2s1 + s2|, |s1 − s2|, 2|s2|).

We distinguish four different regions Ri , separated by lines Li :
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Initial value problems

Initial values may be obtained by squeezing one of the following
stencils using straight lines with direction s ∈ Ri .

◦

◦×

×

R1:

◦

◦ ×

×

R2:

◦

◦

×

×

R3: ◦ ◦× ×R4:



(3,-1)-reduction

Example: let us consider s = (3,−1) ∈ R2. We draw lines with
direction (3,−1) through the dots, circles and crosses of the
relevant graph for R2, as follows.

◦

◦ ×

×

Then we put dots at all lattice points between the solid line
through the dot and the dashed line through the dot, excluding the
dots that are on the dashed line, and similarly for the circles and
crosses.



(3,-1)-reduction

◦ ◦ ◦

◦ ◦ ◦

◦ ◦ ◦

× × ×

× × ×

× × ×

is an initial value problem for the system
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◦
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× ×
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(3,-2)-reduction

Similarly, for s = (3,−2) ∈ R3:
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(3,-2)-reduction

and we get
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× ×



Goursat problems

When s1s2(s1 + s2)(s1 + 2s2) = 0 there are no Cauchy problems.
But, in those directions we can formulate Goursat problems.



Goursat problems
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Goursat problems
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Goursat problems
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Goursat problems
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Invitation and promise

You are invited to send your favourite system of lattice equations to

peterhvanderkamp@gmail.com

I’ll produce all Goursat problems and the stencils which tell you
how to construct the Cauchy problems.



[3] Initial value problems for quad equations (2013?)

I [3] provides a method to construct well-posed initial value
problems on quad-graphs.

I Quad-graphs need not be simply connected.

I For non-integrable equations the graph should not contain
closed strips.

I For integrable equations the graph should not contain
self-intersecting strips.

I Not all quad-graphs admit well-posed initial value problems.

I However, for rhombic embeddable quad-graphs the method is
effective.
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A rhombic quad-graph



A quad-graph with a closed strip



A non-simple quad-graph

This graph has just one (self-intersecting) strip



A non-simply connected quad-graph



A non-proper quad graph



A theorem of Adler and Veselov

I Let P be a simple path in a finite simply connected planar
quad-graph Γ without self-intersecting strips. Consider the
Cauchy problem for an integrable equation with generic initial
data on the path P.
∗ If each strip in Γ intersects P exactly at one edge then the IVP

is well-posed, that is the solution exist and is unique.
∗ If some strip intersects P more than once then the IVP is

overdetermined (no solution exists for generic initial data).
∗ If some strip does not intersect P then the IVP is

underdetermined (if a solution exists, it is not unique).

I They remarked that the result is also true for a Cauchy
subgraph, that is, a connected subgraph C with the property
that each strip meets C exactly at one edge. Such a subgraph
does not always exists, which was illustrated by an example:
the deltoidal trihexagonal tiling.

I Two questions arose: how to describe the set of general
solutions on quad-graphs of such type, and whether an
example without closed strips exists.
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Repaired theorem in Adlers thesis

10 CHAPTER 3. QUAD-GRAPH EQUATIONS

3D-consistent equation is ill-posed.

Example 3.9. In contrast, the quad-graph of fig. 3.9 gives an example when the
Cauchy problem is correct in the case of integrable equation and not correct in
general. Here, we have three strips, and each one meet the path with initial data
u2, u3, u4, u5 in one edge. Four variables u1, u6, u7, u8 must satisfy five equations.
The value u8 can be computed in two ways: in one step intermediately from the
initial data u3, u4, u5 or in several steps after successive computation of u1, u6 and
u7. In general, these values will be different, that is the system is overdetermined.
However, both values coincide for a 3D-consistent equation, because our graph is
nothing but a planar projection of a cube.

Now let us prove the conjecture under the assumption of 3D-consistency.

Theorem 3.10. Let us consider the Cauchy problem for a 3D-consistent equation
(3.1) on a planar finite simply-connected quad-graph Γ with a non-special labelling
and generic initial data on a simple path P . Then:

1) if each strip in Γ meets P exactly in one edge, then an unique non-special
solution of the Cauchy problem exists;

2) if there is a strip which meets P more that once, then no non-special solution
exists;

3) if there is a strip which does not meet P , then if a non-special solution
exists, then it is not-unique.

Proof. 1) Existence. Let us construct an immersion of Γ into an N -dimensional
unit cube, where N is the length of P . To do this, we assign operators τn, n =
1, . . . , N to the edges of P . The action of τn on the N -dimensional vector x
is defined by the formula τn(x) = x + en (mod 2) where en denotes the n-th
base vector. Then, we assign these operators to all edges of Γ according to the
labelling rule, that is, an operator corresponds to the whole strip. This is made
uniquely, due to the condition 1). Then, we identify the first vertex i0 of the path
P = (i0, i1, . . . , iN ) with the origin (0, . . . , 0) and define the coordinates of the
images of the other vertices i ∈ V (Γ) by applying operators τ along any path Pi

Figure 3.9. This initial value problem is correct for a 3D-consistent equa-
tion and overdetermined in the general case



Counterexample to the original theorem



Example of a quad-graph that admits a well-posed initial
value problem but not on a Cauchy subgraph



Example of a quad-graph that admits a well-posed initial
value problem but not on a Cauchy subgraph



A well-posed IVP for integrable equations
on the deltoidal trihexagonal tiling



How to construct initial value problems on quad-graphs?

I First remove closed strips

I Then construct initial values problems on a sequence of
sub-graphs

G0 ⊂ G1 ⊂ · · · ⊂ G

I To get from Gi to Gi+1: first add an initial value on an
adjacent edge which is intersected by a strip not in Gi , then
find Gi+1 by completing quads

I For simply-connected quad-graphs this method is effective if
two distinct strips cross each other at most once



Initial value problem on a rhombic quad-graph



Example of a quad-graph that does not admit
a well-posed initial value problem



What are the obstructions?

For simply-connected quad-graphs there is only one:

I Strips from Gi may entangle.

For non-simply connected quad-graphs there are two more:

I if by adding a vertex a hole is completed,

I there is a hole which is not enclosed by Gs+1−h.


