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Is there a change of author?

Tirant lo Blanch, a chivalry novel written in Catalan
with 487 chapters, published in 1490, is considered a
major influence for Don Quixote.

In the dedicatory letter at the beginning of the book:
“So that no one else can be blamed if any faults are
found in this work, I, Joanot Martorell, knight, take
sole responsibility for it, as I have carried out the task
singlehandedly.”

In the colophon at the end of the book: “By the
magnificent and virtuous knight, Sir Joanot Martorell,
who because of his death, could only finish writing
three parts of it. The fourth part, which is the end of
the book, was written by the illustrious knight Sir
Marti Joan de Galba. If faults are found in that
part, let them be attributed to his ignorance.”

Each observation is a vector of word counts characterizing
the writing style of a chapter.
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Is there a change in phone call pattern?

Mobile phone data collected
by MIT media lab

90 students and faculty

7/20/2004 – 6/14/2005
(330 days)

Each observation is a network.
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Existing methods for multivariate observations

Parametric methods:

[Zhang et al. (2010); Siegmund, Yakir and Zhang (2011); Srivastava and

Worsley (1986); James, James and Siegmund (1992); Girón, Ginebra and

Riba (2005); ... ]

Highly context specific

Need strong assumptions for high dimension

Non-parametric methods:

[Desobry, Davy and Doncarli (2005); Harchaoui, Bach and Moulines

(2009); Lung-Yut-Fong, Lévy-Leduc and Cappé (2011); ... ]

Do not generalize well to high dimension
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Outline

1 Methodology

2 Analytic p-value approximation

3 Applications

4 Power evaluation
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Problem formulation

Data: a sequence of independent observations y1, . . . , yn.

H0 : yt ∼ F0, t = 1, . . . , n

Ha : ∃ 1 < τ < n, yt ∼
{

F0, t = 1, . . . , τ
F1, t = τ + 1, . . . , n

For a changed interval, the method is similar but technically
more complicated.

For multiple change-points, the method can be applied
recursively.

Our method is non-parametric, and F0 and F1 are generic.
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Our method

Does not require:

F0 and F1 belong to any parametric family

Any specific form of change

Only requirement:
An informative similarity measure on the sample space.

Two components:

Scan statistic

Graph-based two-sample test
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Observation
Sequence:

In reality, we don’t know whether the point is a circle or a plus.Minimum Spanning Tree (MST): a spanning tree with total distance
minimized.

The graph is fixed, but the group identity changes with t.
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Raw count

The true change-point is at time 25.

Raw count R(t): # of edges connecting the two groups,
observations before and after time t.
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Standardization

Raw count R(t): # of edges connecting the two groups:
observations before time t and observations after time t.

Standardized count:

Z (t) = −R(t)− E[R(t)]√
Var(R(t))

.

The expectation and variance are under permutation null.
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Expectation and variance of raw count under permutation
null

E[R(t)] = p1(t)|G |

Var(R(t)) = p2(t)|G |+ (p1(t)/2− p2(t))
∑
i

|Gi |2 + (p2(t)− p2
1(t))|G |2

p1(t) = 2t(n−t)
n(n−1)

p2(t) = 4t(t−1)(n−t)(n−t−1)
n(n−1)(n−2)(n−3)

|G |: # of edges in the graph∑
i |Gi |2: sum of squares of degrees

|G | = 49,
∑

i |Gi |2 = 218.
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Raw and standardized count

The true change-point is at time 25.
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Contrast: no change-point

If all 50 observations are from one distribution, a typical simulation
result would give:

There is no change-point in this sequence.
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The statistic

The test statistic is a scan statistic:

Zmax = max
t0<t<t1

Z (t).

Reject H0 of homogeneity if

Zmax > b.
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Outline

1 Methodology

2 Analytic p-value approximation

3 Applications

4 Power evaluation
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Quantity of interest

Under null hypothesis,

P( max
t0<t<t1

Z (t) > b) = ?
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Asymptotic result

Theorem

Under conditions

(1) |G | ∼ O(nα), 0 < α < 1.125,

(2)
∑

e∈G |Ae ||Be | ∼ o(n1.5(α∧1)),

as n→∞, under H0, we have {Z ([nu]) : 0 < u < 1} converges to
a Gaussian process with mean 0 and covariance function
(0 < u < v < 1)

ρ(u, v) =
2u2(1− v)2|G |+ u(1− v)(1− 2u)(1− 2v)

∑
i |Gi |2

σ(u)σ(v)
,

where σ2(u) = 2u2(1− u)2|G |+ u(1− u)(1− 2u)2
∑

i |Gi |2.
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p-value approximation base on the asymptotic result

Under Conditions (1) and (2), if n→∞, b/n1/2 → b0 > 0,
then under H0, for any 0 < x0 < x1 < 1,

P( max
nx0<t<nx1

Z (t) > b) ∼ bφ(b)

∫ x1

x0

h∗k0,k1(x) ν
(
b0

√
2h∗k0,k1(x)

)
dx ,

where

h∗k0,k1(x)
∆
= lim

s↗0

Z (n(x + s))− Z (nx)

s

=
1

2x(1− x)
+

2

4x(1− x) + (1− 2x)2(k1 − 4k0)

k0 = lim
n→∞

|G |
n
, k1 = lim

n→∞

∑
i

|Gi |2

|G |

ν(s) = 2s−2 exp

[
−2

∞∑
m=1

m−1Φ(−1

2
sm1/2)

]
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In practice

We want

detect change-points close to the ends

applicable to more general graphs
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p-value approximation incorporating skewness

bφ(b)

∫ x1

x0

S(nx)hk0,k1(x) ν(b0

√
2hk0,k1(x))dx

S(t) = exp
{
−(b − θ̂b(t))2/2 + γ(t)θ̂3

b(t)/6
}
/

√
1 + γ(t)θ̂b(t)

where θ̂b(t) = (−1 +
√

1 + 2bγ(t))/γ(t)

γ(t) has analytic expression which only depends on:

t, n, |G|,
∑
i

|Gi|2,
∑
i

|Gi|3,
∑

(i,j)∈G

(|Gi| − 1)(|Gj| − 1).
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Check accuracy of the p-value approximations

We compare the critical values at 0.05 significance level. n = 1, 000. Finding
change-points inside [100, 900]. The graph is MST.

Asym. Skew. Perm.
∑

i |Gi |2 maxi |Gi |
2.93 2.90 2.88 5374 8

N(0, Id) 2.93 2.90 2.87 5408 8
d = 10 2.92 2.89 2.87 5474 8

2.93 2.90 2.91 5394 8
2.93 2.90 2.89 5404 7

2.82 2.45 2.43 27644 129
N(0, Id) 2.87 2.73 2.69 10520 34
d = 100 2.87 2.72 2.69 10442 40

2.87 2.74 2.69 10584 29
2.86 2.67 2.64 12714 43

Asym.: based on asymptotic result.
Skew.: based on the result after skewness correction.
Perm.: based on permutation. (The true critical value.)

∗ Similar results for other types of distributions/graphs.
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Outline

1 Methodology

2 Analytic p-value approximation

3 Applications

4 Power evaluation
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Authorship debate

Tirant lo Blanch, a chivalry novel
written in Catalan with 487 chapters,
published in 1490, is considered to a
major influence for Don Quixote.

Word length data: all words in each
chapter classified according to their
number of letters, with a single
category for all the words of more than
nine letters.1

Data from 425 chapters with more
than 200 words are used.

——————
1 Thanks to Javier Girón, Josep Ginebra and Alex
Riba for the data.
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Word length data

Each row is an observation.

* Data from 425 chapters with more than 200 words are used.
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Authorship debate

Similarity measure: L2 norm of the proportion vectors.

The estimated change-point is at Chapter 371 with p-value 0.0000.
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Authorship debate

The estimated change-point is at Chapter 371 with p-value 0.0000.
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Authorship debate: Only the first 350 chapters

p-value: 0.0523 p-value: 0.3112
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Phone call network

7/20/2004 – 6/14/2005

Phone call network on each day:

Node: 90 subjects
Edge: 2 subjects had a phone call

Similarity measure: Normalized # of different edges
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Phone call network

Distance: normalized # of different edges

December 19, 2004 January 10, 2005
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Outline
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Power comparison

Data generated from multivariate Gaussian distribution.

Hotelling T2:

max
t0<t<t1

t(n − t)

n
(ȳt − ȳ∗t )TW−1(ȳt − ȳ∗t )

Generalized likelihood ratio taking into account both mean
and variance change:

max
t0<t<t1

n log |Σ̂n| − t log |Σ̂t | − (n − t) log |Σ̂∗t |
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Case 1: Normal data (covariance matrix does not change)

Number of trials (out of 100 trials) where H0 is reject at 0.05
significance level. n = 200 with the true change-point at 100.

d 1 10 20 50 75 100 125 150 175
∆ 0.65 0.8 0.8 1 1.2 1.2 1.4 1.6 2

T2 83 98 88 77 88 69 63 61 45
GLR 69 19 9 7 - - - - -

1-MST 9 29 22 20 36 24 26 47 56
3-MST 25 46 37 34 49 37 50 63 87

d = dimension of each of the 200 data points in the sequence.

∆ = mean shift in L2 distance.
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Case 2: Normal data (covariance matrix changes)

Number of trials (out of 100 trials) where H0 is reject at 0.05
significance level. n = 200 with the true change-point at 100.

Σ diagonal matrix, Σ[1, 1] = d1/3,Σ[i , i ] = 1, i = 2, . . . , d .

d 1 5 10 20
∆ 0.5 0.4 0.1 0.2

T2 79 12 7 8
GLR 72 79 71 18

1-MST 11 26 38 61
3-MST 19 44 64 86

d = dimension of each of the 200 data points in the sequence.

∆ = mean shift in L2 distance.
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Conclusions

We developed a new non-parametric framework for
change-point detection that can be applied to multivariate
observations and non-Euclidean data, as long as an
informative similarity measure on the sample space can be
defined.

The approach is based on a graph constructed on the
observations.

We derived accurate analytic p-value approximations for very
general situations.

This approach can be used to segment object data into
homogeneous parts for more detailed modeling.
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Future questions

Accuracy of the estimated change-point

Extending to online setting

Autocorrelation the sequence

Gradual change in the sequence

...
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Thank you!

Questions?
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