
Detection of Genomic Signals
by Resequencing

D. Siegmund, B. Yakir, N.Zhang

Stanford University, Hebrew University, University of Pennsylvania

Summary

Several problems of genomic analysis involve detection of local genomic
signals. When the data are generated by sequence based methods, the
variability of read depth at different positions on the genome suggests point
process models involving non-homogeneous Poisson processes, or perhaps
negative binomial processes if there is excess variability. We discuss a number
of examples, and consider in detail a model for detection of insertions and
deletions (indels) based on paired end reads.

– p. 1/22



Deletion Schematic
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Example : Paired End Reads
(Toy Model)

Paired end reads can be used to detect structural variations in DNA, in
particular insertions and deletions. We assume that DNA fragments
are of equal length δ (typically about 200 bp or 400 bp). Where there
are no structural variants one observes yt, iid N(δ, σ2), where δ and σ2

are known, and generally speaking larger δ lead to larger σ2. Where
there is, say, a deletion, the distribution of some percentage r of the yt
is shifted by an amount w for τ < t ≤ τ + δ. where w > 0 is the width of
the deletion. For an insertion w < 0. Hence the (marginal) log
likelihood for a single indel is

ℓ(τ, w, r) =

N(τ)∑

N(τ−δ+1)

log[1− r + r exp{w(yt − δ − w/2)/σ2}],

i.e., at the change-point τ − δ the distribution of our observations

changes from N(δ, σ2) to a mixture of N(δ, σ2) and N(δ + w, σ2). – p. 3/22



Toy Model for Paired End
Reads to Detect Deletions

The working model is a two-dimensional Poisson random field N(u),
where u = (t, y), of intensity λ(dt, dy) = ρ(t)dtF (dy). The null model is
λ0(dt, dy) = ρ(t)dtF0(dy). A signal to be detected is present when the
rate function is λ1(dt, dy) = ρ(t)dtF1(dy). Often we take
F1(dy) = (1− r)F0(dy) + rF0(dy − w). Both r and w > 0 are usually
assumed to be unknown.

If we assume that a genomic interval (t1, t2) is governed by λ0 or by λ1
throughout the entire interval, the log likelihood ratio of the interval is

ℓ =

∫
log(λ1(dt, dy)/λ0(dt, dy))N(dt, dy)−

∫
[λ1(dt, dy)− λ0(dt, dy)],

(1)

where the integration extends over (t1, t2) and real values of y
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Related Problems I

In ChIP-Seq analysis to detect binding sites and other local

genomic properties, Schwartzmann et al. (2012) consider the

model

Zτ =

∫
g(τ − s)dNs,

where N is a non-homogeneous Poisson process with rate ρ(t).

We assume that the jumps in N are located at the central

nucleotides of the reads and g is a symmetric, unimodal kernel.

The log likelihood ratio for testing the intensity function ρ(t)

against the alternative of a peak at τ of the form exp(βgδ(τ − s))

equals

ℓ(τ, δ, β) = βZτ −

∫
[exp(βgδ(τ − t)− 1]ρ(s)ds.
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Related Problems II

For detecting an interval of change in the rate of a Poisson

process, the log likelihood ratio is

β[N(t2)−N(t1)]−
∫ t2
t1
ρ(s)ds[exp(β)− 1] Overdispersion of N

can be handled by using a negative binomial process, or

equivalently a gamma mixture of Poisson processes. Consider a

Poisson distribution with mean ξ, where ξ has the probability

density function [Γ(q)]−1αqξq−1 exp(−αξ). To maintain a baseline

intensity of ρ(t) for the observed process, we put q = α
∫ t
0
ρ(s)ds.

The log likelihood for detecting an interval of change is

β[Nt2 −Nt1 ] + α[

∫ t2

t1

ρ(s)ds] log[(1− α−1(eβ − 1)],

Note that if α→ ∞, this gives us back a Poisson model.
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Paired End Reads: Exponential
Family Imbedding

More abstractly

ℓτ = β

∫
kτ (u)N(du)−

∫
{exp[βkτ (u)]− 1}λ0(du) . (2)

Here τ denotes parameters, e.g., t1, t2 and for the mixture model

described above the additional parameters r, w. The parameter β

plays a special, often purely technical, role. The value β = 1

corresponds to (1). The model (2) is log-linear in β; and under this

log-linear model, the rate of the Poisson field is

λ1(du) = eβkτ (u)λ0(du). We will refer to this as the “formal” alternative.
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Detection Statistics

Let t1 = t, t2 = t+ δ

Z(t, w, r) =

∫
g(y;w, r)N([t, t+ δ] × dy).

The log likelihood is

ℓ(t, w, r) = βZ(t, w, r)− ρδψ(β;w, r),

where ψ(β;w, r) =
∫
{exp[βg(y;w, r)]− 1}dF0(y) is the cumulant generating

function of Z/ρδ, which has mean value ξ(β) and variance σ2(β). Consider
detection statistics of the form

maxZ(t;w, r), (3)

max ℓ(t;w, r) (4)

The maximum extends over t and over w or w, r in some suitable ranges.
– p. 8/22



p-values

Given w and r, assume β = βw,r is chosen, so that
E[ℓ(t;w, r)] = ρδJ(β;w, r) = x. Then for large x and ρ,

P0{ max
1≤t≤m,w0≤w≤w1

ℓ(t;w, , r) ≥ x} ≈ 1−

exp[−me−xρ

∫ w1

w0

[ξ(β)− ξ(0)]
[Σ(w)]1/2

[2π(ρδ)1/2σ(β)]
dw],

where Σ(w) = −E(D2
wℓ(t,w, r)] = Var[Dwℓ(t,w, r)]. We can also

consider maximization over both w and r.
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Marginal Power

Table 1: Parameters are ρ = 0.5, r = 0.1, δ = 200, m = 1000000; max over
w ∈ [0.5, 5], r ∈ [0.03, .3].

r1 w1 “Opt” ℓ(2, 0.1) Z(0.1) ℓ(1, 3.5; 0.1) ℓ ℓ2

0.1 2.5 0.53 0.52 0.52 0.47 0.50 0.45

0.1 3.0 0.82 0.80 0.81 0.80 0.80 0.78

0.1 2.25 0.32 0.32 0.31 0.24 0.29 0.24

0.3 1.4 0.54 0.43 0.38 0.47 0.50 0.46

0.3 2.0 0.96 0.96 0.95 0.95 0.96 0.96

0.5 1.0 0.63 0.31 0.26 0.48 0.59 0.54

0.5 1.5 0.99 0.96 0.95 0.98 0.98 0.98

0.03 4.0 0.55 0.37 0.43 0.46 0.50 0.47

0.03 4.5 0.70 0.51 0.58 0.61 0.66 0.64

0.02 5.0 0.64 0.38 0.48 0.50 0.58 0.55
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Dependence of Power on ρ

For the scenario described above with ρ = 0.5, the 0.05

threshold for ℓ was 12.05, and the marginal power for

r1 = 0.1, w1 = 3.0 was about 0.8. With ρ = 0.2 the 0.05 threshold

would be approximately x = 11.54 and the marginal power would

be about 0.34. If we do not use this threshold, but instead use

the original threshold, x = 12.05 appropriate for ρ = 0.5, the

power would be about 0.32. Hence there is a substantial loss of

power due to the smaller value of ρ, most of this loss cannot be

regained by using a suitable smaller threshold.
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Deletion/Insertion Schematics
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A Better Model for Deletions

Let ℓ(t) = βZj(t)−ψj(β). Here Z1(t) =
∫
u<t−R,v>t

N(du, dv)gw(v− u),
where E0[N(du, dv)] = ρ(1− p)ϕ[c(v − u− δ)]cdudv, and
gw(x) = log{1− r + r exp[c2w(x− δ − w/2)]};
Z2(t) =

∫
u<t−R

N+(du)hw(t− u) + · · · , where E0[N+(du) = ρpdu and

hw(x) = log(1 + r(1−p)
p {Φ[c(x− δ)]− Φ[c(x− δ −R)]}); and ψj is the

cumulant generating function of Zj .

Note that β = 1 corresponds to the “true” alternative; and minor

modifications (e.g., replacing w > 0 by −w in the definition of g) models

insertions.
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Features of several public
data sets

Source Sample name Date R δ̂ σ̂ p̂

1000 Genomes NA12878 2011/11 36 197 9.6 0.03

1000 Genomes NA12878 2013/7 100 398 33 ??

1000 Genomes NA12891 2013/7 100 342 70 ??

Illumina Platinum Genomes NA12878 2013/7 100 220 63 0.033

Illumina Platinum Genomes NA12877 2013/7 100 318 43 ??
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Marginal Power: Deletions

Table 2: Parameters are ρ = 0.27, r = 0.1, m = 106, w = 30

δ, R, σ, p r1 w1 Insert Length Hanging Reads

200,36,10,0.03, 0.5 15 0.28 0.64

200,36,10,0.03 0.2 30 0.84 0.02

200, 36, 10, 0.03 0.1 30 0.42 0.00

200,36,10, 0.03 0.1 50 0.91 0.00

200,36,10,0.03 0.02 300 0.90 0.00

220,100,63,0.033 0.5 75 0.43 0.99

220,100,63, 0.033 0.02 300 0.25 0.00
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Marginal Power II

Table 3: Insert Length: ρ = 0.27, r = 0.1, δ = 400, w = 30, σ = 63 m = 106; R =

100, p = 0.033

r1 w1 Deletion Insertion

0.5 75 0.88 0.39

0.5 150 1.00 0.91

0.5 250 1.00 0.70

0.05 250 0.64 0.00

Table 4: Hanging Reads: ρ = 0.27, r = 0.1, δ = 220, w = 10, σ = 63 m = 106; R =

100, p = 0.033

r1 w1 Deletion Insertion

0.2 5 0.25 0.37

0.2 75 0.25 0.83

0.2 100 0.25 0.89 – p. 16/22



FDR Generalities

In testing a large number m of hypothesies, let R denote the number of
rejected hypotheses and V denote the number of rejected true null
hypotheses. The false discovery rate (FDR) is defined by

FDR = E[V/R;R > 0] .

Suppose the hypotheses are independent and the jth hypothesis has p-value

pj . Let Rp denote all hypotheses with pj ≤ p. Put p∗ = max{p : Rp ≥ mp/α}.

Then E[Vp∗/Rp∗ ; p∗ > 0] ≤ α, so FDR ≤ α. (Benjamini and Hochberg, 1995)
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FDR for Model Selection

Let R be the number of discoveries that emerge as a result of a

particular statistical procedure, and V the number false

discoveries among them. Then S = R− V is the number of true

discoveries. The False Discovery Rate (FDR) is the expectation

of the relative proportion of false discoveries:

FDR = E[V/R;R > 0] .

We assume that V is Poisson with mean value λ and S is

independent of V . For a suitable thresholding rule defining

“discoveries,” an unbiased estimator of FDR is

F̂DR = λ/(R+ 1).
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Controlling FDR

Assume that Vλ is a standard Poisson process for λ ≤ λ0 and

that Sλ is an independent process. Given α, let

Λ = max{λ ≤ λ0 : Rλ ≥ λ/α} .

Then E(VΛ/RΛ; Λ > 0) ≤ α, i.e., the FDR is controlled at level α.
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Numerical Example

Scan statistic is max0≤t≤m−w[St+w − St]/w
1/2.

α FDR E(V) E(S)

0.3 0.26 5.9 15.2

0.2 0.18 3.3 14.4

0.1 0.09 1.4 13.0

0.05 0.04 0.61 11.9

Table 5: Simulated values of FDR, based on 400 repetitions with

w = 50, m = 50000. FDR is controlled to be no more than 0.3,

0.2, 0.1, or 0.05 respectively. There are 21 possible discoveries,

with noncentrality parameters ranging from 6 to 2 in steps of size

0.2. – p. 20/22



FDR Example
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