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Modelling for Engineered Systems

Modelling for Engineered Systems

Development of Technology

Quantum technology is at about here?

1950 1970 2000+

6

Friday, 17 June 2011

Quantum technology here at present?

Systems integration, hierarchy, component development, mid-level
integration, large-scale integration, product development....
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Modelling for Engineered Systems
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abstract).

Practical specs include:
- voltage ranges
- noise margin
- fan in/out (network issue)
- rise/fall time (dynamical issue)
Important for system integration.
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specifications: 
Purpose of the system.

Secure communication: metrics 
for fidelity of transfer, safety 
from intrusion, etc
Efficient computation: metrics 
for computational complexity, 
memory and time 
requirements, etc

Engineering design process

Monday, 7 November 2011
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abstract).
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- fan in/out (network issue)
- rise/fall time (dynamical issue)
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Modelling for Engineered Systems

Ic = �Ib

Need appropriate models for particular 
purposes at each level: 

simple, but not too simple.

Monday, 7 November 2011
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Modelling for Engineered Systems

Vout =
Rf + Rg

Rf
Vin

Monday, 7 November 2011
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Modelling for Engineered Systems

Classical combinational logic diagram

Quantum circuit
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Modelling for Engineered Systems

Classical sequential logic diagram

Classical state diagram
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Modelling for Engineered Systems

Flip Flop

Dynamics and feedback are 
fundamental to the operation 
of flip-flops.

Simple memory elements basic to 
sequential logic (state machines).

30

Friday, 17 June 2011
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Modelling for Engineered Systems

Quantum computer

interaction strength A can be tuned by an applied electric field
arising from a bias VA on an A gate as

AðVAÞ ¼ 2
3jc ð0; VAÞj2!Bgn!n!0; (9)

where !0 is the permeability of silicon and c ð0; VAÞ is the
donor electron wave function evaluated at the nucleus under
the A-gate bias VA.

The change in the strength of the contact hyperfine cou-
pling due to the application of a gate bias has been studied by
several since Kane’s proposal. To determine the change in the
contact hyperfine coupling strength it is necessary to calcu-
late the shift in the donor electron wave function at the
position of the donor nucleus. Depending on the applied
bias polarity, an A-gate control electrode will draw the
wave function either toward or away from the gate. In either
scenario the wave function at the donor nuclear position is
perturbed to some extent. The resulting tuning of A depends
critically on device parameters such as the depth of the donor
from the interface and the gate-interface geometry. The level
of sophistication of the treatment of the donor electron wave
function in these devices has steadily improved since the
original calculations following Kane (1998). The earliest
approaches used fairly simple hydrogenic wave functions
scaled by the dielectric constant of silicon. Larionov et al.
(2000) treated the bias potential analytically, and the shift in
the hyperfine interaction constant as a function of applied bias
voltage was calculated using perturbation theory. Wellard,
Hollenberg, and Pakes (2002), again using scaled hydrogenic
orbitals, treated the problem using a more realistic gate
potential (modeled using a commercial semiconductor soft-
ware package, with built-in Poisson solver). The donor elec-
tron wave function was expanded on a basis of hydrogenic
orbitals in which the Hamiltonian was diagonalized numeri-
cally. Kettle et al. (2003) extended these calculations using a
basis of nonisotropic scaled hydrogenic orbital states. Smit
et al. (2003, 2004) used group theory over the valley manifold
and perturbation theory to describe the Stark shift of the
donor electron while Martins, Capaz, and Koiller (2004)
and Martins et al. (2005) applied tight-binding theory to

obtain the first description of the Stark shift of orbital states
and the hyperfine interaction incorporating Bloch structure.
Meanwhile, the effective-mass treatment was further devel-
oped in a combined variational approach by Friesen (2005)
and Calderón et al. (2009), and by Debernardi, Baldereschi,
and Fanciulli (2006) using a Gaussian expansion of the
EMT (see Sec. II of the Supplemental Material 471) envelope
functions. This was followed by the application of direct
diagonalization in momentum space (Wellard and
Hollenberg, 2005) allowing the potential due to the A gate
to be included at the Hamiltonian level and gave a similar
picture of the Stark shift of the hyperfine interaction as a
function of external field strength and donor depth as the
earlier tight-binding treatment of Martins, Capaz, and Koiller
(2004) (see Fig. 12). Although not optimized computation-
ally, the momentum space diagonalization approach has
served as a consistency check against larger-scale real-space
tight-binding calculations of the Stark shift of the donor
hyperfine interaction at low fields (Rahman et al., 2007) in
the overall benchmarking against experiment (Bradbury
et al., 2006) which shows the theoretical description has
converged to a reasonable level in terms of internal consis-
tency and comparison with experiment (see Fig. 13). It should
be noted that in such descriptions encompassing the overall
donor electron wave function it is the relative change in the
contact hyperfine interaction as a function of the electric field
that is computed since these approaches do not describe well
the details of the electron state at the nucleus. Absolute
calculations of the contact hyperfine interaction are the do-
main of ab initio theories where they have had remarkable
success despite the truncation of the long range part of the
donor potential (Overhof and Gerstmann, 2004; Gerstmann,
2011).

In more recent years, the effect of depth and proximity to
the interface on donor orbital states (Calderón et al., 2006;
Calderón, Koiller, and Das Sarma, 2008; Hao et al., 2009;
Rahman, Lansbergen et al., 2009) has received more attention
as key experimental measurements became available. A turn-
ing point was the measurement of donor orbital states through
transport in finshaped field effect transistor (FinFET) devices.

FIG. 11. A silicon-based nuclear-spin quantum computer. (a) Schematic of Kane’s proposal for a scalable quantum computer in silicon
using a linear array of 31P donors in a silicon host. J gates and A gates control, respectively, the exchange interaction J and the wave function,
as shown in (b). From Kane, 1998.

972 Floris A. Zwanenburg et al.: Silicon quantum electronics

Rev. Mod. Phys., Vol. 85, No. 3, July–September 2013

Scalable silicon-based nuclear spin quantum computer [Kane 1998]
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Modelling for Engineered Systems

Architecture with error correction

transport pathways based on CTAP9, and classical driving
circuitry is shown in Fig. 9. The overall effective linear gate
density still is comparable to the original Kane proposal, but
it has the significant advantages of greatly reduced crosstalk
between interacting pairs of qubits, the ability to bypass in-
teraction regions with an insufficiently strong exchange in-

teraction, the ability to quickly transport qubits large dis-
tances allowing the effective implementation of nonlocal
gates, and the physical incorporation of the relatively large
SET readout devices which was absent in the original design.
The placement of SET sites may ultimately be important in
providing a heralding mechanism for correctable transport
errors. Linear gate density could be further reduced by using
longer CTAP transport rails, and possibly by replacing each
A-gate and S-gate pair at the interaction regions with a single
offset gate and globally controling every second S-gate inthe
transport/storage regions instead of each one individually.

One would expect that the optimum arrangement for
fault-tolerant operation may require sophisticated system
level simulations comparable to those described in Ref. 50 to
determine the best use of this medium range quantum trans-
port capability, and the resulting effective threshold.

VI. CONCLUSIONS

In this paper we have presented a 2D donor quantum
computer architecture proposal based on nonballistic spin
transport. For definiteness, our chosen context is an electron

FIG. 8. Error rates due to misalignment of the central donors as
a function of the distribution parameter ! which governs the stan-
dard deviation around the target straddling donor tunneling rate
"S=1 THz !tmax=2 ns". The line is the median error rate, over the
ensemble for each !.

FIG. 9. !Color online" The figure shows !counterclockwise from the bottom left" the CTAP rails connecting the interaction regions with
the rest of the computer; the incorporation of interaction zones, storage, and SET readout; a unit cell including space reserved for classical
driving circuitry on a chip; and a quasi-two-dimensional tiled arrangement which can be extended in the plane.

HOLLENBERG et al. PHYSICAL REVIEW B 74, 045311 !2006"

045311-6

[Hollenberg et al 2006]
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Modelling for Engineered Systems

Software tools for large scale design

VHDL is a widely used Hardware Description Language.

18/06/2014 3:05 pmVHDL - Wikipedia, the free encyclopedia

Page 6 of 10http://en.wikipedia.org/wiki/VHDL

MUX template

The multiplexer, or 'MUX' as it is usually called, is a simple construct very common in hardware design.
The example below demonstrates a simple two to one MUX, with inputs A and B, selector S and output X.
Note that there are many other ways to express the same MUX in VHDL.

Latch template

A transparent latch is basically one bit of memory which is updated when an enable signal is raised. Again,
there are many other ways this can be expressed in VHDL.

D-type flip-flops

The D-type flip-flop samples an incoming signal at the rising (or falling) edge of a clock. This example has
an asynchronous, active-high reset, and samples at the rising clock edge.

Another common way to write edge-triggered behavior in VHDL is with the 'event' signal attribute. A single
apostrophe has to be written between the signal name and the name of the attribute.

Example: a counter

X <= A when S = '1' else B;

-- latch template 1:
Q <= D when Enable = '1' else Q;
 
-- latch template 2:
process(D,Enable)
begin
  if Enable = '1' then
    Q <= D;
  end if;
end process;

DFF : process(RST, CLK)
begin
  if RST = '1' then
    Q <= '0';
  elsif rising_edge(CLK) then
    Q <= D;
  end if;
end process DFF;

DFF : process(RST, CLK)
begin
  if RST = '1' then
    Q <= '0';
  elsif CLK'event and CLK = '1' then
    Q <= D;
  end if;
end process DFF;

[wikipedia]

[Nik Tezak will talk later about the QHDL package for quantum networks.]
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Modelling for Engineered Systems

Xilinx ISim software for digital system simulation and design.

[Xilinx.com]
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Modelling for Engineered Systems

• builds on laws of physics (Maxwell, Faraday, 
Ohm,...)

• evolved to meet the needs of electrical 
system designers

• includes
- device models
- rules for interconnection
- methods for analysis, simplification, and      
synthesis

Modern electrical circuit theory...

20

Friday, 17 June 2011
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Modelling for Engineered Systems

For example, Thevenin’s theorem helps engineers 
simplify complex linear circuits.

original circuit equivalent circuit

21

Friday, 17 June 2011
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Modelling for Engineered Systems

For example, realisation techniques help engineers 
build devices from given specifications (synthesis).

specifications circuit diagram physical device

22

Friday, 17 June 2011
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Modelling for Engineered Systems

Some basic requirements of quantum network models:

Capture the quantum physics

Be capable of representing classical components

Include dissipative mechanisms - noise, uncertainty, decoherence

Preserve canonical structure - e.g. commutation relations, energy

Network of interconnected components should also be a quantum
system - recursive

Efficient methods for representation, interconnection, manipulation,
and physical realization

Efficient methods for systematic analysis, design, and synthesis

Matt James (ANU) SLH & Quantum Feedback Networks 17 / 53



The SLH Formalism

The SLH Formalism

Open Quantum Models and quantum probability.

Master equation for a Markovian open quantum system coupled to heat
bath or boson field in vacuum state:

dρ

dt
= −i [H, ρ] + D [L]ρ

where

D [L]ρ = LρL∗ − 1

2
(L∗Lρ+ ρL∗L)

Key physical parameters:

H - system Hamiltonian

L - coupling operator

Matt James (ANU) SLH & Quantum Feedback Networks 18 / 53



The SLH Formalism

Boson fields [Robin Hudson’s talk]
Singular commutation relations

[bj(t), b†k(s)] = δjkδ(t − s).

Integrated field operators:

Bj(t) =

∫ t

0
bj(s)ds, B∗j (t) =

∫ t

0
b∗j (s)ds, and Λjk(t) =

∫ t

0
b∗j (s)bk(s)ds

Bj(t) - annihilate a field quantum in the jth channel over the time
period from 0 to t.

B∗j (t) - create a field quantum jth channel over the time period from
0 to t.

Λjk(t) - annihilate a field quantum in the kth channel and immediately
create a quantum in the jth channel over the time period from 0 to t.

Matt James (ANU) SLH & Quantum Feedback Networks 19 / 53



The SLH Formalism

Input-output character of the open system model: [Gardiner-Collet, 1985]

The Markov Property: the past is statistically independent of the
future given the present.

We note that the Fock space F for the Bose field decomposes for
each times s < t as

F = F≤s ⊗ F[s,t] ⊗ F≥t ,

where F[s,t] is the Fock space for the degrees of freedom of the
field passing through the system from time s to time t.

Figure: Gardiner’s input formalism Figure: (S,L,H)

PRINCIPLES AND APPLICATIONS OF QUANTUM CONTROL ENGINEERING ROYAL SOCIETY KAVLI INSTITUTE, 2011 John Gough, joint work with M.R. James, D.G. Evans Quantum Structures, Information and Control, AberystwythTHE SERIES PRODUCT AND QUANTUM FEEDBACK NETWORKS

vacuum emitted photon

atom
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The SLH Formalism

Beamsplitter:

Beamsplitters

These are a special case where L = 0 and H = 0.

�
Bout

1

Bout
2

�
=

�
S11 S12

S21 S22

� �
B1

B2

�
.

The entries of S may be operators of the system - leading to a
beamsplitter dynamics.

PRINCIPLES AND APPLICATIONS OF QUANTUM CONTROL ENGINEERING ROYAL SOCIETY KAVLI INSTITUTE, 2011 John Gough, joint work with M.R. James, D.G. Evans Quantum Structures, Information and Control, AberystwythTHE SERIES PRODUCT AND QUANTUM FEEDBACK NETWORKS

[
Bout
1 (t)

Bout
2 (t)

]
=

[
S11 S12

S12 S22

] [
B1(t)
B2(t)

]

A third physical parameter:

S - scattering operator (unitary)

Matt James (ANU) SLH & Quantum Feedback Networks 21 / 53



The SLH Formalism

Open system specified by the physical parameters:

G = (S , L,H)

Quantum stochastic calculus: [Robin Hudson’s talk]
[Hudson-Parthasarathy 1984]

[Gardiner-Collet 1985]

Quantum Ito table:

dBdB∗ = dt, dBdΛ = dB

dΛdB∗ = dB∗, dΛdΛ = dΛ

Schrodinger equation for unitary:

dU(t) = {−(
1

2
L∗j Lj + iH)dt

−L∗jSjkdBk(t) + LjdB∗k (t) + (Sjk − δjk)dΛjk(t)}U(t)

Matt James (ANU) SLH & Quantum Feedback Networks 22 / 53



The SLH Formalism

Calculus has a long history in science

Stochastic analysis has a long history in science

e 

This new Dover edition, first 
published in 1956, is an unabridged 
.and unaltered republication of the 
translation first: published in 1926. 
It is published through special 
arrangément with Methuen and Co., 
Ltd., and the estate of 
Albert Einstein. 

Manufactured in the United' States 
of America. 

-INVESTIGATIONS O N  
THE THEORY .OF ,THE 
BROWNIAN MOVEMENT 

BY 

ALBERT EINSTEIN, PH.D. 

EDITED WITH NOTES BY 

R. F ü R T H  

TRANSLATED BY 

A. D. COWPER 

WITH 3 DIAGRAMS 

DOVER PUBLICATIONS, INC. l. 
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The SLH Formalism

Heisenberg-Langevin equations for X (t) = U∗(t)(X ⊗ I )U(t):

dX = (S∗XS − X )dΛ + S∗[X , L]dB∗ + [L∗,X ]dB + L (X )dt

where

L (X ) = −i [X ,H] +
1

2
[L∗,X ] +

1

2
[X , L]

Can recover master equation by taking quantum expectations:

Tr[ρ(t)X ] = 〈X (t)〉

d

dt
Tr[ρ(t)X ] =

d

dt
Tr[ρ(0)X (t)] = Tr[ρ(t)L (X )]

dρ

dt
= −i [H, ρ] + D [L]ρ

Matt James (ANU) SLH & Quantum Feedback Networks 24 / 53



The SLH Formalism

Quantum filtering (quantum trajectories) uses the SLH/QSDE formalism.

before

interaction

after

interaction

filterHD

measurement

signal estimates

[See John Gough’s talk later this week.]
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The SLH Formalism

The relationship between QSDE, quantum filter, and master equation.

Quantum Stochastic Differential Equation

Master Equation Quantum Filter (Quantum Trajectories)

quantum expectation quantum conditional expectation

classical

 expectation

Matt James (ANU) SLH & Quantum Feedback Networks 26 / 53



The SLH Formalism

Classical probability
Classical physics is built on foundations of classical logic, which is closely
related to classical probability.

sample

space events

probability

distribution

= prob. of event 

= expected value

    of random variable

Matt James (ANU) SLH & Quantum Feedback Networks 27 / 53



The SLH Formalism

Quantum probability
We may think of quantum mechanics as the description of physical
systems using a non-commutative probability theory.

events

(projections)

random variables

(operators)

state

= prob. of event 

= expected value

    of random variable

States may be defined using pure states |ψ〉 or density operators ρ:

E[X ] = 〈ψ|X |ψ〉, or E[X ] = Tr[ρX ].

Algebras A of events describe information in both classical (σ-algebras)
and quantum probability (∗-algebras).

Matt James (ANU) SLH & Quantum Feedback Networks 28 / 53



The SLH Formalism

The spectral theorem tells us that a commutative quantum probability
space is equivalent to a classical probability space.

The spectral theorem tells us that a commutative quantum probability space

is equivalent to a classical probability space.

The conditional expectation

E[X|C ]

is well defined if

• C is commutative

• X is affilliated to the commutant C � of C

11

We may think of quantum mechanics as the description of physical systems

using a non-commutative probability theory.

(A , P)

There is a theory of quantum stochastic processes, Ito calculus, filtering

theory, and the beginnings of quantum optimal feedback control theory.

∗-algebra

state

(Ω, F ,P)

(C , P)

10
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(A , P)

There is a theory of quantum stochastic processes, Ito calculus, filtering

theory, and the beginnings of quantum optimal feedback control theory.
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(Ω, F ,P)

(C , P)

10

We may think of quantum mechanics as the description of physical systems

using a non-commutative probability theory.

(A , P)

There is a theory of quantum stochastic processes, Ito calculus, filtering

theory, and the beginnings of quantum optimal feedback control theory.

∗-algebra

state

(Ω, F ,P)

(C , P)

commutative

10

The spectral theorem tells us that a commutative quantum probability space

is equivalent to a classical probability space.

The conditional expectation

E[X|C ]

is well defined if

• C is commutative

• X is affilliated to the commutant C � of C

This provides the mathematical basis for quantum measurement theory and

quantum filtering.

11

21

Sunday, 3 October 2010

The spectral theorem is fundamental to the measurement postulate.

This mathematical background for quantum mechanics is important for
the theory and applications of quantum feedback networks involving
interconnections of classical and quantum systems.
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Feedback Control

Feedback Control

feed·back
noun

1 information about reactions to a product, a person’s performance of a
task, etc., used as a basis for improvement.

2 the modification or control of a process or system by its results or
effects, e.g., in a biochemical pathway or behavioral response. See
also negative feedback, positive feedback.

the return of a fraction of the output signal from an amplifier,
microphone, or other device to the input of the same device; sound
distortion produced by this.

Matt James (ANU) SLH & Quantum Feedback Networks 30 / 53



Feedback Control

Types of Quantum Control:
Open loop - control actions are predetermined, no feedback is involved.

• Open loop - control actions are predetermined, no 
feedback is involved. 

controller quantum system

control
actions

Types of Quantum Control:

8
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Feedback Control

Closed loop - control actions depend on information gained as the system
is operating.

• Closed loop - control actions depend on information 
gained as the system is operating. 

controller

quantum system

control
actions

information

(feedback loop)

9
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Feedback Control

Types of Quantum Feedback:
Using measurement

The classical measurement results are used by the controller (e.g.
classical electronics) to provide a classical control signal.

Types of Quantum Feedback:

The classical measurement results are used by the controller (e.g. classical electronics) to provide a 
classical control signal.

classical
controller

quantum system

classical 
control
actions

classical
information

• Using measurement

measurement

11
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Feedback Control

Not using measurement

The controller is also a quantum system, and feedback may involve a
flow of quantum information, as well as direct couplings.

The controller is also a quantum system, and feedback may involve a flow of 
quantum information, as well as direct couplings.

quantum
controller

quantum system

quantum 
control
actions

quantum
information

direct couplings

[coherent feedback]

• Not using measurement

12
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Feedback Control

Iterative learning control

Same scheme for estimation from repeated identical experiments.
Fresh quantum system in each iteration.

• Iterative learning control
Same scheme for estimation from repeated 
identical experiments.
Fresh quantum system in each iteration.

QS1

QS2

QS3

...
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Quantum Feedback Networks

Quantum Feedback Networks

Network components - SLH open quantum systems SLH+Z?Open quantum models

regarded as unitary dynamics for a larger system with the

additional degrees of freedom averaged out). The unitary

dynamics is given by (Heisenberg picture)

X(t) = U∗(t)XU(t) (1)

for any X ∈ U , where {U(t)}t∈T. The behavioral modeling
task is to determine U(t), or a differential equation for it.
This can be achieved by using physical parameters.

Before we describe the parametric description in the fol-

lowing section, we close this section with a list of items that

are needed to specify an open quantum system, a quantum

system that may interact with its environment, and/or other

quantum systems, Figure 2. These items are

S = (U , ρ, H, I), (2)

where

1) U is the ∗-algebra of physical variables of interest;
2) ρ, is the (initial) state on U ;

3) H ∈ U is a self-adjoint operator called the Hamilto-

nian, specifying the self-energy of the system;

4) and I is an interface specification.

direct

✲
✲
✲ ✲

✲
✲

❄

✻

❄

✻

inputs outputs

Fig. 2. Diagram of an open quantum system S showing an interface I con-
sisting of unidirectional field channel inputs and outputs, and bidirectional
direct couplings.

These items, together with the unitary dynamical postulate,

determine the behaviour of the open quantum system and

its statistics. Quantum measurements can be understood

within the framework of quantum conditional expectations

and Belavkin’s quantum filtering theory, [1], [2].

IV. OPEN QUANTUM SYSTEMS

The class of systems we consider in this paper are quantum

noise models of open quantum systems. These idealized

models are based on more complicated first principles mod-

els; we refer the reader to the literature for details: [4],

[14], [10], [2], [5]. These models can be expressed in terms

of a quantum version of the Ito calculus, [8], [4], and all

differential equations will be interpreted in this sense.

The open system models describe a system, or systems,

interacting with boson fields (such as an atom interacting

with the electromagnetic field in free space, or phonon

vibrations in a material). The fields can be considered as

channels that may contain a signal component, and a quan-

tum noise component. The former component may represent

modulation of a light beam (e.g. by a classical signal, or

by variables from a source), while the latter component

describes the volatile nature of the idealized system-field

(heat bath) interaction characteristic of white noise models.

In addition to bidirectional direct Hamiltonian interactions

between systems, field channels provide a mechanism for

unidirectional indirect field mediated interactions between

systems. For example, in quantum optics laser beams may

be used as “quantum wires” interconnecting components, as

in Figure 1.

A. Definitions

We now give some more details regarding the open system

models. We assume the system is defined on an underlying

Hilbert space H. Boson fields are defined on a Fock space
F, a particular type of Hilbert space, with an associated ∗-
algebra F (for full details, see [8], [2]).1 Open quantum

models are defined in terms of operators in the tensor product

U ⊗ F . The algebra U may be regarded as the initial

variable space for the system, while U ⊗F might be called

the full variable space for the complete system-field model.

A collection of n field channels is given by the quantum

stochastic processes

A =




A1

...

An


 ,

which describe annihilation of photons in the field channels,

and by the gauge processes

Λ =




A11 . . . A1n

...
...

...

An1 . . . Ann


 ,

which describe scattering between channels. We assume

that these processes are canonical, meaning that we have

the following non-vanishing second order Ito products:

dAj (t) dAk (t)
∗

= δjkdt, dAjk (t) dAl (t)
∗

= δkldAj(t)
∗,

dAj (t) dAkl (t) = δjkdAl(t) and dAjk (t) dAlm (t) =
δkldAjm(t). The simplest situation is that of a vacuum state

φ for the field channels, in which case the input processes
are purely quantum noise.

Coupling of the system to the field is defined using the

scattering matrix

S =




S11 . . . S1n

...
...

...

Sn1 . . . Snn


 ,

a matrix with operator entries Sij ∈ U satisfying S†S =
SS† = I, and a vector of coupling operators Lj ∈ U

L =




L1

...

Ln


 .

1The Fock space F has time built into it, and so we do not consider spaces
of the form U T, which might be considered analogous to the classical
trajectory space UT.

In terms of these parameters, the Schrodinger equation

dU(t) =
�
tr[(S − I)dΛ] + dA†L − L†SdA

−1

2
L†Ldt − iHdt

�
U(t) (3)

with initial condition U(0) = I determines the unitary

motion of the system, in accordance with the fundamen-

tal postulate of quantum mechanics. Given an operator X
defined on the initial space H, its Heisenberg evolution is
defined by

X(t) = jt(X) = U (t)
∗
XU (t) (4)

and satisfies

dX(t) = (LL(t)(X(t)) − i[X(t),H(t)])dt

+dA†(t)S†(t)[X(t),L(t)] + [L†(t), X(t)]S(t)dA(t)

+tr[(S†(t)X(t)S(t) − X(t))dΛ(t)]. (5)

In this expression, all operators evolve unitarily according to

(4) (e.g. L(t) = jt(L)) (commutators of vectors and matrices
of operators are defined component-wise), and tr denotes the

trace of a matrix. We also employ the notation

LL(X) =
1

2
L†[X,L] +

1

2
[L†, X]L; (6)

this is called the Lindblad superoperator in the physics

literature. The components of the output fields are defined

by

Ã(t) = jt(A(t))
.
= U∗(t)A(t)U(t),

Λ̃(t) = jt(Λ(t))
.
= U∗(t)Λ(t)U(t), (7)

and satisfy the quantum stochastic differential equations

dÃ(t) = S(t)dA(t) + L(t)dt (8)

dΛ̃(t) = S∗(t)dΛ(t)ST (t) + S∗(t)dA∗(t)LT (t) (9)

+L(t)dA(t)ST (t) + L∗(t)LT (t)dt, (10)

where L(t) = jt(L), etc, as above. The output processes also
have canonical quantum Ito products.

It can be seen that the parameters G = (S,L,H) pro-
vide a compact specification of the open system, assuming

canonical field inputs, since they determine the behavior of

the system, via the flow jt(·), as determined by (3). This
flow is defined on the full variable space U ⊗ F . We

call jt(·) the quantum behavioral flow of the system. The

Schrodinger equation (3) may be regarded as the quantum

behavioral equation for the system. Note that the parameters

G = (S,L,H) are drawn from the variable space U (they

are not numerical).

The state of the complete system (including field channels)

P is the tensor product P = ρ ⊗ φ in the case that the

initial system state is ρ and the input field channels are
in the vacuum state φ. The statistics of physical variables
in the complete system can be determined using this state

and the quantum behavioral equation. The specification or

determination of the initial system state ρ is an important
part of the modeling process; but note that the quantum

behavioral equation does not depend on ρ. The canonical
nature of the field input channels that we have assumed

covers a range of boson field states including vacuum and

coherent states, and we also recall that field outputs are

also canonical if the inputs are. (Thermal and squeezed field

states may be accommodated by introducing additional field

parameters, [4], which together with the system parameters

G = (S,L,H), determine the quantum behavioral equation.)

B. Connections

In our recent paper [5], we developed an algebraic frame-

work for quantum networks using the parameters G =
(S,L,H). In particular, we introduced a series product � to
describe series or cascade field-mediated connections, and

a concatenation product � for decomposing or assembling

systems. Direct interactions between systems were accom-

modated using interaction Hamiltonians. In this subsection

we develop these ideas further by being more explicit in the

manner in which direct connections are accommodated—we

introduce a direct connection product �� for this purpose.
In practice it is much easier and more transparent working

with these products than with underlying equations, which

can become complex and unwieldy.

To this end, we enlarge the parametrization as follows:

G = (S,L,Z,H). (11)

As before, S is a scattering matrix, L is vector of field

coupling operators, and H is a Hamiltonian. The new item

in this parameter list is a vector Z of variables available for

direct connection. All of these operators in G belong to the

∗-algebra U for the system. The variables I = (S,L,Z)
simply specify the system’s interface, so that the param-

eterization G = (S,L,Z,H) = (I,H) simply accounts
for energy—energy exchanges with external systems, and

internal energy; we might call this the quantum behavioral

parameterization.

Suppose we are given two such systems: G1 =
(S1,L1,Z1,H1) and G2 = (S2,L2,Z2,H2), defined in
terms of physical variables belonging to ∗-algebras U1 and

U2, respectively. The products we define below combine

these systems to produce new systems defined in terms of

parameters drawn from the tensor product of variable spaces

U1 ⊗ U2 (this replaces the classical behavioral cartesian

product of signal spaces U1 × U2).

The concatenation of G1 and G2 is the system G1 �G2

defined by

G1 �G2 = (

�
S1 0
0 S2

�
,

�
L1

L2

�
,

�
Z1

Z2

�
,H1 +H2).

(12)

This product simply assembles the components together,

without making any connections, Figure 3.

Now suppose G1 = (S1,L1,Z1,H1) and G2 =
(S2,L2,Z2,H2) have the same number of field channels (i.e.
L1 and L2 have the same length. Then the series product

Parameters
internal energy

interface

indirect field connections
direct connections
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Quantum Feedback Networks

Quantum Feedback Networks
In a quantum feedback network (QFN)

The nodes are open quantum systems (SLH models)The nodes are open quantum systems.

The links describe how nodes interact:
- directly

- via a field channel or quantum wire

The branches are

direct physical couplings

The nodes are open quantum systems.

The links describe how nodes interact:
- directly

- via a field channel or quantum wire
or
indirect couplings using freely travelling quantum fields serving as
‘quantum wires’.

The nodes are open quantum systems.

The links describe how nodes interact:
- directly

- via a field channel or quantum wire

[Yurke-Denker (1984), Carmichael (1993), Gardiner (1993), Wiseman-Milburn (1994),

Yanagisawa-Kimura (2001), Gough-James (2008,2010)]
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Quantum Feedback Networks

General Networks

More generally how do we build arbitrary networks from multiple
components.

How do we obtain the limit of instantaneous feedback/forward,
i.e., eliminate the internal connections?

PRINCIPLES AND APPLICATIONS OF QUANTUM CONTROL ENGINEERING ROYAL SOCIETY KAVLI INSTITUTE, 2011 John Gough, joint work with M.R. James, D.G. Evans Quantum Structures, Information and Control, AberystwythTHE SERIES PRODUCT AND QUANTUM FEEDBACK NETWORKS

How do we combine systems and form a Markovian model for the
network?

Are there simple algebraic rules, like R = R1 + R2?

Can the process be automated?
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Quantum Feedback Networks

Series connection (cascade) :

Cascades: Systems in Series

We generalize the notion of cascade introduced by H.J. Carmichael†.

dB
(2)
out = S2dB

(2)
in + L2dt

= S2(S1dB
(1)
in + L1dt) + L2dt

= S2S1B
(1)
in + (S2L1 + L2)dt

† H.J. Carmichael, Phys. Rev. Lett., 70(15):2273 2276, 1993.

PRINCIPLES AND APPLICATIONS OF QUANTUM CONTROL ENGINEERING ROYAL SOCIETY KAVLI INSTITUTE, 2011 John Gough, joint work with M.R. James, D.G. Evans Quantum Structures, Information and Control, AberystwythTHE SERIES PRODUCT AND QUANTUM FEEDBACK NETWORKS

[Gardiner, 1993, and Carmichael, 1993]

What is the unitary for this network?

What are the physical parameters (S , L,H) for this network?

Recall:

(a) Classical circuit (b) Quantum network

beam

cavity

modes

cavity 1

cavity 2

optical

medium

mirror

optical

interconnect

isolator

input

beam

output

(c) All-optical coherent feedback

Figure 6: (a) Electrical equivalent circuits. (b) Quantum equivalent networks. (c) Quantum feedback
network involving a direct coupling connection (optical medium) and a quantum field connection, [34, 64].

This opens up the possibility of developing easy to use algebraic methods for quantum network analysis
that can use the power of symbolic software packages like Mathematica and Maple; e.g. QHDL, [7].
Decoherence mechanisms, and non-ideal behaviour, such as non-trivial delays between the components,
could be dealt with by suitable modelling. Further, in quantum technology there are other mechanisms for
connecting components that are not mediated by a free quantum field, and these can be included as well,
e.g. Figure 6(c).

Understanding complex quantum dynamical behaviour. The ability to understand how a system works
is of course a matter of basic importance, and indeed the analysis of systems is a routine matter for engi-
neers. The high level of complexity of modern engineered systems makes analysis very difficult, and in
fact dynamical analysis for complex networks is the subject of a large amount of research effort world-
wide. Dynamical analysis of complex quantum technologies will involve significant challenges beyond
what is encountered in the classical context due to the need to describe the quantum mechanics of these sys-
tems, and decoherence in particular. The quantum network modelling techniques developed in this project
provides tools for understanding behaviour. The symbolic form of the models affords a degree of trans-
parency that allows for some basic analytical studies. For example, by combining conditions for stability of
component systems with knowledge of system interconnections, stability and robustness properties can be
investigated, [23, 25, 51, 67, 68]. Beyond this, the scale and complexity of quantum networks makes further
analytical study problematic, and this motivates the use of simulation studies. However, quantum systems
are difficult to simulate. Simulation of a simple two-level system requires the solution of three differential
equations (for the Block coordinates) which is of course feasible, but the problem is that the computational
complexity scales exponentially with the size of the quantum system. Simulation of large complex quantum
dynamical networks appears to be infeasible using standard classical digital computers.

Quantum analog simulation. Before digital computers were widely available, it was common practice
to use analog computers to simulate the behaviour of systems, Figure 7, [69]. Analog computers emulate
continuous variables of physical systems, in contrast to the manipulation of discrete bits by digital com-
puters. Examples of analog computers were electronic systems (constructed from amplifiers, capacitors,
etc) that could be configured to replicate the dynamical behaviour of the system under consideration. This
was achieved by representing the physical system of interest (e.g. a mechanical system) in the form of an
electrical circuit. Effectively, electrical circuit theory played the role of an ‘analog programming language’
for electronic analog computers. The availability of a configurable quantum analog computer (QAC) would
be of considerable value. Quantum analog computers are not the same as the quantum digital computers
that are envisioned in quantum ICT, [8]. The latter quantum computers are intended to implement quantum
digital logic by manipulating qubits, the unit of quantum information. In contrast, QACs are intended to
emulate a wide range of quantum physical systems. QACs could be built using a variety of physical hard-
ware, including quantum optics, circuit QED systems, etc, and are much closer to realisation than quantum
digital computers. In fact, chemical systems are examples of quantum hardware that have been used es-

....simple algebraic rule based on underlying physics
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Quantum Feedback Networks

Set

B in
2 (t) = Bout

1 (t − τ)

where τ > 0 is a small delay.

Cascades: Systems in Series

We generalize the notion of cascade introduced by H.J. Carmichael†.

dB
(2)
out = S2dB

(2)
in + L2dt

= S2(S1dB
(1)
in + L1dt) + L2dt

= S2S1B
(1)
in + (S2L1 + L2)dt

† H.J. Carmichael, Phys. Rev. Lett., 70(15):2273 2276, 1993.

PRINCIPLES AND APPLICATIONS OF QUANTUM CONTROL ENGINEERING ROYAL SOCIETY KAVLI INSTITUTE, 2011 John Gough, joint work with M.R. James, D.G. Evans Quantum Structures, Information and Control, AberystwythTHE SERIES PRODUCT AND QUANTUM FEEDBACK NETWORKS
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Quantum Feedback Networks

Then consider

dBout
2 (t) = S2(t)dB in

2 (t) + L2(t)dt

= S2(t)S1(t − τ)dB in
1 (t − τ) + (S2(t)L1(t − τ) + L2(t))dt

Send τ → 0:

Sseries = S2S1

Lseries = L2 + S2L1

Need also

Hseries = H1 + H2 + Im{L∗2S2L1}
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Quantum Feedback Networks

The Markovian physical parameters for the series-connected network is
given by the series product,

(Sseries , Lseries ,Hseries) = (S2, L2,H2) / (S1, L1,H1)

= (S2S1, L2 + S2L1, H1 + H2 + Im{L∗2S2L1})

a simple symbolic rule: [group multiplication]

Gseries = G2 / G1

(a) Classical circuit (b) Quantum network

beam

cavity

modes

cavity 1

cavity 2

optical

medium

mirror

optical

interconnect

isolator

input

beam

output

(c) All-optical coherent feedback

Figure 6: (a) Electrical equivalent circuits. (b) Quantum equivalent networks. (c) Quantum feedback
network involving a direct coupling connection (optical medium) and a quantum field connection, [34, 64].

This opens up the possibility of developing easy to use algebraic methods for quantum network analysis
that can use the power of symbolic software packages like Mathematica and Maple; e.g. QHDL, [7].
Decoherence mechanisms, and non-ideal behaviour, such as non-trivial delays between the components,
could be dealt with by suitable modelling. Further, in quantum technology there are other mechanisms for
connecting components that are not mediated by a free quantum field, and these can be included as well,
e.g. Figure 6(c).

Understanding complex quantum dynamical behaviour. The ability to understand how a system works
is of course a matter of basic importance, and indeed the analysis of systems is a routine matter for engi-
neers. The high level of complexity of modern engineered systems makes analysis very difficult, and in
fact dynamical analysis for complex networks is the subject of a large amount of research effort world-
wide. Dynamical analysis of complex quantum technologies will involve significant challenges beyond
what is encountered in the classical context due to the need to describe the quantum mechanics of these sys-
tems, and decoherence in particular. The quantum network modelling techniques developed in this project
provides tools for understanding behaviour. The symbolic form of the models affords a degree of trans-
parency that allows for some basic analytical studies. For example, by combining conditions for stability of
component systems with knowledge of system interconnections, stability and robustness properties can be
investigated, [23, 25, 51, 67, 68]. Beyond this, the scale and complexity of quantum networks makes further
analytical study problematic, and this motivates the use of simulation studies. However, quantum systems
are difficult to simulate. Simulation of a simple two-level system requires the solution of three differential
equations (for the Block coordinates) which is of course feasible, but the problem is that the computational
complexity scales exponentially with the size of the quantum system. Simulation of large complex quantum
dynamical networks appears to be infeasible using standard classical digital computers.

Quantum analog simulation. Before digital computers were widely available, it was common practice
to use analog computers to simulate the behaviour of systems, Figure 7, [69]. Analog computers emulate
continuous variables of physical systems, in contrast to the manipulation of discrete bits by digital com-
puters. Examples of analog computers were electronic systems (constructed from amplifiers, capacitors,
etc) that could be configured to replicate the dynamical behaviour of the system under consideration. This
was achieved by representing the physical system of interest (e.g. a mechanical system) in the form of an
electrical circuit. Effectively, electrical circuit theory played the role of an ‘analog programming language’
for electronic analog computers. The availability of a configurable quantum analog computer (QAC) would
be of considerable value. Quantum analog computers are not the same as the quantum digital computers
that are envisioned in quantum ICT, [8]. The latter quantum computers are intended to implement quantum
digital logic by manipulating qubits, the unit of quantum information. In contrast, QACs are intended to
emulate a wide range of quantum physical systems. QACs could be built using a variety of physical hard-
ware, including quantum optics, circuit QED systems, etc, and are much closer to realisation than quantum
digital computers. In fact, chemical systems are examples of quantum hardware that have been used es-

[Gough and James, 2009]
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Quantum Feedback Networks

Other network constructs
Concatenation:

Open loop system in parallel

Concatenation

�n
j=1 (Sj , Lj , Hj) =







S1 0 0

0
. . . 0

0 0 Sn


 ,




L1
...

Ln


 , H1 + · · · + Hn


 .

PRINCIPLES AND APPLICATIONS OF QUANTUM CONTROL ENGINEERING ROYAL SOCIETY KAVLI INSTITUTE, 2011 John Gough, joint work with M.R. James, D.G. Evans Quantum Structures, Information and Control, AberystwythTHE SERIES PRODUCT AND QUANTUM FEEDBACK NETWORKS

[Gough and James, 2009]
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Quantum Feedback Networks

Linear Fractional Transformation (LFT) and edge elimination:
Feedback Reduction

ueye

yi = ui

Reduced model matrix (internal fields eliminated):

Vred = Vee + Vei (I − Vii )
−1Vie

PRINCIPLES AND APPLICATIONS OF QUANTUM CONTROL ENGINEERING ROYAL SOCIETY KAVLI INSTITUTE, 2011 John Gough, joint work with M.R. James, D.G. Evans Quantum Structures, Information and Control, AberystwythTHE SERIES PRODUCT AND QUANTUM FEEDBACK NETWORKS

Feedback Reduction Formula:

Internal edge elimination∗

The reduced model obtained by eliminating the edge (r0, s0) is

Sred
sr = Ssr + Ssr0 (1 − Ss0r0)

−1 Ss0r ,

Lred
s = Ls + Ssr0 (1 − Ss0r0)

−1 Ls0 ,

Hred = H +
�

inputs s

ImL†
sSsr0 (1 − Ss0r0)

−1 Ls0 .

∗ J. G., M.R. James, Quantum Feedback Networks: Hamiltonian

Formulation Commun. Math. Phys., 1109-1132, Volume 287, Number 3

/ May, 2009.

PRINCIPLES AND APPLICATIONS OF QUANTUM CONTROL ENGINEERING ROYAL SOCIETY KAVLI INSTITUTE, 2011 John Gough, joint work with M.R. James, D.G. Evans Quantum Structures, Information and Control, AberystwythTHE SERIES PRODUCT AND QUANTUM FEEDBACK NETWORKS

[Gough and James, 2009]

Example: [Yanagisawa-Kumura, 2001]

Components in-loop

Model considered by M. Yanagisawa utilizing a beamsplitter

Feedback loops introduce topologically nontrivial paths!
Which way did the signal go?

PRINCIPLES AND APPLICATIONS OF QUANTUM CONTROL ENGINEERING ROYAL SOCIETY KAVLI INSTITUTE, 2011 John Gough, joint work with M.R. James, D.G. Evans Quantum Structures, Information and Control, AberystwythTHE SERIES PRODUCT AND QUANTUM FEEDBACK NETWORKS
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Quantum Feedback Networks

Direct coupling:

G1 � G2

✲
✲ ✲

✲
✲✲

❄

✻

❄

✻

✲
✲
✲

✲
✲

✲

G1

G2

Fig. 3. Concatenation of two systems, G1 �G2.

G2 �G1 is defined by

G2 �G1 = S2S1,L2 + S2L1,

�
Z1

Z2

�
, (13)

H1 + H2 +
1

2i
(L†

2S2L1 − L†
1S

†
2L2)).

As its name suggests, the series product describes the series

or cascade connection using field channels, Figure 4; a proof

of this is given in [5], and entails equating the inputs of

the second system with slightly delayed outputs of the first

system, [3].

G2 � G1

✲
✲ ✲

✲
✲

❄

✻

❄

✻

✲ ✲
✲
✲

❄

✻

❄

✻

G1 G2

Fig. 4. Series or cascade connection of two systems, G2 � G1.

Finally, if G1 = (S1,L1,Z1,H1) and G2 =
(S2,L2,Z2,H2) have the same number of direct connection
channels (i.e. Z1 and Z2 have the same length. Then the

direct connection product G2 �� G1 is defined by

G1 �� G2 = (

�
S1 0
0 S2

�
,

�
L1

L2

�
, ,

H1 + H2 + Z†
2Z1 + Z†

1Z2)

The direct connection product describes interaction between

the components in terms of the interaction Hamiltonian

Z†
2Z1+Z†

1Z2, a self-adjoint operator in U1⊗U2 quantifying

the energy flow between the components, Figure 5.

Here, the blank indicates the absence of an available

connection. All products may be extended in a natural way

to describe the absence of a connection using blanks.

We say that a system G is reducible if it can be expressed

as

G = (�jGfj) � (�kGdk) (14)

G1 �� G2

✲
✲ ✲

✲
✲✲

❄

✻

❄

✻

✲
✲
✲

✲
✲
✲

G1

G2

Fig. 5. Direct connection of two systems, G1 �� G2.

where the subsystems have the form

Gfj = (Sj ,Lj , ,Hfj), Gdk = ( , ,Zj ,Hdk). (15)

The decomposition (14) identifies any block diagonal struc-

ture of the field channels (as reflected in the structure of the

scattering matrix S), and separates out the direct interaction
terms. It is not unique. This is illustrated in Figure 6.

d3

�
�
�

✻

❄

✻

❄

✻

❄

✻

❄
✲

✲

✲

✲✲

✲

✲

✲
f1

f2

f3

f4

d1 d2

d4

�

Fig. 6. A reducible system G = Gf1 �Gf2 �Gf3 �Gf4 �Gd1 �
Gd2 �Gd3 �Gd4.

The concatenation, series and direct connection products

may be used to describe quantum systems. They can be used

to represent components, as well as to assemble networks

(next section). Note that variables evolve according to the

physical laws of both systems and the nature of the con-

nection (cf. [9, sec. 10.8.2])—the behavior of the connected

systems is characterized by the parameters specified by the

products.

V. NETWORKS

A. Reducible Networks

In general, a network can be specified by a collection

of components together with interconnections determined

by direct and field-mediated connections. We now define a

class of networks, which we call reducible networks, that
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Fig. 3. Concatenation of two systems, G1 �G2.

G2 �G1 is defined by

G2 �G1 = S2S1,L2 + S2L1,

�
Z1

Z2

�
, (13)

H1 + H2 +
1

2i
(L†

2S2L1 − L†
1S

†
2L2)).

As its name suggests, the series product describes the series

or cascade connection using field channels, Figure 4; a proof

of this is given in [5], and entails equating the inputs of

the second system with slightly delayed outputs of the first

system, [3].
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Fig. 4. Series or cascade connection of two systems, G2 � G1.

Finally, if G1 = (S1,L1,Z1,H1) and G2 =
(S2,L2,Z2,H2) have the same number of direct connection
channels (i.e. Z1 and Z2 have the same length. Then the

direct connection product G2 �� G1 is defined by

G1 �� G2 = (

�
S1 0
0 S2

�
,

�
L1

L2

�
, , (14)

H1 + H2 + Z†
2Z1 + Z†

1Z2).

The direct connection product describes interaction between

the components in terms of the interaction Hamiltonian

Z†
2Z1+Z†

1Z2, a self-adjoint operator in U1⊗U2 quantifying

the energy flow between the components, Figure 5.

Here, the blank indicates the absence of an available

connection. All products may be extended in a natural way

to describe the absence of a connection using blanks.

We say that a system G is reducible if it can be expressed

as
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where the subsystems have the form

Gfj = (Sj ,Lj , ,Hfj), Gdk = ( , ,Zj ,Hdk). (16)

The decomposition (14) identifies any block diagonal struc-

ture of the field channels (as reflected in the structure of the

scattering matrix S), and separates out the direct interaction
terms. It is not unique. This is illustrated in Figure 6.
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Fig. 6. A reducible system G = Gf1 �Gf2 �Gf3 �Gf4 �Gd1 �
Gd2 �Gd3 �Gd4.

The concatenation, series and direct connection products

may be used to describe quantum systems. They can be used
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The chain and dual chain representations have found extensive application in robust control theory, [20], [40]. The following
generalizations of these representations are valid for arbitrary open quantum systems of the form (20); the chain representation
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These representations are illustrated in Figure 7. Note that

D(G) � C(G) = C(G) �D(G) = (I, 0, 0), (27)

so that D(G) = C(G)−1.
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direct connection product G2 �� G1 is defined by

G1 �� G2 = (

�
S1 0
0 S2

�
,

�
L1

L2

�
, ,

H1 + H2 + Z†
2Z1 + Z†

1Z2)

The direct connection product describes interaction between

the components in terms of the interaction Hamiltonian

Z†
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1Z2, a self-adjoint operator in U1⊗U2 quantifying

the energy flow between the components, Figure 5.
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where the subsystems have the form

Gfj = (Sj ,Lj , ,Hfj), Gdk = ( , ,Zj ,Hdk). (15)

The decomposition (14) identifies any block diagonal struc-

ture of the field channels (as reflected in the structure of the

scattering matrix S), and separates out the direct interaction
terms. It is not unique. This is illustrated in Figure 6.
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�→

�
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�
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so that
C−1(C(G)) = G = C(C−1(G)). (25)
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�
:

�
y1

u1

�
�→
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These representations are illustrated in Figure 7. Note that

D(G) � C(G) = C(G) �D(G) = (I, 0, 0), (27)

so that D(G) = C(G)−1.

7
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Fig. 6. Quantum feedback network described by the linear fractional transformation F (G).
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Abstract—The purpose of this paper is to discuss how
Willems’ behavioral modeling might be applied to physical
systems governed by the laws of quantum physics. As we shall
explain, this entails shifting the emphasis from trajectories of
values to variables. A quantum behavior is defined in terms
of the evolution of physical variables according to quantum
mechanics. This evolution is given in terms of parameters that
specify the internal energy of the system, and any interfaces to
other systems or fields. A simple framework for modeling open
quantum systems and networks of such systems is described;
this framework provides tools for determining quantum behav-
iors. The ideas are illustrated by an example from quantum
optics.

I. INTRODUCTION

The behavioral approach to dynamical systems modeling

has been developed by Willems and collaborators (e.g. [9],

[11], [12]) to provide general model structures that are in-

tended to be appropriate for applications. Behavioral models

describe the range of possibilities that are allowed by the

system being considered, and do not depend on notions

of state nor inputs and outputs. While these notions can

be accommodated and may play important roles, behavioral

modeling is focused on trajectories of values (usually numer-

ical) of system variables and how they are determined. In

particular, the problem of control is seen as finding a control

system that can be connected to the plant being controlled

so that the behavior of the combined system has desirable

properties.

The purpose of this paper is to discuss how behavioral

modeling might be applied to physical systems governed by

the laws of quantum physics. As we shall explain, this entails

shifting the emphasis from trajectories of values to variables.

The unitary dynamical postulate from quantum mechanics

determines how physical variables may evolve in time, thus

determining the quantum behavior. This unitary flow is spec-

ified from physical considerations concerning the energy of

the system, and is usually expressed in terms of a differential

equation, the Schrodinger equation; this may be regarded as

the quantum behavioral equation. Energy specifications may

be regarded as a (non-numerical) parameterization of the

quantum behavior.

In order to get a feeling for what is involved, consider the

quantum optical network shown in Figure 1, which illustrates

a pair of optical cavities coupled by an optical medium
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Fig. 1. A pair of optical cavities coupled by an optical medium and an
optical interconnect, [13, Fig. 1]. Each cavity consists of a pair of mirrors,
one of which is perfectly reflecting (shown solid) while the other is partially
transmitting (shown unfilled). The partially transmitting mirror enables the
light mode inside the cavity to interact with an external light field. The
external field is separated into input and output components by a Faraday
isolator. The optical interconnect is formed when light from the output of
one cavity is directed into the input of the other, here using additional
mirrors.

and an optical interconnect (a light beam). To describe the

behavior of such a network, one needs a mathematical model

that can represent the physical properties of the components

(the cavities), and the mechanisms for interconnection. In

quantum mechanics, the variables (represented as operators

on a Hilbert space, and called observables) that are used

to describe the cavity include ones that do not commute—

this is a fundamental feature of quantum mechanics, and

well known consequences include the famous Heisenberg

uncertainty principle, [7]. It is because of the presence of

observables that do not commute that quantum behavioral

modeling needs to focus on variables, instead of numerical

values; the latter suffice for classical (i.e. non-quantum)

deterministic situations. Since the network of Figure 1

includes the use of an external free field channel (light

beam) as an interconnect, the modeling framework needs

an efficient and tractable quantum mechanical description

for such field channels. Quantum noise models [8], [4] can

be used to describe the random influence of the optical

fields on the cavities. Quantum noise modeling is much like

classical white noise modeling, except that the quantum noise

includes components that do not commute, and is therefore

fundamentally quantum mechanical. A wide range of such

cavity pair is given by the reducible system

N = G1 ∧ G2 = (Gf2 �Gf1) � (Gd1 �� Gd2)

= (1,
√
γ2 a2 +

√
γ1 a1, ,

∆1a
∗
1a1 + ∆2a

∗
2a2 − ig(a2a

∗
1 − a∗

2a1))

This expression simply and transparently describes the net-

work in terms of the interconnections used in forming it, and

is illustrated in Figure 9.

A1 �✲

✛ ✲

✲✲
A2 = Ã1

f1

N

d1 �� d2

f2

Ã2

�

Fig. 9. Network representation of the connected cavity pair.

The connected cavity pair may be considered as an open

system with a single field channel and no direct connection

channels, as described by the parameters N given by (??),

as shown in Figure 10 (equivalent circuit). This determines

the quantum behavior of the connected cavity pair system

through the quantum behavioral (Schrodinger) equation (3).

�✲ ✲

N

Fig. 10. Equivalent representation of the connected cavity pair.

VI. DISCUSSION AND CONCLUSIONS

In this paper we have discussed some ideas underlying

how the “behavioral approach” might be applied to open

quantum systems. Important points to note include:

1) In modeling open quantum systems, emphasis is placed

on variables, not values. The signal space of values U
is replaced by a ∗-algebra U of physical variables.

2) The behavior of an open quantum system is determined

by parameters (S,L,Z,H) (recall (11)) through the
quantum behavioral equation (Schrodinger) equation

(3). As a consequence, the time evolution of a typical

system variable X ∈ U is given by (5), while that of

any output field channels is given by (8) and (10).

3) The quantum behavioral modeling framework does

not depend on system states. States are used only

when needed—to compute statistical quantities for a

complete system. State specification is an important

part of physical modeling, but is independent of the

behavior.

4) Quantum behavioral modeling does not demand in-

puts and outputs. The framework allows for direct

connections between systems in a natural physical

manner, without imposing an input output structure. It

also allows for indirect connections via field channels,

where an input-output structure is natural.

In the spirit of systems theory, we have provided efficient

algebraic tools for describing open quantum networks using

parameters, complete with rules for decomposition and as-

sembly. The example discussed in subsection V-B employed

the techniques of “tearing (examining the interconnections)

and zooming (examining the subsystems) in a hierarchical

fashion” [12, sec. 9]. One could consider Willems’ terminol-

ogy of manifest and latent variables in the present context,

although we have not done so here. For instance, in the

example of subsection V-B one might think of the input

A1 and output Ã2 as manifest variables, while the variables

associated with the connections may be regarded as latent.

The internal cavity variables could be regarded as latent also.

Clearly, our discussion of quantum behaviors has been at

a general level. It is not clear what, if any, meaning may

be given to behavioral notions and methods developed in

detail for deterministic classical linear systems in [9] (such as

controllability) in the quantum context. It is possible that they

may depend too much on the context of numerical values and

linearity.

We remark that classical (i.e. non-quantum) systems, de-

terministic or stochastic, linear or nonlinear, may be regarded

as special cases by considering them as commutative sub-

systems of open quantum systems. This will be discussed in

more detail in a journal version of this paper.

It seems that the behavioral ideas we have discussed for

open quantum systems and networks, with their focus on

the behavior of physical variables, is consistent with much

of the behavioral philosophy advocated by Willems and

collaborators, e.g. [9], [11], [12]. However, it appears that we

need a quantum probability space (U , P)2: the big quantum
physical variable space in the sky (cf. [9, page 7])!

Acknowledgment. The authors wish to thank Ian Petersen

and Jochen Trumpf for helpful discussions.
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1) In modeling open quantum systems, emphasis is placed
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(3). As a consequence, the time evolution of a typical

system variable X ∈ U is given by (5), while that of

any output field channels is given by (8) and (10).
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not depend on system states. States are used only

when needed—to compute statistical quantities for a
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part of physical modeling, but is independent of the

behavior.
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how the “behavioral approach” might be applied to open

quantum systems. Important points to note include:

1) In modeling open quantum systems, emphasis is placed
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Direct measurement feedback [Wiseman, 1994]

Controlled Hamiltonian
H0 + Fc

Before feedback, the quantum system is described by

G = (1, L,H0) � (S , 0, 0)

where S = e−iF is unitary (describes the classical input as an equivalent
field input that models photodetection).

Direct measurement feedback [Wiseman, 1994]

14

Here we have twice applied the formulas (38) given in Lemma 2.8.

Alternatively, we may use our theory of equivalent components (Theorem 3.4) to move the phase change (S, 0, 0) to the
very end, as shown in the right diagram in Figure 12. Then

Gcl = (S, 0, 0) ⇤ (1, S⇥L2, 0) ⇤ (1, L1, 0)

= (S, SL1 + L2,
1

2i
(L⇥

2SL1 � L⇥
1S

⇥L2)),

as before.

Either way, the closed loop feedback system is described by Gcl = (Scl, Lcl,Hcl) where

Scl = S ⇥ ei�,

Lcl = SL1 + L2 ⇥
�
1 + ei�

⇥⇤
�a,

Hcl = Im {L⇥
2SL1} ⇥ � sin ⇥ a†a.

From this we obtain the Heisenberg dynamical equation for the mode

da = �
⇤
a,
�
1 + ei�

⇥⇤
�a†⌅ dA1 �

�

2

�
1 + ei�

⇥ �
1 + e�i�

⇥
adt

�i� sin ⇥ adt

⇥ �
�
1 + ei�

⇥
(
⇤
�dA1 + �adt) ,

and the input/output relation

dÃ2 = ei�dA1 +
�
1 + ei�

⇥⇤
�adt.

This is in agreement with [19, eq. (2.29)] who deduce the same relations by a time-lag argument based on [8].

B. Direct Measurement Feedback

In the paper [18], Wiseman considers two types of measurement feedback, one involving photon counting, and another based

on quadrature measurement using homodyne detection (which is a diffusive limit of photon counts). In both cases proportional

feedback involving an electrical current was used. We describe these feedback situations in the following subsections using

our network theory.

1) Photon Counting: Consider the measurement feedback arrangement shown in Figure 13, which show a vacuum input

field A, a control signal c, a photodetector PD, and a proportional feedback gain k.

feedback gain

�

⇥ ⇥

⇥

PD

i(t)

control signal photocurrent

input field output field

k

quantum system

A(t)

c(t)
G

Fig. 13. Direct feedback of photocurrent obtained by photon counting using a photodetector (PD).

Before feedback, the quantum system is described by

G = (1, L,H0 + Fc), (50)

where H0 and F are self-adjoint, and c represent a classical control variable. The photocurrent i(t) resulting from ideal

photodetection of the output field is given by

‘i(t)dt⇤ = d� + LdA⇥ + L⇥dA + L⇥Ldt, (51)

where, mathematically, the photocurrent i(t) is the formal derivative of a self-adjoint commutative jump stochastic process
�̃(t) (the output gauge process) whose Ito differential is given by the RHS of (51) (which contains the input gauge process
�). The feedback is given by

c(t) = ki(t), (52)

Controlled Hamiltonian

H0 + Fc

Before feedback, the quantum system is described by

G = (1, L, H0) � (S, 0, 0)

where S = e�iF is unitary.

After feedback, we have

Gcl = (S, 0, 0) � (1, L, H0) = (S, SL, H0)

dX = (�i[X, H0]+Le�iF L(X))dt+[L⇥, X]e�iF dA+eiF [X, L]dA⇥+(eiF Xe�iF�X)d�.
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After feedback, we have

Gcl = (S , 0, 0) / (1, L,H0) = (S ,SL,H0)

15

where k is a (real, scalar) proportional gain. The feedback gain can be absorbed into F , and so we assume k = 1 in what
follows.

Due to the singular nature of the jump process differentials, we interpret the formal control Hamiltonian differential Fc(t)dt
in the Ito calculus by (e�iF � 1)d�. Therefore we can represent the system before feedback as

G = (1, L,H0) � (S, 0, 0)

where S = e�iF , a unitary operator. The second subsystem (S, 0, 0) captures the gauge coupling of the control signal, viewed
as a field. The self-adjoint commutative nature of the output gauge �̃ means that it describes the outcome of the photon

counting measurement, and only this part of the field is coupled to the system. The closed loop system after feedback is given

by

Gcl = (S, 0, 0) � (1, L,H0) = (S, SL,H0)

using formulas (38) from Lemma 2.8. This is illustrated in Figure 14. This agrees with the results obtained by Wiseman, [18,

eq. (3.44)], which we write in our notation as

dX = (�i[X, H0] + Le�iF L(X))dt + [L⇥, X]e�iF dA + eiF [X, L]dA⇥ + (eiF Xe�iF � X)d�. (53)

S

��

� �

A

C C̃

ÃL�

Fig. 14. Network representation of the direct photocount feedback scheme of Figure 13.

2) Quadrature Measurement: We again consider the quantum system G given by (50), but replace the photodetector PD

in Figure 13 with a homodyne detector HD.3 The homodyne detector produces a photocurrent i(t) given by

‘i(t)dt
⇤
= dI(t) = (L(t) + L†(t))dt + dA(t) + dA⇥(t).

The feedback is given by (52) as above, with feedback gain can be absorbed into F , as above. The measurement result I(t) is
a self-adjoint commutative diffusive process. We replace the formal control Hamiltonian differential Fc(t) in the Ito calculus
by a field coupling with operator M = �iF .
We can now describe the system before feedback as

G = (1, L,H0) � (1,M, 0).

After feedback, the closed loop system is

Gcl = (1,M, 0) � (1, L,H0) = (1, L � iF, H0 +
1

2
(FL + L⇥F ))

using (38). This is illustrated in Figure 15.

This agrees with [18, eq. (4.21)], which we write as

dX = (�i[X, H0 +
1

2
(FL + L†F )] + LL�iF (X))dt + [(L � iF )⇥, X])dA + [X, (L � iF )]dA⇥. (54)

C. Realistic Detection

Consider a quantum systemGq continuously monitored by observing the real quadrature of an output field. This measurement

can ideally be carried out by homodyne detection, but due to finite bandwidth of the electronics and electrical noise, this

measurement could be more accurately modeled by introducing a classical system (low pass filter) and additive noise as shown

in Figure 16, as analyzed in [17]. Here, B is a vacuum field, I is the output of the ideal homodyne detector (HD), v is a
standard Wiener process, and Y is the (integral of) the electric current providing the measurement information. We wish to

derive a filter to estimate quantum system variables Xq from the information available in the measurement Y .

3An ideal homodyne detector HD takes an input field A and produces a quadrature, say A + A�, thus effecting a measurement. This is achieved routinely
to good accuracy in optics laboratories, [10, Chapter 8].

(can also do quadrature measurement)

Controlled Hamiltonian

H0 + Fc

Before feedback, the quantum system is described by

G = (1, L, H0) � (S, 0, 0)

where S = e�iF is unitary.

After feedback, we have

Gcl = (S, 0, 0) � (1, L, H0) = (S, SL, H0)

dX = (�i[X, H0]+Le�iF L(X))dt+[L⇥eiF , X]e�iF dA+eiF [X, e�iF L]dA⇥+(eiF Xe�iF�X)d�.
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Realistic detection [Warszawski-Wiseman-Mabuchi, 2002]

The quantum system is given by

Gq = (1, Lq,Hq),

and the classical detection system is given by the classical stochastic
equations

dx(t) = f̃ (x(t))dt + g(x(t))dw(t),

dY (t) = h(x(t))dt + dv(t),Realistic detection [Warszawski-Wiseman-Mabuchi, 2002]

16
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ÃL�

Fig. 15. Network representation of the direct homodyne feedback scheme (Figure 13 with HD replacing PD).

Gq

� ��
⇥

��
+

+
Yclassical system

I
quantum system HD

B

detection system

v

Gc

⇤⇥⌅�

Fig. 16. Model of a realistic detection scheme for a quantum system, showing ideal homodyne detection followed by a classical system (e.g. low pass filter)
and additive classical noise.

The quantum system is given by

Gq = (1, Lq,Hq), (55)

and the classical detection system is given by the classical stochastic equations

dx(t) = f̃(x(t))dt + g(x(t))dw(t),

dY (t) = h(x(t))dt + dv(t), (56)

where x(t) ⇥ Rn, y(t) ⇥ R, f̃ , g are smooth vector fields, h is a smooth real-valued function, and w and v are independent
standard classical Wiener processes. As described in the Appendix B, this classical system is equivalent to Gc = (1, Lc1,Hc)�
(1, Lc2, 0), where Lc1 = �igT p � 1

2⇤T g, Lc2 = 1
2h and Hc = 1

2 (fT p + pT f). We represent the system of Figure 16 as a

network, as shown in Figure 17.

Y⇧
� ��

��

�

�

classical system

A2

A1 = B̃

quantum system

B Lc1

Lc2

Gq Gc

Lq

Ã1

Ã2

HD

�

Fig. 17. Network representation of the realistic detection scheme of Figure 16.

Here, the classical noises are represented as real quadratures w = A1 + A�
1, v = A1 + A�

2. Note that since Lc1 is skew-

symmetric, only the real quadrature w = A1 + A�
1 = B̃ + B̃� affects the classical system (this captures the ideal homodyne

detection). The complete cascade system is

G = ((1, Lc1,Hc) � (1, Lq,Hq)) � (1, Lc2, 0)

= (I,

�
L1 + Lc1

Lc2

⇥
,Hq + Hc +

1

2i
(L�

c1Lq � L�
qLc1)) (57)

The quantum system is given by

Gq = (1, Lq, Hq),

and the classical detection system is given by the classical stochastic equations

dx(t) = f̃(x(t))dt + g(x(t))dw(t),

dY (t) = h(x(t))dt + dv(t),
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The classical system is equivalent to

Gc = (1, Lc1,Hc) � (1, Lc2, 0)

where Lc1 = −igTp − 1
2∇Tg , Lc2 = 1

2h and Hc = 1
2(f Tp + pT f ).

The complete cascade system is

G = ((1, Lc1,Hc) / (1, Lq,Hq)) � (1, Lc2, 0)

= (I,

(
L1 + Lc1

Lc2

)
,Hq + Hc +

1

2i
(L∗c1Lq − L∗qLc1))
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The unnormalized quantum filter for the cascade system is

dσt(X ) = σt(−i [X ,Hq + Hc +
1

2i
(L∗c1Lq − L∗qLc1)]

+L L1 + Lc1

Lc2

(X ))dt + σt(L∗c2X + XLc2)dy .

For instance, X = Xq ⊗φ, where φ is a smooth real valued function on Rn.

Filtered estimate of quantum variables:

πt(Xq) = σt(Xq)/σt(1)
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The quantum system is given by

Gq = (1, Lq,Hq), (55)

and the classical detection system is given by the classical stochastic equations

dx(t) = f̃(x(t))dt + g(x(t))dw(t),

dY (t) = h(x(t))dt + dv(t), (56)

where x(t) ⇥ Rn, y(t) ⇥ R, f̃ , g are smooth vector fields, h is a smooth real-valued function, and w and v are independent
standard classical Wiener processes. As described in the Appendix B, this classical system is equivalent to Gc = (1, Lc1,Hc)�
(1, Lc2, 0), where Lc1 = �igT p � 1

2⇤T g, Lc2 = 1
2h and Hc = 1

2 (fT p + pT f). We represent the system of Figure 16 as a

network, as shown in Figure 17.
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Fig. 17. Network representation of the realistic detection scheme of Figure 16.

Here, the classical noises are represented as real quadratures w = A1 + A�
1, v = A1 + A�

2. Note that since Lc1 is skew-

symmetric, only the real quadrature w = A1 + A�
1 = B̃ + B̃� affects the classical system (this captures the ideal homodyne

detection). The complete cascade system is

G = ((1, Lc1,Hc) � (1, Lq,Hq)) � (1, Lc2, 0)

= (I,

�
L1 + Lc1

Lc2

⇥
,Hq + Hc +

1

2i
(L�

c1Lq � L�
qLc1)) (57)

The quantum system is given by

Gq = (1, Lq, Hq),

and the classical detection system is given by the classical stochastic equations

dx(t) = f̃(x(t))dt + g(x(t))dw(t),

dY (t) = h(x(t))dt + dv(t),

The classical system is equivalent to

Gc = (1, Lc1, Hc) � (1, Lc2, 0)

where Lc1 = �igT p � 1
2
⇥T g, Lc2 = 1

2
h and Hc = 1

2
(fT p + pT f).

The complete cascade system is

G = ((1, Lc1, Hc) � (1, Lq, Hq)) � (1, Lc2, 0)

= (I,

�
⇤ L1 + Lc1

Lc2

⇥
⌅ , Hq + Hc +

1

2i
(L�

c1Lq � L�
qLc1))
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Quantum Hardware Description Language (QHDL)

[MabuchiLab, 2011]Specification of photonic circuits using QHDL 5
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Figure 2. A basic Mach-Zehnder setup.

ports (of the overall circuit), which are required in order for the circuit itself to
be callable as a composite QHDL component, as well as any numeric parameters
required for physical modeling. Note that we require that all input ports appear
before all output ports.

Listing 1. Entity declaration

entity Mach Zehnder is
generic (phi mz: real := 0);
port (In1, VacIn: in fieldmode; Out1, Out2: out fieldmode);

end Mach Zehnder;

For this entity we must then have one or more architecture declarations in the
same QHDL file. These provide alternative ways of realizing the internal structure
of the circuit. The architecture declaration consists of a head which specifies the
interfaces of all components used in the architecture body and all internal signals.
The component declarations are very similar to the entity declaration- they serve
to establish an interface for each subcomponent.

Listing 2. Architecture head

architecture structure MZ of Mach Zehnder is
component beamsplitter

port (a, b: in fieldmode; c, d: out fieldmode);
end component beamsplitter;

component phase
generic (phi: real);
port (a: in fieldmode; b: out fieldmode);

end component phase;

signal bs1 phase, bs1 bs2, phase bs2: fieldmode;

The architecture body then consists of a series of instance assignments for each
occurrence of any of the previously specified component types. Each instance assign-
ment specifies the relationship between the component-instance parameters and the
entity parameters. In addition, it specifies a port map detailing how the component-
instance is connected to the internal signals or the external ports.

Listing 3. Architecture body

begin
BS1: beamsplitter

port map (a => In1, b => VacIn, c => bs1 bs2, d => bs1 phase);
phase: phase

generic map (phi => phi mz);

Article submitted to Royal Society

MZ = BS2 / (phase � I ) / BS1

[Nik Tezak will talk later about QHDL in detail.]
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Specification of photonic circuits using QHDL 5
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ports (of the overall circuit), which are required in order for the circuit itself to
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before all output ports.
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ment specifies the relationship between the component-instance parameters and the
entity parameters. In addition, it specifies a port map detailing how the component-
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Listing 3. Architecture body

begin
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port map (a => In1, b => VacIn, c => bs1 bs2, d => bs1 phase);
phase: phase

generic map (phi => phi mz);
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ports (of the overall circuit), which are required in order for the circuit itself to
be callable as a composite QHDL component, as well as any numeric parameters
required for physical modeling. Note that we require that all input ports appear
before all output ports.

Listing 1. Entity declaration

entity Mach Zehnder is
generic (phi mz: real := 0);
port (In1, VacIn: in fieldmode; Out1, Out2: out fieldmode);

end Mach Zehnder;
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same QHDL file. These provide alternative ways of realizing the internal structure
of the circuit. The architecture declaration consists of a head which specifies the
interfaces of all components used in the architecture body and all internal signals.
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to establish an interface for each subcomponent.
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component beamsplitter
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component phase
generic (phi: real);
port (a: in fieldmode; b: out fieldmode);
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signal bs1 phase, bs1 bs2, phase bs2: fieldmode;

The architecture body then consists of a series of instance assignments for each
occurrence of any of the previously specified component types. Each instance assign-
ment specifies the relationship between the component-instance parameters and the
entity parameters. In addition, it specifies a port map detailing how the component-
instance is connected to the internal signals or the external ports.

Listing 3. Architecture body

begin
BS1: beamsplitter

port map (a => In1, b => VacIn, c => bs1 bs2, d => bs1 phase);
phase: phase

generic map (phi => phi mz);

Article submitted to Royal Society
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port map (a => bs1 phase, b => phase bs2);
BS2: beamsplitter

port map (a => phase bs2, b => bs1 bs2, c => Out1, d => Out2);
end structure MZ;

In the port map, each internal component port is assigned to either an entity
port or a signal. Any instance in (out) port must be connected either to an entity
in (out) port or to a signal that is connected to another instance’s out (in) port.

Listing 4. Port map statement

port map (a => phase bs2, b => bs1 bs2, c => Out1, d => Out2);

Each signal therefore connects exactly two ports: one instance input and one in-
stance output or one instance input (output) and an entity input (output).

(c) Parsing a network

Here we present a simple algorithm to parse a general network into a circuit
expression. We assume that the QHDL file has been preprocessed such that we
have the lists of ports, components, instances, signals and port mappings in native
data structures accessible to our algorithm.

1. We denote the list of internal signals by S. For each instance assignment
j = 1, 2 . . .N in the architecture body:

• Generate the network triplet Qj = (Sj ,Lj , Hj) with the correct parametriza-
tion as specified in the generic map statement.

• Generate the correctly ordered† list of input port names Ij and the
correctly ordered list of output port names Oj where each portname is
entry is of the form instance-name:port-name.

2. Concatenate all triplets Q = Q1!Q2! · · ·!QN and similarly concatenate the
input and output port lists I = I1 +I2 + · · ·+IN and O = O1 +O2 + · · ·+ON

3. For each internal signal s ! S concatenate the full circuit triplet Q with a

single channel identity system 1 resulting in Q
(0)
f = Q ! |S|,

4. Now, each element in the full list of output ports O corresponds to an entry
of the form instance-name:port-name. Make copies of O! = O and S! = S and
iterate over all output ports in the following fashion:

If the output port is connected to a global output (i.e. an entity output port),
continue to the next entry.
If the output port is connected to the j-th signal in the current signal list S!,
let k be the index of the output port in the current output port O! list and

update the model triplet Q
(n)
f " Q

(n+1)
f = [Q

(n)
f ]k"M+j , where M = |O!| is

the length of the current output port list. Then, remove the k-th entry from
O!, and the j-th entry of S!.

† As defined via the the component declaration in the architecture head.

Article submitted to Royal Society

[MabuchiLab, 2011]

Matt James (ANU) SLH & Quantum Feedback Networks 53 / 53


	Modelling for Engineered Systems
	The SLH Formalism
	Feedback Control
	Quantum Feedback Networks
	Examples

