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Introduction

Quantum Trajectory Theory

A master equation is derived by ignoring (tracing over) the bath.

ρ̇(t) = Lρ(t) ≡ [−iĤ, ρ] +
∑L

`=1D[ĉ`]ρ.

It is not always appropriate to ignore the bath — often it can be
measured, yielding information about the system.
If the Born-Markov approximation is a good one then
the bath can be measured repeatedly, on a time scale which is
short compared to the interesting system evolution, without
invalidating the master equation.
This monitoring of the system yields a stochastic record.
The conditioned state ρF(t) is a function of the past measurement
record. It evolves stochastically (e.g. quantum jumps) because the
record is stochastic (e.g. photon detection times).
On average, the conditioned state reproduces the ME:

E[ρF(t)] = ρ(t) = exp[L(t − t0)]ρ(t0).
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Introduction

Context: a quantum optician’s perspective

c.1991–3, quantum opticians discovered
how to model continuous quantum measurements in terms a
conditioned quantum state (“quantum trajectory theory”),
how to apply this to the feedback control of such systems.

c.1999-2000, our theory of feedback control became much more
sophisticated when we learnt

of classical stochastic control, and how it can be generalized to
quantum systems
that Belavkin had done this, in mathematical physics, in the 1980s.

However, this did not really change quantum trajectory theory.

Here: one of the few generalizations of quantum trajectory theory
inspired by classical “control” theory — quantum state smoothing
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Bayesian classical estimation

State = probability distribution

System configuration xt ∈ C, t ∈ [t0,T ).

Initial state ℘(t0) = {℘(x̆; t0) : x̆ ∈ C}, where ℘(x̆; t) = Pr[x(t) = x̆].
(Here C taken as discrete for simplicity.)

Measured current yt , t ∈ [t0,T ) supplies the observer with
imperfect information about x.

e.g. yt dt = Cxt dt + dvm(t).

Measurement record YΩ = {yt : t ∈ Ω},
where Ω ⊆ [t0,T ) of nonzero measure.

Conditioned state at time τ

℘YΩ
(τ) = {℘(x̆; τ |YΩ, ℘(t0)) : x̆ ∈ C} .
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Bayesian classical estimation

Prediction, Retrodiction, and Interpolation

[adapted from a diagram of Tsang, PRA 2009.]
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Classical and quantum theories of time-symmetric smoothing, which can be used to optimally estimate wave
forms in classical and quantum systems, are derived using a discrete-time approach, and the similarities
between the two theories are emphasized. Application of the quantum theory to homodyne phase-locked loop
design for phase estimation with narrowband squeezed optical beams is studied. The relation between the
proposed theory and weak value theory of Aharonov et al. is also explored.
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I. INTRODUCTION

Estimation theory is the science of determining the state
of a system, such as a dice, an aircraft, or the weather in
Boston, from noisy observations #1–4$. As shown in Fig. 1,
estimation problems can be classified into four classes,
namely, prediction, filtering, retrodiction, and smoothing. For
applications that do not require real-time data, such as sens-
ing and communication, smoothing is the most accurate es-
timation technique.

I have recently proposed a time-symmetric quantum
theory of smoothing, which allows one to optimally estimate
classical diffusive Markov random processes, such as gravi-
tational waves or magnetic fields, coupled to a quantum sys-
tem, such as a quantum mechanical oscillator or an atomic
spin ensemble, under continuous measurements #5$. In this
paper, I shall demonstrate in more detail the derivation of
this theory using a discrete-time approach and how it closely
parallels the classical time-symmetric smoothing theory pro-
posed by Pardoux #6$. I shall apply the theory to the design
of homodyne phase-locked loops !PLLs" for narrowband
squeezed optical beams, as previously considered by Berry
and Wiseman #7$. I shall show that their approach can be
regarded as a special case of my theory and discuss how their
results can be generalized and improved. I shall also discuss
the weak value theory proposed by Aharonov et al. #8$ in
relation with the smoothing theory and how their theory may
be regarded as a smoothing theory for quantum degrees of
freedom. In particular, the smoothing quasiprobability distri-
bution proposed in Ref. #5$ is shown to naturally arise from
the statistics of weak position and momentum measurements.

This paper is organized as follows. In Sec. II, Pardoux’s
classical time-symmetric smoothing theory is derived using a
discrete-time approach, which is then generalized to the
quantum regime for hybrid classical-quantum smoothing in
Sec. III. Application of the hybrid classical-quantum smooth-
ing theory to PLL design is studied in Sec. IV. The relation
between the smoothing theory and weak value theory of
Aharonov et al. is then discussed in Sec. V. Section VI con-
cludes the paper and points out some possible extensions of
the proposed theory.

II. CLASSICAL SMOOTHING

A. Problem statement

Consider the classical smoothing problem depicted in Fig.
2. Let

xt %&x1t

x2t

]
xnt

' !2.1"

be a vectoral diffusive Markov random process that satisfies
the system It! differential equation #1$,

dxt = A!xt,t"dt + B!xt,t"dWt, !2.2"

where dWt is a vectoral Wiener increment with mean and
covariance matrix given by

(dWt) = 0, !2.3"

(dWtdWt
T) = Q!t"dt . !2.4"

The superscript T denotes the transpose. The vectoral obser-
vation process dyt satisfies the observation It! equation,
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FIG. 1. !Color online" Four classes of estimation problems, de-
pending on the observation time interval relative to !, the time at
which the signal is to be estimated.
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Prediction gives ℘YΩ
(τ) for Ω = [t0, t1), t1 < τ ;

Retrodiction gives ℘YΩ
(τ) for Ω = [t2,T ), t2 > τ ;

Interpolation gives ℘YΩ
(τ) for Ω = [t0, t1) ∪ [t2,T ).
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Filtering Retrofiltering 

Smoothing 

Observations 

Filtering gives ℘F(τ) ≡ ℘←−Y (τ) where
←−
Y ≡ Y[t0,τ);

Retrofiltering gives ℘R(τ) ≡ ℘−→Y (τ) where
−→
Y ≡ Y[τ,T );

Smoothing gives ℘S(τ) ≡ ℘←→Y (τ) for
←→
Y ≡ Y[t0,T ).
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From Classical to Quantum Smoothing — Previous Work

Classical Smoothing for Stochastic Systems (i)

[adapted from a diagram of Tsang, PRA 2009.]
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Classical Smoothing for Stochastic Systems (ii)

℘S(x̆; τ) = Pr[x(τ) = x̆|
←→
Y , ℘(t0)] =

Pr[x(τ) = x̆,
−→
Y |
←−
Y , ℘(t0)]

Pr[
−→
Y |
←−
Y , ℘(t0)]

=
Pr[x(τ) = x̆|

←−
Y , ℘(t0)] Pr[

−→
Y |x(τ) = x̆,

←−
Y , ℘(t0)]

Pr[
−→
Y |
←−
Y , ℘(t0)]

=
℘←−

Y
(x̆; τ)Pr[

−→
Y |x(τ) = x̆]

Pr[
−→
Y |℘←−

Y
(τ)]

≡
℘←−

Y
(x̆; τ)E−→

Y
(x̆; τ)]∑

x̆′∈C ℘←−Y (x̆′; τ)E−→
Y

(x̆′; τ)

℘←−
Y

(x̆; τ) = ℘F(x̆; τ) is the solution of a Kushner-Stratonovich eqn.
E−→

Y
(x̆; τ) ∝ ℘R(x̆; τ) for an uninformative prior ℘(τ), and is the

solution of the adjoint KS eqn for the final condition E−→
Y

(x̆; T ) = 1.
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Quantum Smoothing? [Tsang, PRA (2009)] (i)

[adapted from a diagram of Tsang, PRA 2009.]
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Quantum Smoothing? [Tsang, PRA (2009)] (ii)

Recall that classically,
℘S(x̆; τ) ∝ ℘←−

Y
(x̆; τ)E−→

Y
(x̆; τ)

℘←−
Y

(x̆; τ) = ℘F(x̆; τ) is the solution of a classical filtering eqn.
E−→

Y
(x̆; τ) ≥ 0 is the solution of the adjoint of this equation for the

final condition E−→
Y

(x̆; T ) = 1. It is a PVM:
∑
−→
Y

E−→
Y

(x̆; τ) = 1.
The obvious quantum analogue is

ρ̂S(τ) ∝ ρ̂←−
Y

(τ)Ê−→
Y

(τ)

ρ̂←−
Y

(τ) = ρ̂F(τ) is the solution of a quantum filtering eqn. (i.e. it is
described by quantum trajectory theory).
Ê−→

Y
(τ) ≥ 0 is the solution of the adjoint of this equation for the final

condition Ê−→
Y

(T ) = 1̂. It is a POVM: satisfies
∑
−→
Y

Ê−→
Y

(τ) = 1̂.

The problem is that this ρ̂S(τ), even if made Hermitian, is not
necessarily positive. That is, it is not a state.
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Indirect Classical Smoothing
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Quantum Parameter Smoothing [Tsang, PRL (2009)]

[adapted from a diagram of Tsang, PRA 2009.]

Wiseman & Guevara (Griffith) Quantum State Smoothing PrACQSys, Cambridge, 2014 16 / 30



From Classical to Quantum Smoothing — Previous Work

Applications of this Quantum Smoothing

Adaptive Optical Phase Estimation Using Time-Symmetric Quantum Smoothing
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Quantum parameter estimation has many applications, from gravitational wave detection to quantum

key distribution. The most commonly used technique for this type of estimation is quantum filtering, using

only past observations. We present the first experimental demonstration of quantum smoothing, a time-

symmetric technique that uses past and future observations, for quantum parameter estimation. We

consider both adaptive and nonadaptive quantum smoothing, and show that both are better than their

filtered counterparts. For the problem of estimating a stochastically varying phase shift on a coherent

beam, our theory predicts that adaptive quantum smoothing (the best scheme) gives an estimate with a

mean-square error up to 2
!!!
2

p
times smaller than nonadaptive filtering (the standard quantum limit). The

experimentally measured improvement is 2:24! 0:14.

DOI: 10.1103/PhysRevLett.104.093601 PACS numbers: 42.50.Dv, 03.65.Ta, 03.67."a, 42.50.Xa

Quantum parameter estimation (QPE) is the problem of
estimating an unknown classical parameter (or process)
which plays a role in the preparation (or dynamics) of a
quantum system [1,2], and is central to many fields includ-
ing gravitational wave interferometry [3], quantum com-
puting [4], and quantum key distribution [5]. The
fundamental limit to the precision of the estimate in QPE
is set by quantum mechanics [1,2]. Thus one of the key
issues in QPE is the development of practical method-
ologies which allow measurements to approach or exceed
the standard quantum limit (SQL) for a given measurement
coupling [6–12]. Because of its wide-ranging technologi-
cal relevance, the prime example of QPE is estimating an
optical phase shift [13–20].

Apart from some theoretical papers [19,20], work in this
area of QPE has concentrated upon the problem of estimat-
ing a fixed, but unknown phase shift, which can be thought
of as preparing the quantum state with an average phase
equal to this parameter. It was shown theoretically [15] that
for this problem adaptive homodyne measurements cou-
pled with an optimal estimation filter can yield an estimate
with mean-square error smaller than the standard quantum
limit (as set by perfect heterodyne detection). This was
demonstrated experimentally in Ref. [16] using very weak
coherent states (for which the factor of improvement is at
most 2). More recent theory and experiment have shown
that interferometric measurements with photon counting
can also be improved using adaptive techniques [17,18].

A far richer, and in many cases more experimentally
relevant, problem of quantum phase estimation arises when

the phase evolves dynamically under the influence of an
unknown classical stochastic process [19,20]. The general
problem of estimating a classical process dynamically
coupled to a quantum system under continuous measure-
ment has recently been considered by Tsang [21], who
introduced three main categories of quantum estimation:
prediction or filtering, smoothing, and retrodiction. Of
those, prediction or filtering is a causal estimation tech-
nique that can be used in real-time applications [22].
Smoothing and retrodiction are acausal and so cannot be
used in real time, but they can be used for off-line data
processing or with a delay corresponding to the estimation
time. Smoothing, in which the signal is inferred at a point
in time based on data taken both before and after that time,
is the only time-symmetric estimation technique. As a
consequence, it can be more precise than the time asym-
metric techniques of filtering or retrodiction [20,21]. Such
a result is very significant for quantum sensing applications
where it is more important to have precise rather than real-
time estimates.
Here we present the first experimental demonstration of

QPE using quantum smoothing. Specifically, we consider
estimation of the phase of a continuous optical field, gen-
eralizing the theory of Ref. [19] to a more general classical
phase noise process, and to smoothing (rather than filter-
ing). According to our theory, adaptive measurements and
smoothing both offer improvements over the alternative
(nonadaptive and filtering, respectively). Moreover, using
both together offers the maximum improvement, with a
mean-square phase error smaller than the standard (non-
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Fundamental Quantum Limit to Waveform Estimation
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We derive a quantum Cramér-Rao bound (QCRB) on the error of estimating a time-changing signal.

The QCRB provides a fundamental limit to the performance of general quantum sensors, such as

gravitational-wave detectors, force sensors, and atomic magnetometers. We apply the QCRB to the

problem of force estimation via continuous monitoring of the position of a harmonic oscillator, in which

case the QCRB takes the form of a spectral uncertainty principle. The bound on the force-estimation error

can be achieved by implementing quantum noise cancellation in the experimental setup and applying

smoothing to the observations.
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The accuracy of any sensor is limited by noise. To
quantify the potential performance of a sensor, it is often
useful to compute a lower bound to the error in the esti-
mation of the signal of interest. One of the most widely
used bounds is the Cramér-Rao bound (CRB), which limits
the mean-square error in parameter estimation [1].

The development of quantum technology highlights the
question of how quantum mechanics impacts the perform-
ance of sensors. Helstrom formulated a quantum Cramér-
Rao bound (QCRB) [2], which stipulates that the minimum
estimation error is inversely proportional to a property of
the sensor known as the quantum Fisher information. The
QCRB is central to quantum sensor design in the burgeon-
ing field of quantum metrology [3,4] for several reasons. It
allows one to determine whether the fundamental sensitiv-
ity of a sensor design meets the requirements of an appli-
cation, provides a criterion against which the optimality
of quantum sensing schemes can be tested, and motivates
improvements of schemes that are suboptimal. For sensors
near the fundamental limit, the QCRB can also be used
to quantify the trade-off between sensing accuracy and
physical resources of the sensor, so that efficient ways of
improving sensitivity can be identified.

Most prior work on the QCRB considered estimation of
one or a few fixed parameters. Yet, in most sensing appli-
cations, such as force sensing and magnetometry, the signal
of interest is changing in time. This time-changing signal,
which we call a waveform, is coupled continuously to the
sensor, and continuous measurements on the sensor are
used to extract information about the waveform [5–7].
Here we derive the QCRB for waveform estimation—the
first such derivation to our knowledge—allowing for any
quantum measurement protocol, including sequential, dis-
crete or continuous measurements.

Previous work on the QCRB generally did not take into
account prior information, but for the task of estimating a

waveform, which often depends on an infinite number of
unknown parameters, parameter estimation techniques no
longer suffice and prior information is required to make the
problem well defined [1]. The prior information might, for
example, restrict the signal to a finite bandwidth, making
integrals over frequency finite that otherwise would di-
verge. Thus a crucial feature of our QCRB is the inclusion
of prior waveform information.
Our result provides a rigorous criterion against which

the optimality of design, control, and estimation strategies
for quantum sensors, such as gravitational-wave detectors,
force sensors, and atomic magnetometers, can be tested. As
an example, we calculate the QCRB on the error of force
estimation via continuous position measurements of a har-
monic oscillator, in which case the bound takes the form of
a spectral uncertainty principle. We show that the bound
can be achieved by implementing quantum noise cancel-
lation (QNC) to remove the backaction noise from the
observations [8] and applying the estimation technique of
quantum smoothing [7] to the observations. This proves
the optimality of such control and estimation techniques
for force sensing and establishes our QCRB as the funda-
mental limit to force sensing.
Let x!t" denote the classical waveform to be estimated.

For simplicity, we assume x!t" to be a scalar function;
generalization to multiple processes is straightforward.
We discretize time as tj # t0 $ j!t, j # 0; 1; . . . ; J, and
assume that !t is small enough that we can treat x!t" as
piecewise-constant, i.e., x!t" # xj for tj % t < tj$1. The
prior probability density P&x' for the vector x (
!xJ)1; . . . ; x0"T characterizes what is known or assumed
about the waveform prior to the measurements. For a
vector of observations y ( !yN)1; . . . ; y1; y0"T made any
time during the interval t0 < t % tJ, we define a condi-
tional probability density P&yjx'. The joint probability
density is P&y; x' # P&yjx'P&x'. Finally, we define the
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Quantum State Smoothing

Quantum-State-Derived Parameter Smoothing
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Quantum State Smoothing

Trying to Guess the Unobserved Jumps1

1Related to Gammelmark, Julsgaard, and Mølmer (PRL, 2013) which tries to
guess an unknown measurement result at a single time τ .
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Quantum State Smoothing

Quantum State Smoothing

YΩ = the fixed record from the observer’s monitoring of D[a]
(we will take this to be homodyne).
NΩ = the hypothetical monitoring of D[c] known only to “God”
(we will take this to be photon counting).
ρG(τ) = ρ←−

Y ,
←−
N

(τ).

ρF(τ) = ρ←−
Y

(τ).

ρS(τ) =
∑
←−n Pr[

←−
N =

←−n |
←→
Y , ρ(t0)]× ρ←−

Y ,←−n (τ).

Pr[
←−
N =

←−n |
←→
Y , ρ(t0)] ∝ Prost[

←−
N =

←−n ,
←−
Y |
−→
Y , ρ(t0)]Tr[ρ̃←−

Y ,←−n (τ)Ê−→
Y

],

where ρ̃←−
Y ,←−n means we generate it using the linear quantum trajectory

theory needed for the ostensible distribution Prost[
←−
N =

←−n ,
←→
Y |ρ(t0)].

In practice, we choose a time-local Prost[y(t)|ρ(t0)] and a time-local
Prost[dN(t) = 1|

←−
Y , ρ(t0)] = Tr[ĉ†ĉρ←−

Y
(τ)]dt .
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Quantum State Smoothing

Example System: Typical Trajectory

Driven two-level atom:
Ĥ = (Ω/2)σ̂x ,
a =
√
γησ̂−,

c =
√
γ(1− η)σ̂−.

Ω = 20, γ = 2, η = 10
11 .

Monitoring:
Y -homodyning
y = 〈(â− â†)/i〉+ ξ(t),
N photon-counting
〈dN〉 = 〈ĉ†ĉ〉.
Fixed

←→
Y ,
←→
N , 104 ←→n .

Fidelity = 〈ψG|ρ|ψG〉
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Quantum State Smoothing

Example System: Averages

Monitoring:
Y -homodyne (Φ = π/2)
y = 〈(â− â†)/i〉+ ξ(t)
or X -homodyne (Φ = 0)
x = 〈(â + â†)〉+ ξ(t)
N photon-counting
〈dN〉 = 〈ĉ†ĉ〉dt.

103←→Y , each 104 ←→n .
Purity = Tr[ρ2].
E←→

Y ,
←→
N

[Fidelity←→
Y ,
←→
N

] =

E←→
Y

[Purity←→
Y

]

Rel.Pur.Rec. = PS−PF
1−PF

.

 0.95

 0.96

 0.97

 0.98

 0.99

 1

\
 =

 0

t

  blF lF   blS lS

 0.95

 0.96

 0.97

 0.98

 0.99

 1

\
 =

 /
 / 

2

Average Purity (over 1000 records)
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Conclusion

Summary

Classically, there is no great conceptual difference between
filtering ℘F(x̆; τ) = ℘←−

Y
(x̆; τ) and smoothing ℘S(x̆; τ) = ℘←→

Y
(x̆; τ).

The latter represents a more informative state.
In QM there is an analogue of filtering: quantum trajectory theory.
But in QM, the obvious analogue of smoothing does not work.
For an open system with two output channels (a, c), only one of
which is monitored (a→ Y ), quantum trajectory theory

automatically averages over any hypothetical monitoring (c → N).
generates ρ←−Y (τ) which is therefore mixed.

By considering this hypothetical monitoring c → N, we can
calculate a quantum smoothed state:

ρS(τ) = E←−
N |
←→
Y

[ρ←−
Y ,
←−
N

(τ)]

which is, on average, less mixed (more informative) than ρF(τ).
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Conclusion

Future Work

More efficient simulation methods for larger systems.

What about a “God” measurement different from photon counting
(e.g. homodyne)?

Would this be more or less feasible numerically?
Which “God” measurement would give the most informative ρS?

Can ρS be related to the “most likely path” of Chantasri et al., as
realized in the experiment of Siddiqi &co (Nature, 2014).

Can we come up with an experimental test?
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Detection, or Emission — Who Cares?

If there were only one way to detect a field, no-one should care.

But there isn’t. For an atom (or any Markovian system) the
average system dynamics ρ̇ = Lρ is unchanged by any
processing of the system output fields prior to detection.

e.g. we can add a local
oscillator field β.

Mathematically, this
amounts to ĉ → ĉ + β,
Ĥ → Ĥ − i

2(β∗ĉ − βĉ†).

We can even do this
adaptively, making β(t)
depend on prior clicks.
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Example: Stochastic Decay of Excited State Atom
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Direct
Detection.

QSD (Gisin &
Percival, 1992)
= Heterodyne
Detection (HMW
& GJM, 1993).

Adaptive
Homodyne
Detection
(HMW, 1995).

Wiseman & Guevara (Griffith) Quantum State Smoothing PrACQSys, Cambridge, 2014 29 / 30



Example: Ensemble Average Decay

Direct
Detection.

QSD (Gisin &
Percival, 1992)
= Heterodyne
Detection (HMW
& GJM, 1993).

Adaptive
Homodyne
Detection
(HMW, 1995).
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