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1

Maps as embedded graphs

In these notes, the word “graph” will refer to an unoriented multigraph,
formally consisting of a set of vertices V , a set of edges E, and an incidence
relation, which is a subset I of V × E such that for every e ∈ E, the set
{v ∈ V : (v, e) ∈ I} has cardinality 1 or 2 (in the first case we say that e
is a self-loop). We usually denote a graph by G = (V, E), without explicit
mention of the incidence relation I.
The description of maps that is arguably the most intuitive is in terms of
graphs embedded in surfaces. The drawback is that it turns out to be quite
elaborate mathematically, and for this reason, let us stress at this point that
we will sometimes be sketchy in this section with some definitions. A careful
treatment of the theory of embedded graphs is done in the book [24].
Let S be a topological surface that is oriented, compact, connected and
without boundary. The fundamental theorem of classification of surfaces
asserts that S is homeomorphic to one of the surfaces S2 = T0 , T1 , T2 , . . .,
where for every g > 0, the surface Tg is the connected sum of g copies of the
2-dimensional torus T1 . The number g is called the genus of S.
An oriented edge in S is a continuous mapping e : [0, 1] → S such that
• either e is injective
• or the restriction of e to [0, 1) is injective and e(0) = e(1).
In the second case, we say that e is a loop. We always consider edges up
to reparametrization by an increasing homeomorphism [0, 1] → [0, 1], and
2

S2 = T0

T1
T2

T3

Figure 1: Topological surfaces

the quantities associated with an edge e are usually invariant under such
reparametrization.
The origin of e is e− = e(0), the target of e is e+ = e(1), the two together
form the extremities of e. The reversal of e is the edge e : t 7→ e(1 − t).
An edge on S is a pair e = {e, e} where e is an oriented edge. The relative
interior of an edge e = {e, e} is the set int(e) = e((0, 1)), and its extremities
~ be the associated set
are the extremities of e. If E is a set of edges, we let E
~ = 2#E.
of oriented edges, so that #E
Definition 1.1. An embedded graph in S is a multigraph G = (V (G), E(G))
such that
• V (G) is a finite subset of S,
• E(G) is a finite set of edges on S,
• for every e ∈ E(G), the vertices incident to e in G are its extremities,
• for every e ∈ E(G), the relative interior int(e) does not intersect V (G)
nor the images of the edges of E(G) distinct from e.
For simplicity, we usually denote V (G), E(G) by V, E. The support of an
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embedded graph G is the set
supp(G) = V ∪

[

int(e),

e∈E

and a face of G is a connected component of S\ supp(G). We let F (G) be
the set of faces of G, or simply F if G is clearly given by the context.
Definition 1.2. A map on S is an embedded graph whose faces are all homeomorphic to the unit disk of R2 . A map on S = S2 is called a plane map.
A rooted map is a map with a distinguished oriented edge, formally a pair
~
(G, e∗ ), where G is a map and e∗ ∈ E(G).
A map is necessarily a connected graph. In fact, in the case where S = S2 ,
maps are exactly the connected embedded graphs, but for higher genera, the
graph that consists of a single vertex V = {v} and no edges E = ∅ is not a
map, because S \ {v} is not simply connected.
We see that the notion of map does not only depend on the underlying
graph structure, that is the graph isomorphism class of G, but also on the
way that the graph is embedded in S (and in particular, of S itself). Figure
2 shows how the complete graph K4 can be embedded in S2 or T1 to form
two different maps.

Figure 2: Two maps with underlying graph K4 .
~ Since S is an oriented surface,
Let G = (V, E) be a map and e ∈ E.
it makes sense to consider the face of G that lies to the left of e, when one
crosses the edge e in its natural orientation from e− to e+ . We let fe ∈ F (G)
be this face. Note that it might well happen that fe = fe , in which case
e is called an isthmus. The oriented edges e1 , e2 , . . . , ed bounding a face f
4

are naturally arranged in a counterclockwise cyclic order around f , and with
every i ∈ {1, . . . , d} there corresponds a corner, namely, an angular sector
included in f and bounded by the edges ei−1 and ei , where by convention
e0 = ed (to be mathematically precise, one should rather speak of germs of
such sectors). It will be useful in the sequel to identify oriented edges in a
map and their incident corners.

e
f

Figure 3: A map with shaded corners. The corner corresponding to an
oriented edge e is indicated. Note that the face called f is incident to 4
corners.
~ : e− = v},
The degree of a vertex v ∈ V is defined by deg(v) = #{e ∈ E
which in words is the number of edges that are incident to v, counting self~ : fe = f }, and
loops twice. The degree of a face f ∈ F is deg(f ) = #{e ∈ E
this is the number of corners incident to the face f : if we understand f as
being the interior of a topological polygon, then its degree is just the number
of edges of this polygon. Note that this is also the number of edges of the
map that lie in the closure of f (we say that those edges are incident to f ),
but with the convention that the isthmuses are counted twice.

1.1

Duality and Euler’s formula

There is a natural notion of duality for maps. Let G = (V, E) be a map.
Let vf be a point inside each face f ∈ F (G). For every {e, e} ∈ E, draw
a “dual” edge from vfe to vfe that intersects int(e) at a single point, and
does not intersect supp(G) otherwise. It is possible to do this in a way
such that the dual edges do not cross, so that the graph with vertex set
V ∗ = {vf : f ∈ F (G)} and edge-set E ∗ equal to the set of dual edges is
an embedded graph G∗ , and in fact, a map. See Figure 4 for an example,
and observe how the roles of self-loops and isthmuses are exchanged by this
5

operation. One can observe also that the roles and degrees of vertices and
faces are also exchanged by duality: one has deg(vf ) = deg(f ) with the above
notation, and conversely, with every vertex v ∈ V one can associate a unique
face fv ∈ F (G∗ ) such that v ∈ fv , and with deg(fv ) = deg(v). Proving all
of the previous assertions would require a considerable effort, but these will
become rather transparent when we introduce the algebraic description of
maps.

Figure 4: Duality
A very important property of maps is given by Euler’s formula.
Theorem 1.1. Let G = (V, E) be a map on the surface Tg . Then
#V − #E + #F = 2 − 2g.
The number χ = 2 − 2g is called the Euler characteristic of Tg .
Example It is not possible to embed the complete graph K5 in S2 . To see
this, note that #V (K5 ) = 5 and #E(K5 ) = 10. Assume that G is a map
that is isomorphic to K5 as a graph. By Euler’s formula for g = 0, it holds
that
#F = 10 − 5 + 2 = 7.
6

Since K5 has no self-loops or multiple edges, all faces in G must have degree
at least 3. Thus
X
~ =
20 = 2#E = #E
deg(f ) ≥ 3#F.
f ∈F

Hence #F < 7, a contradiction.
For a similar reason, it is not possible to embed the complete bipartite
graph K3,3 in S2 .

1.2

Isomorphisms

The next important notion for maps is that of isomorphisms. Let G, G0 be two
maps on surfaces S, S 0 . The two maps are called isomorphic if there exists
an orientation-preserving homeomorphism h : S → S 0 such that V (G0 ) =
~ 0 ) = {h ◦ e : e ∈ E(G)}.
~
h(V (G)) and E(G
The mapping h is called a map
isomorphism. Note that it is in particular a graph isomorphism, in the sense
that it preserves the incidence relations between vertices and edges, but it is
more than that since it also preserves the incidence relations between edges
and faces. If G, G0 are maps that are rooted at e∗ , e0∗ , we say that h is a rootpreserving isomorphism if it is an isomorphism such that h ◦ e∗ = e0∗ . We
say that the rooted maps (G, e∗ ) and (G0 , e0∗ ) are isomorphic if there exists a
root-preserving isomorphism sending one to the other.
Intuitively, two maps are isomorphic if one can “distort” the first one
into the other, although this is more subtle than that. It is not always the
case, at least in genus g ≥ 1, that one can join two isomorphic maps on the
same surface by homotopy. The classical example is given at the bottom
part of Figure 5. Here, the homeomorphism h is a so-called Dehn twist,
obtained by cutting the torus along a generating circle, rotate one side by a
full turn, and glue back. If one sees T1 as (R/Z)2 , such a mapping is given
by (x, y) 7→ (x, x + y).
From now on, we will almost always identify isomorphic (rooted) maps.
We will usually adopt bold notation m, t, . . . to denote isomorphism classes
of maps. Also, most of the maps we will be interested in will be rooted,
although we will usually not specify the root in the definition.
Finally, a map automorphism is an isomorphism from a map onto itself,
that is, a symmetry of the map. The reason for considering rooted maps is
the following.
7
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Figure 5: Isomorphisms

Proposition 1.2. An automorphism of a map that fixes one oriented edge
fixes all the edges of the map.
Intuitively, the reason for this is that an automorphism fixing an oriented
edge e must send every oriented edge with origin v = e− to another such
edge, while preserving the cyclic order of these edges. Hence, every edge with
origin e− must be fixed. For the same reason, if e is fixed, then all the edges
incident to e+ must be fixed. By connectedness of the graph, all edges must
be fixed.

1.3

Plane trees

A graph-theoretic tree is a finite graph G = (V, E) that satisfies any of the
following equivalent conditions:
• G is connected and has no cycle
• G is connected and has #V = #E + 1
• G has no cycle and has #V = #E + 1
• For every u, v ∈ V , there exists a unique simple path between u and v.
A plane tree is a map which, as a graph, is a tree. Note that, due to the
absence of cycles, a tree t has a contractible support, and therefore this
8

implies that the surface S on which t lives is S2 . Moreover, by the Jordan
curve theorem, the absence of cycles is clearly equivalent to the fact that t
has a unique face.
Proposition 1.3. A plane tree is a map with one face.
In terms of the fatgraph representation, a tree is a gluing of a 2n-gon by
identifying its sides in pairs, in order to produce a surface homeomorphic
to a sphere. Equivalently, if we label the edges of the 2n-gon with the integers 1, 2, . . . , 2n, the identifications must produce a non-crossing matching
of {1, 2, . . . , 2n}.
In purely algebraic terms, a tree is a factorization of the cyclic permutation (1, 2, . . . , 2n) as a product σ −1 α, where α is an involution without
fixed points, and σ has n + 1 cycles. Note that the transitivity hypothesis is
automatically satisfied in this case.
10
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Figure 6: Gluing the edges of a polygon along a non-crossing matching produces a tree. The fatgraph representation is displayed. Note that on the left
picture, integers from 1 to 18 represent half-edges, while on the right picture,
we used integers to represent the corresponding corners.
There are many other possible natural encodings for trees. The so-called
Ulam-Harris encoding of rooted plane trees is arguably the simplest math9

ematically, and it stresses the fact that rooted trees are the mathematical
object corresponding to genealogical trees. It identifies the set of vertices of
a rooted tree t with a subset of the set
[
U=
Nn
n≥0

of integer words, where N0 = {∅} consists only on the empty word. The root
vertex is the word ∅, and the neighbors of the latter are labeled 1, 2, . . . , k∅
from left to right (the root is then the oriented edge from ∅ to 1). More
generally, a non-root vertex u = u1 . . . un of the tree is a neighbor to its parent
¬u = u1 . . . , un−1 , located “below” u, and its ku children labeled u1, . . . , uku
from left to right “above” u. We will not use much this encoding, however,
we will keep the notation ¬u for the parent of a non-root vertex u in a plane
tree t (the neighbor of u that lies closest to the root vertex).
2121
212

211

31

21
1

2

32

3

∅

Figure 7: The Ulam-Harris encoding of the rooted tree of Figure 6
One that will be of particular importance to us is the encoding by contour
functions. Namely, let e0 , e1 , . . . , e2n−1 be the sequence of the oriented edges
bounding the unique face of a tree t, starting with the root edge e0 , and
where n = #E(t). We call this the contour exploration of t. Then let
ui = e −
i denote the i-th visited vertex in the contour exploration, and set
Ct (i) = dt (u0 , ui ),

0 ≤ i < 2n,

be the height of ui (distance to the root vertex). By convention, let e2n =
e0 , u2n = u0 , and Ct (2n) = 0. It is natural to extend Ct by linear interpola10

tion between integer times: for 0 ≤ s < 2n, we let
Ct (s) = (1 − {s})Ct (bsc) + {s}Ct (bsc + 1),
where {s} = s − bsc is the fractional part of s.
The contour Ct is then a non-negative path of length 2n, starting and
ending at 0, with slope ±1 between integer times. We call such a path a
discrete excursion of length 2n. Conversely, it is not difficult to see that any
discrete excursion is the contour process of a unique rooted plane tree t with
n edges. More specifically, the trivial path with length 0 corresponds to the
vertex map, and inductively, if C is a discrete excursion of positive length,
then we let C (1) , . . . , C (k) be the excursions of C above level 1, and the tree
encoded by C is obtained by taking the rooted trees t(1) , . . . , t(k) encoded by
C (1) , . . . , C (k) and linking their root vertices in this cyclic order to a same
vertex v by k edges, and finally rooting the map at the edge going from v to
the root of t(1) .

Figure 8: The contour process of the same rooted tree

2

Enumeration via the Cori-Vauquelin-Schaeffer
bijection

It was shown by Tutte that the cardinality of the set Mn of rooted plane
maps with n edges is given by the following very simple formula.
 
2
3n
2n
#Mn =
·
.
(1)
n+2 n+1 n

11

Motivated by this fact, Cori and Vauquelin [9] gave in 1981 a bijective approach to this formula. These approaches reached their full power with the
work of Schaeffer starting in his 1998 thesis [28]. We now describe the bijective approach in the case of quadrangulations.

2.1

Quadrangulations

A map q is a quadrangulation if all its faces are of degree 4. We let Qn be
the set of all (rooted) quadrangulations with n faces. Quadrangulations are
a very natural family of maps to consider, in virtue of the fact that there
exists a “trivial” bijection between Mn and Qn , which can be described as
follows.
Let m be a map with n edges, and imagine that the vertices of m are
colored in black. We then create a new map by adding inside each face of
m a white vertex, and by joining this white vertex to every corner of the
face f it belongs to, by non-intersecting edges inside the face f . In doing
so, notice that some black vertices may be joined to the same white vertex
with several edges. Lastly, we erase the interiors of the edges of the map
m. We end up with a map q, which is a plane quadrangulation with n
faces, each face containing exactly one edge of the initial map. We adopt a
rooting convention, for instance, we root q at the first edge coming after e
in counterclockwise order around e− , where e is the root of m.
Notice that q also comes with a bicoloration of its vertices in black and
white, in which two adjacent vertices have different colors. This says that q is
bipartite, and as a matter of fact, every (plane!) quadrangulation is bipartite.
So this coloring is superfluous: one can recover it by declaring that the black
vertices are those at even distance from the root vertex of q, and the white
vertices are those at odd distance from the root vertex.
Conversely, starting from a rooted quadrangulation q, we can recover a
bipartite coloration as above, by declaring that the vertices at even distance
from the root edge are black. Then, we draw the diagonal linking the two
black corners incident to every face of q. Finally, we remove the interior of
the edges of q and root the resulting map m at the first outgoing diagonal
from e− in clockwise order from the root edge e of q. One checks that this
is indeed a left- and right-inverse of the previous mapping from Mn to Qn .
See Fig. 9 for an illustration of these bijections.
For the record, we state the following useful fact.

12

Figure 9: The so-called “trivial” bijection
Proposition 2.1. A plane map is bipartite if and only if its faces all have
even degree.

2.2

The CVS bijection

Recall that Qn is the set of all rooted plane quadrangulations with n faces.
A simple application of Euler’s formula shows that any element of Qn has
2n edges (4n oriented edges, 4 for each face) and n + 2 vertices.
Let t be a rooted plane tree, with root edge e0 and root vertex u0 = e−
0.
An admissible label function on t is a function ` : V (t) → Z, such that
`(u0 ) = 0 and
|`(u) − `(v)| ≤ 1 ,

for every adjacent u, v ∈ V (t) .

Let Tn be the set of all pairs (t, `), where t is a rooted plane tree with n
edges, and ` is an admissible label function.
Let e0 , e1 , . . . , e2n−1 be the contour exploration of the oriented edges of
t, and ui = e−
i , as in Section 1.3. We extend the sequences (ei ) and (ui )
to infinite sequences by 2n-periodicity. With each oriented edge ei , we can
associate a corner around ui , as explained in Section 1. We will often identify
the oriented edge ei with the associated corner, and we adopt the notation
`(ei ) = `(ui ).

13

For every i ≥ 0, we define the successor of i by
s(i) = inf{j > i : `(ej ) = `(ei ) − 1} ,
with the convention that inf ∅ = ∞. Note that s(i) = ∞ if and only if `(ei )
equals min{`(v) : v ∈ V (t)}. This is a simple consequence of the fact that
the integer-valued sequence (`(ei ), i ≥ 0) can decrease only by taking unit
steps.
Consider a point v∗ in S2 that does not belong to the support of t, and
denote by e∞ a corner around v∗ , i.e. a small neighborhood of v∗ with v∗
excluded, not intersecting the corners ei , i ≥ 0. By convention, we set
`(v∗ ) = `(e∞ ) = min{`(u) : u ∈ V (t)} − 1.
For every i ≥ 0, the successor of the corner ei is then defined by
s(ei ) = es(i) .
The CVS construction consists in drawing, for every i ∈ {0, 1, . . . , 2n −
1}, an arc, which is an edge from the corner ei to the corner s(ei ) inside
S2 \ ({v∗ } ∪ supp (t)). See Fig.10 for an illustration of the CVS construction.
Lemma 2.2. It is possible to draw the arcs in such a way that the graph with
vertex-set V (t) ∪ {v∗ } and edge-set consisting of the edges of t and the arcs
is an embedded graph.
Proof.
Since t is a tree, we can see it as a map with a unique face
S2 \ supp (t). The latter can in turn be seen as an open polygon, bounded by
the edges e0 , e1 , . . . , e2n−1 in counterclockwise order. Hence, the result will
follow if we can show that the arcs do not cross, i.e. that it is not possible to
find pairwise distinct corners e(1) , e(2) , e(3) , e(4) that arise in this order in the
cyclic order induced by the contour exploration, and such that e(3) = s(e(1) )
and e(4) = s(e(2) ).
If this were the case, then we would have `(e(2) ) ≥ `(e(1) ), as otherwise the
successor of e(1) would be between e(1) and e(2) . Similarly, `(e(3) ) ≥ `(e(2) ).
But by definition, `(e(3) ) = `(e(1) )−1, giving `(e(2) ) ≥ `(e(3) )+1 ≥ `(e(2) )+1,
which is a contradiction.
We call q the graph with vertex-set V (t) ∪ {v∗ } and edge-set formed by
the arcs, now excluding the (interiors of the) edges of t.
14

−3

v∗
q

−1

−2
e3 e4
−1

e5

e2

e6

−2

−1

0
1

0
e1

1

−2

−1

−1

−1

−2
0
1

0
1

(t, `)

e0
0

0

Figure 10: Illustration of the Cori-Vauquelin-Schaeffer bijection, in the case
 = 1. For instance, e3 is the successor of e0 , e2 the successor of e1 , and so
on.
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`−1
e0

`

s(e) = s(e0 )

e
e

`−1

`
`−1

e

00

e0

e
e

`

0

s(e )
s(e) = s(e00 )
` − 2 s(e) = s(s(e0 ))

`−1

Figure 11: Illustration of the proof of Lemma 2.3. In this figure, ` = `(e)
Lemma 2.3. The embedded graph q is a quadrangulation with n faces.
Proof. First we check that q is connected, and hence is a map. But this
is obvious since the consecutive successors of any given corner e, given by
e, s(e), s(s(e)), . . ., form a finite sequence ending at e∞ . Hence, every vertex
in q can be joined by a chain to v∗ , and the graph is connected.
To check that q is a quadrangulation, let us consider an edge of t, corresponding to two oriented edges e, e. Let us first assume that `(e+ ) = `(e− )−1.
Then, the successor of e is incident to e+ and the preceding construction gives
an arc starting from e− (more precisely from the corner associated with e)
and ending at e+ . Next, let e0 be the corner following e in the contour exploration around t. Then `(e0 ) = `(e− ) = `(e) + 1, giving that s(e) = s(s(e0 )).
Indeed, s(e0 ) is the first corner coming after e0 in contour order and with
label `(e0 ) − 1 = `(e) − 1, while s(s(e0 )) is the first corner coming after e0
with label `(e) − 2. Therefore, it has to be the first corner coming after e,
with label `(e) − 2 = `(e) − 1.
We deduce that the arcs joining the corners e to s(e), resp. e to s(e), resp.
e0 to s(e0 ), resp. s(e0 ) to s(s(e0 )) = s(e), form a quadrangle, that contains
the edge {e, e}, and no other edge of t.
If `(e+ ) = `(e− ) + 1, the situation is the same by interchanging the roles
of e and e.
The only case that remains is when `(e+ ) = `(e− ). In this case, if e0 and
16

e00 are the corners following e and e respectively in the contour exploration
of t, then `(e) = `(e0 ) = `(e) = `(e00 ), so that s(e) = s(e0 ) on the one
hand and s(e) = s(e00 ) on the other hand. We deduce that the edge {e, e}
is the diagonal of a quadrangle formed by the arcs linking e to s(e), e0 to
s(e0 ) = s(e), e to s(e) and e00 to s(e00 ) = s(e). The different cases are summed
up in Fig.11.
Now, notice that q has 2n edges (one per corner of t) and n + 2 vertices,
so it must have n faces by Euler’s formula. So all the faces must be of the
form described above. This completes the proof.

Note that the quadrangulation q has a distinguished vertex v∗ , but for
now it is not a rooted quadrangulation. To fix this root, we will need an
extra parameter  ∈ {−1, 1}. If  = 1 we let the root edge of q be the arc
linking e0 with s(e0 ), and oriented from s(e0 ) to e0 . If  = −1, the root edge
is this same arc, but oriented from e0 to s(e0 ).
In this way, we have defined a mapping Φ, from Tn × {−1, 1} to the set
•
Qn of pairs (q, v∗ ), where q ∈ Qn and v∗ ∈ V (q). We call such pairs pointed
quadrangulations.
Theorem 2.4. For every n ≥ 1, the mapping Φ is a bijection from Tn ×
{−1, 1} onto Q•n .
We omit the proof of this result. See Chassaing and Schaeffer [7, Theorem
4].
Corollary 2.5. We have the following formula for every n ≥ 1:
#Mn = #Qn =
where

2 n
3 Catn ,
n+2

 
1
2n
Catn =
n+1 n

is the n-th Catalan number.
Proof. We first notice that #Q•n = (n + 2)#Qn , since every quadrangulation q ∈ Qn has n + 2 vertices, each of which induces a distinct element of
Q•n . On the other hand, it is obvious that
#Tn × {−1, 1} = 2 · 3n #Tn = 2 · 3n Catn .
The result follows from Theorem 2.4.
The probabilistic counterpart of this can be stated as follows.
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Corollary 2.6. Let Qn be a uniform random element in Qn , and conditionally on Qn , let v∗ be chosen uniformly at random in V (Qn ). On the other
hand, let (Tn , `n ) be chosen uniformly at random in Tn , and let  be independent of (Tn , `n ) and uniformly distributed in {−1, 1}. Then Φ(Tn , `n , ) has
the same distribution as (Qn , v∗ ).
The proof is obvious, since the probability that (Qn , v∗ ) equals some particular (q, v) ∈ Q•n equals ((n + 2)#Qn )−1 = (#Q•n )−1 .

2.3

Interpretation of the labels

The CVS bijection will be of crucial importance to us when we will deal with
metric properties of random elements of Qn , because the labels on q that
are inherited from a labeled tree through the CVS construction turn out to
measure certain distances in q. Recall that the set V (t) is identified with
V (q)\{v∗ } if (t, `) and q are associated through the CVS bijection (the choice
of  is irrelevant here). Hence, the function ` is also a function on V (q)\{v∗ },
and we extend it by letting, as previously, `(v∗ ) = min{`(u) : u ∈ V (t)} − 1.
For simplicity, we write
min ` = min{`(u) : u ∈ V (t)} .
Proposition 2.7. For every v ∈ V (q), we have
dq (v, v∗ ) = `(v) − min ` + 1 ,

(2)

where dq is the graph distance on q.
Proof. Let v ∈ V (q) \ {v∗ } = V (t), and let e be a corner (in t) incident to
v. Then the chain of arcs
e → s(e) → s2 (e) → . . . → e∞
is a chain of length `(e) − `(e∞ ) = `(v) − `(v∗ ) between v and v∗ . Therefore,
dq (v, v∗ ) ≤ `(v) − `(v∗ ). On the other hand, if v = v0 , v1 , . . . , vd = v∗ are the
consecutive vertices of any chain linking v to v∗ , then since |`(e)−`(s(e))| = 1
by definition for any corner e and since the edges of q all connect a corner
to its successor, we get
d=

d
X
i=1

|`(vi ) − `(vi−1 )| ≥ |`(v0 ) − `(vd )| = `(v) − `(v∗ ) ,
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as desired.

Remark. The preceding proof also shows that the chain of arcs e → s(e) →
s2 (e) → . . . → e∞ is a geodesic chain linking e− to v∗ . Such a geodesic chain,
or more generally a chain of the form e → s(e) → s2 (e) → . . . → sk (e), will
be called a successor geodesic chain.
The triangle inequality for dq (or the second part of the proof) gives the
useful bound
dq (u, v) ≥ |`(u) − `(v)| ,
(3)
As a consequence of the proposition, we obtain for instance that the
“volume of spheres” around v∗ can be interpreted in terms of `: for every
k ≥ 0,
|{v ∈ V (q) : dq (v, v∗ ) = k}| = |{u ∈ V (t) : `(u) − min ` + 1 = k}| .

2.4

A useful bound

The general philosophy in the forthcoming study of random planar maps is
then the following: information about labels in a random labeled tree, if
this tree is uniformly distributed over Tn , allows one to obtain information
about distances in the associated quadrangulation. One major problem with
this approach is that exact information will only be available for distances to
a distinguished vertex v∗ . There is no simple expression for the distances
between two vertices distinct from v∗ in terms of the labels in the tree.
However, more advanced properties of the CVS bijection allow to get useful
bounds on these distances. Recall that e0 , e1 , e2 , . . . is the contour sequence of
corners (or oriented edges) around a tree t ∈ Tn , starting from the root (see
the beginning of Section 2.2). We view (ei , i ≥ 0) as cyclically ordered, and
for any two corners e, e0 of t, we let [e, e0 ] be the set of all corners encountered
when starting from e, following the cyclic contour order, and stopping when
visiting e0 .
Proposition 2.8. Let ((t, `), ) be an element in Tn × {−1, 1}, and (q, v∗ ) =
Φ(((t, `), )). Let u, v be two vertices in V (q) \ {v∗ }, and let e, e0 be two
corners of t such that e− = u, (e0 )− = v. Then there holds that
dq (u, v) ≤ `(u) + `(v) − 2 00min 0 `(e00 ) + 2 ,
e ∈[e,e ]
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Proof. For simplicity, let m = mine00 ∈[e,e0 ] `(e00 ). Let e00 be the first corner
in [e, e0 ] such that `(e00 ) = m. The corner sk (e), whenever it is well defined
(i.e. whenever dq (e− , v∗ ) ≥ k), is called the k-th successor of e. Then e00
is the (`(e) − m)-th successor of e. Moreover, by definition, s(e00 ) does not
belong to [e, e0 ] since it has lesser label than e00 , and necessarily, s(e00 ) is also
the (`(e0 ) − m + 1)-st successor of e0 . Hence, the successor geodesic chain
e → s(e) → s2 (e) → · · · → s(e00 ) from u = e− to s(e00 )− , concatenated with
the similar geodesic chain from v to s(e00 )− is a path of length
`(u) + `(v) − 2m + 2 ,
and the distance dq (u, v) is less than or equal to this quantity. This proves
the result.


3

Scaling limits of random trees

In this chapter, we let Tn be a uniform random element in the set Tn of
rooted plane trees with n edges. We also let `n be a uniform admissible
labeling of Tn , so that (Tn , `n ) is a uniform random element of Tn .
In order to emphasize the dependency on n, we let en0 , en1 , . . . be the contour exploration of the corners incident to Tn , starting with the root corner,
and let uni = (eni )− , so that un0 is the root vertex. This notation will be in
force in subsequent chapters as well.

3.1

Convergence of the contour process

Let Cn be the contour process associated with the random tree Tn . Recall
that Cn is a random variable in the set En of discrete excursions of length 2n
defined in Section 1.3. Since the mapping that associates with every tree its
contour process is a bijection, we see that Cn is a uniform random variable
in En .
Clearly, we have the following alternative description for Cn . Let (Sk , k ≥
0) be a simple random walk in Z, extended by linear interpolation to a
random function (St , t ≥ 0). Then Cn has same distribution as (St , 0 ≤ t ≤
2n) conditioned on An = {Sk ≥ 0 , 0 ≤ k ≤ 2n} ∩ {S2n = 0}. To see this,
simply note that An is the event that (St , 0 ≤ t ≤ 2n) belongs to En , and
that the law of (St , 0 ≤ t ≤ 2n) is uniform among possible random walk
trajectories on [0, 2n].
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Recall that the celebrated Donsker invariance principle entails the following convergence in distribution in the space C([0, 1], R) with the topology
inherited from the uniform norm k · k∞ :


Snt
(d)
√
−→ (Bt )0≤t≤1 ,
n 0≤t≤1 n→∞
where the limiting process is standard Brownian motion. It is then natural,
due to the discussion above, that a similar limiting result should hold for
Cn , where the limiting process is “Brownian motion conditioned to remain
non-negative on [0, 1] and to take the value 0 at time 1”. The latter event
has probability 0, so this does not make sense stricto sensu. However, it
is quite natural that the process corresponding to this intuitive description
is the normalized Brownian excursion. There are several possible explicit
descriptions of this process. For instance, let B be a standard Brownian
motion, and let
g = sup{t ≤ 1 : Bt = 0} ,

d = inf{t ≥ 1 : Bt = 0} .

Since B1 6= 0 a.s., we have that g < 1 < d with probability 1, and the portion
of the path B on the interval [g, d] is the excursion of B away from 0 that
straddles 1. We renormalize this excursion by Brownian scaling by setting

et =

|Bg+t(d−g) |
√
,
d−g

0 ≤ t ≤ 1.

(4)

The process (et , 0 ≤ t ≤ 1) is the normalized Brownian excursion.
Theorem 3.1. Let C(n) denote the renormalized contour process of Tn , defined by
Cn (2nt)
C(n) (t) = √
,
0 ≤ t ≤ 1.
2n
Then the following convergence in distribution holds in C([0, 1], R):
(d)

C(n) −→

n→∞

e.

We will not provide a proof of this result, and rather refer the reader to
[18] for instance.
However, we give the following description of e given by the so-called
Vervaat transform. Namely, let f : [0, 1] → R be a continuous function
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with f (0) = f (1) = 0. For every s ∈ [0, 1], let Vs (f ) be the path f shifted
cyclically at time s, defined by Vs f (t) = f (s + t mod 1) − f (s), where it
should be understood that the representative of t + s mod 1 that is chosen
is the unique one in [0, 1). Finally, let s∗ (f ) = inf{t ∈ [0, 1] : f (t) = inf f },
and set V f = Vs∗ (f ) f .
Recall that the normalized Brownian bridge b is informally the Brownian
motion conditioned to hit 0 at time 1. It can be defined by taking a standard
Brownian motion B and letting bt = Bt − tB1 , 0 ≤ t ≤ 1. It is a continuous
process given by the following marginal distributions: for every 0 < t1 <
t2 < . . . < tk < 1 and x1 , . . . , xk ∈ R,
P (bt1 ∈ dx1 , . . . , btk ∈ dxk ) =

k
Y

pti+1 −ti (xi , xi+1 ) ,

i=0

where by convention we let t0 = 0, tk+1 = 1 and x0 = xk+1 = 0.
Theorem 3.2 (Vervaat’s theorem). The two processes
same distribution.

e

and V b have the

The original proof by Vervaat used an approximation result of both processes by their random walk analogues, and showed that V b has the same
marginal distributions as e. Conceptually simpler proofs can be obtained,
still using approximation, with the help of the so-called cyclic lemma, see
[26]. See also Biane [5].

3.2

Consequences on the geometry of random trees

Theorem 3.1 easily entails some results on the geometry of the random tree
Tn as n gets large.
Proposition 3.3. The following convergences in law hold:
1. Let R(Tn ) = max{dTn (v, un0 ) : v ∈ V (Tn )} be the maximal graph distance from the root vertex to a vertex in Tn .
R(Tn ) (d)
√
−→ sup e .
2n n→∞
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2. Let u∗ be a uniformly distributed random vertex in Tn , then
dTn (un0 , u∗ ) (d)
√
−→ eU ,
n→∞
2n
where U is a uniform random variable in [0, 1], independent of e.
Proof. The first point is clear from the fact that R(Tn ) = max Cn and
Theorem 3.1. As for the second point, we first observe that we may slightly
change the hypothesis on the distribution of v∗ : it clearly suffices to prove
the desired convergence when v∗ is replaced by a vertex that is uniformly
chosen among the n vertices of Tn that are distinct from the root vertex un0
of Tn .
Now, for s ∈ [0, 2n), we let hsi = dse if Cn has slope +1 immediately after
s, and hsi = bsc otherwise. Then, if u ∈ V (Tn ), we have unhsi = u if and only
if u 6= un0 and s is a time when the contour exploration around Tn explores one
of the two oriented edges between u and its parent ¬u. Therefore, for every
u ∈ V (Tn ) \ {un0 }, the Lebesgue measure of {s ∈ [0, 2n) : unhsi = u} equals 2.
Consequently, if U is a uniform random variable in [0, 1), independent of Tn ,
then unh2nU i is uniform in V (Tn ) \ {un0 }. Hence, it suffices to prove the desired
result with unh2nU i instead of u∗ .
Since |s − hsi| ≤ 1, Theorem 3.1 entails that
dTn (un0 , unh2nU i )
√
= C(n) (h2nU i/2n)
2n
converges in distribution to eU , as wanted.
The distributions of the random variables appearing in this theorem can
be made explicit. The law of eU is the so-called Rayleigh distribution, given
by the formula
P (eU > x) = exp(−x2 /2) ,

x ≥ 0.

The law of sup e is the more complicated Theta distribution
X
2 2
P (sup e > x) =
e−2j x (8j 2 x2 − 2) .
j≥1

See [11, Chapter V.4.3] for a proof based on a discrete approximation by
random trees.
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3.3

The Brownian continuum random tree

In the same way that the contour process Cn encodes the random tree Tn , we
can view the normalized Brownian excursion e as the contour process of a
“continuum random tree”. Roughly speaking, every time t ∈ [0, 1] will code
for a point of this tree at height et , where the height should be understood
again as “distance to the root”, the latter being the point visited at time 0,
which naturally has height e0 = 0.
The latter property is not sufficient to get a tree structure, so let us go
back to the discrete picture for a while. Recall that en0 , en1 , . . . , en2n−1 , en2n = en0
denote the oriented edges in the contour exploration around Tn , and that
uni = (eni )− is the corresponding i-th visited vertex. Let i, j ∈ {0, 1, . . . , 2n}
with say i ≤ j. The vertices uni , unj have a highest common ancestor in Tn ,
denoted by uni ∧ unj . It is not difficult to convince oneself that uni ∧ unj = unk ,
where k is any integer between i and j such that Cn (k) = min{Cn (r) : i ≤
r ≤ j}. Denoting the last quantity by Čn (i, j), we see that this quantity is
the height in Tn of uni ∧ unj . Therefore, the unique simple path from uni to unj
in Tn , which goes from uni down to uni ∧ unj , and then from uni ∧ unj up to unj ,
has length
(5)
dTn (uni , unj ) = Cn (i) + Cn (j) − 2Čn (i, j) .

Note that the previous formula does not depend on the actual choices of i and
j corresponding to the vertices uni , unj : if we choose i0 , j 0 such that uni = uni0
and unj = unj0 then the right-hand side will give the same result, as it should.
The reason is that, between two visits of the same vertex v in contour order,
the contour process only explores vertices that are descendants of v in the
tree, and thus have larger heights than that of v.
We can use (5) to get better intuition of what it means for a general
function to be the “contour process of a tree”. Let f : [0, 1] → R+ be a nonnegative, continuous function with f (0) = f (1) = 0. We call such a function
an excursion function, and denote by E the set of excursion functions, that
we endow with the uniform norm. For every s, t ∈ [0, 1], let
fˇ(s, t) = inf{f (u) : s ∧ t ≤ u ≤ s ∨ t} ,
and set

df (s, t) = f (s) + f (t) − 2fˇ(s, t) .

Proposition 3.4. The function df on [0, 1]2 is a pseudo-metric: it is nonnegative, symmetric, and satisfies the triangle inequality.
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Proof. The only non-trivial aspect is the triangle inequality. In fact, the
following stronger 4-point condition is true: for every s, t, u, v ∈ [0, 1],
df (s, t) + df (u, v) ≤ max(df (s, u) + df (t, v), df (s, v) + df (t, u)) .

(6)

One recovers the triangle inequality by taking u = v above. Let us prove this
inequality, which after simplification amounts to
fˇ(s, t) + fˇ(u, v) ≥ min(fˇ(s, u) + fˇ(t, v), fˇ(s, v) + fˇ(t, u)) .
We prove this by case study depending on the relative positions of s, t, u, v.
Case 1: s ≤ t ≤ u ≤ v. Clearly we have fˇ(s, u) ≤ fˇ(s, t) and fˇ(t, v) ≤
fˇ(u, v), giving the result.
Case 2: s ≤ u ≤ t ≤ v. We discuss further subcases.
If fˇ(s, v) = fˇ(u, t), then we see that this latter quantity is also equal to
fˇ(s, t) = fˇ(u, v), and the result follows.
If fˇ(s, v) = fˇ(s, u) and fˇ(u, t) ≤ fˇ(t, v) then fˇ(s, t) = fˇ(s, v) and
fˇ(u, v) = fˇ(u, t), giving the result. In the case where fˇ(s, v) = fˇ(s, u)
and fˇ(t, v) ≤ fˇ(u, t), we rather use fˇ(s, t) = fˇ(s, u) and fˇ(u, v) = fˇ(t, v).
The remaining configurations within Case 2 are symmetric to those discussed above.
Case 3: s ≤ u ≤ v ≤ t. Again there are subcases.
If fˇ(s, t) = fˇ(u, v) then these quantities are also equal to fˇ(s, u) = fˇ(t, v).
If fˇ(s, t) = fˇ(s, u) ≤ fˇ(u, v) ≤ fˇ(v, t) then fˇ(s, t) = fˇ(s, v) and fˇ(u, v) =
ˇ
f (u, t). Finally, if fˇ(s, t) = fˇ(s, u) ≤ fˇ(v, t) ≤ fˇ(u, v) then the result is
immediate.
Finally, all remaining configuration are symmetric to those discussed
above.
Note that in (6), the following even stronger result is true: among the
three quantities df (s, t) + df (u, v), df (s, u) + df (t, v) and df (s, v) + df (t, u),
two are equal and larger than or equal to the third. This is a general property
of distances satisfying the 4-point condition, that we leave as an exercise to
the reader.
Definition 3.1. Let (X, d) be a metric space. We say that X is a geodesic
metric space if for every x, y ∈ X, there exists an isometric embedding φ :
[0, d(x, y)] → X such that φ(0) = x and φ(d(x, y)) = y. This isometric
embedding is called a geodesic path, and its image a geodesic segment, between
x and y.
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We say that (X, d) is an R-tree if it is a geodesic metric space, and if there
is no embedding (continuous injective mapping) of S1 into X. Otherwise said,
the geodesic segments are the unique injective continuous paths between their
endpoints.
Proposition 3.5. Let (X, d) be a connected metric space. Then (X, d) is an
R-tree if and only if it satisfies the 4-point condition.
See for instance [8, 6] for a proof and the relation to the broader concept
of Gromov hyperbolic spaces.
Now let f be as above. Since df is a pseudo-metric on [0, 1], the set
{df = 0} = {s, t ∈ [0, 1] : df (s, t) = 0} is an equivalence relation on [0, 1].
We let Tf = [0, 1]/{df = 0} be the quotient set and pf : [0, 1] → Tf the
canonical projection. Being a class function for the relation {df = 0}, the
function df naturally induces a (true) distance function on the set Tf , and
we still denote this distance by df .
Proposition 3.6. The space (Tf , df ) is a compact R-tree.
Proof. Note that df (s, t) ≤ 2ω(f, |s−t|), where ω(f, δ) = sup{|f (s)−f (t) :
|t − s| ≤ δ} is the modulus of continuity of f . Since f is continuous, this
converges to 0 as δ → 0, and this clearly implies that pf is a continuous
mapping from [0, 1] to (Tf , df ). Therefore, Tf is compact and connected as
a continuous image of a compact, connected set. The result follows from
Proposition 3.5.
Before going any further, let us give another proof of connectedness, which
is interesting in its own right since it will also allow to give explicitly the
geodesics paths in the tree.
Proposition 3.7. For every t ∈ [0, 1] and 0 ≤ r ≤ f (t), let
γt+ (r) = inf{s ≥ t : f (s) < f (t)−r} ,

γt− (r) = sup{s ≤ t : f (s) < f (t)−r} ,

with the convention that inf ∅ = 1 and sup ∅ = 0. Then pf (γt− (r)) =
pf (γt+ (r)) for every r ∈ [0, f (t)], and if we denote by Γt (r) this common
value, then Γt is the (unique) geodesic path from pf (t) to pf (0).
Proof. It is immediate to check that df (γt− (r), γt+ (r)) = 0 for every r,
and that df (γt+ (r), γt+ (r0 )) = r0 − r for every 0 ≤ r ≤ r0 ≤ f (t), since
f (γt+ (r)) = f (t) − r and f (γt+ (r0 )) = fˇ(γt+ (r), γt+ (r0 )) = f (t) − r0 .
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We let [[a, b]] be the unique geodesic segment from a to b in the tree Tf .
Note that Tf naturally comes with a root, which is the point ρf = pf (0) =
pf (1). In particular, it also carries a genealogical structure, namely, for every
a, b ∈ Tf , there is a unique point a ∧ b (the highest common ancestor) such
that [[ρf , a]] ∩ [[ρf , b]] = [[ρf , a ∧ b]]. The geodesic segment [[a, b]] is then the
concatenation of [[a, a ∧ b]] with [[a ∧ b, b]]. It is quite easy to find a ∧ b in
terms of the contour function f .
Proposition 3.8. If a = pf (s) and b = pf (t), then a ∧ b = pf (u) for any
u ∈ [s ∧ t, s ∨ t] such that f (u) = fˇ(s, t).
Proof. It suffices to check that γs+ (f (s) − r) = γt+ (f (t) − r) for every r ≤
fˇ(s, t) and that df (γs+ (f (s)−r), γt+ (f (t)−r)) > 0 for every r ∈ (fˇ(s, t), f (s)∧
f (t)). We leave the details to the reader.
We can finally define the Brownian continuum random tree by breathing
some probabilistic life into the above abstract construction.
Definition 3.2. The Brownian continuum random tree is the random R-tree
(Te , de ) encoded by a normalized Brownian excursion as above. We see it as
a “rooted” tree by distinguishing the “root” ρe .
The purpose of the next section is to introduce an important topology in
which the convergence of the contour process to the Brownian excursion can
be translated as a convergence of the trees that they encode.

3.4

The Gromov-Hausdorff topology

The Gromov-Hausdorff topology was introduced in the context of metric
geometry as a way to allow smooth structures to approach metrics that, even
though they are not smooth anymore, still present certain of the characters
of the approximating metrics (in particular, present curvature bounds). See
[13, 6] for an introduction to this topic.
Recall that if (Z, δ) is a metric space and A, B ⊂ Z, the Hausdorff distance
between A and B is given by
δH (A, B) = max{δ(x, B) : x ∈ A} ∨ max{δ(y, A) : y ∈ B} ,
where by definition δ(x, C) = inf{δ(x, y) : y ∈ C} for C ⊂ Z. The function
δZ defines a distance function on the set of non-empty, closed subsets of Z.
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Figure 12: A simulation of the Brownian CRT, by Igor Kortchemski
Let (X, d) and (X 0 , d0 ) be two compact metric spaces. The GromovHausdorff distance between these spaces is defined by
dGH ((X, d), (X 0 , d0 )) = inf δH (φ(X), φ0 (X 0 )) ,
where the infimum is taken over all metric spaces (Z, δ) and all isometric
embeddings φ, φ0 from X, X 0 respectively into Z.
Clearly, if (X, d) and (X 0 , d0 ) are isometric metric spaces, then their
Gromov-Hausdorff distance is 0, so dGH defines at best a “pseudo distance”
between metric spaces. This is actually a good thing, because the class of
all compact metric spaces is too big to be a set in the set-theoretic sense,
however, the family of compact metric spaces seen up to isometries is indeed
a set, in the sense that there exists a set M such that any compact metric
space is isometric to exactly one element of M. Quite surprisingly perhaps,
such a set does not require the axiom of choice to be constructed, as it can
be realized as a set of doubly infinite non-negative matrices whose entries
satisfy the triangle inequality.
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Theorem 3.9. The function dGH induces a distance function on the set M of
isometry classes of compact metric spaces. Furthermore, the space (M, dGH )
is separable and complete.
The definition of dGH through a huge infimum makes it quite daunting.
However, there is a very useful alternative description via “couplings”, which
makes this distance quite close in spirit to other distances arising in metric
geometry and analysis, such as the Wasserstein distances. If X and X 0 are
two sets, a correspondence between X and X 0 is a subset R ⊂ X × X 0 such
that for every x ∈ X, there exists x0 ∈ X 0 such that (x, x0 ) ∈ R, and for
every x0 ∈ X 0 , there exists x ∈ X such that (x, x0 ) ∈ R. Otherwise said,
the restrictions to R of the two projections from X × X 0 to X, X 0 are both
surjective. We let Cor(X, X 0 ) be the set of all correspondences between X
and X 0 .
If now (X, d) and (X 0 , d0 ) are metric spaces, and R ∈ Cor(X, X 0 ), the
distortion of R with respect to d, d0 is defined by
dis (R) = sup{|d(x, y) − d0 (x0 , y 0 )| : (x, x0 ), (y, y 0 ) ∈ R} .
Note that we do not mention d, d0 in the notation for simplicity, although
dis (R) clearly does not only depend on R.
Proposition 3.10. Let (X, d) and (X 0 , d0 ) be compact metric spaces. Then
dGH ((X, d), (X 0 , d0 )) =

1
inf
dis (R) .
2 R∈Cor(X,X 0 )

This proposition is left as a good exercise to the reader, who is referred
to the above references for help. Before moving on, let us introduce quickly
the so-called pointed Gromov-Hausdorff distances. Fix an integer k ≥ 1.
A k-pointed metric space is a triple (X, d, x) where x = (x1 , . . . , xk ) ∈
X k . We define the Gromov-Hausdorff distance between the k-pointed spaces
(X, d, x), (X 0 , d0 , x0 ) by the formula


1
R ∈ Cor(X, X 0 )
0 0
0
dGH ((X, d, x), (X , d , x )) = inf dis (R) :
.
(xi , x0i ) ∈ R , 1 ≤ i ≤ k
2
Similarly to Theorem 3.9, for every fixed k ≥ 1, dGH induces a complete and
separable distance on the set M(k) of k-pointed compact metric spaces considered up to isometries preserving the distinguished points, so that (X, d, x)
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and (X 0 , d0 , x0 ) are considered equivalent if there exists a global isometry
φ : X → X 0 such that φ(xi ) = x0i for 1 ≤ i ≤ k. A 1-pointed R-tree will also
be called rooted.
From this, we obtain an important consequence for the encoding of Rtrees by functions.
Proposition 3.11. The mapping f 7→ (Tf , df , ρf ) from {f ∈ C([0, 1], R+ ) :
f (0) = f (1) = 0} to (M(1) , dGH ) is 2-Lipschitz.
Proof. Let f, g be continuous non-negative functions on [0, 1] with value
0 at times 0 and 1. Recall that pf , pg denote the canonical projections from
[0, 1] to Tf , Tg . Let R be the image of [0, 1] by the mapping (pf , pg ) : [0, 1] →
Tf × Tg . Clearly, R is a correspondence between Tf and Tg by the surjectivity
of pf and pg , and the roots ρf = pf (0) and ρg = pg (0) are in correspondence
via R. Moreover, its distortion is equal to
dis (R) = sup |(f (s) + f (t) − 2fˇ(s, t)) − (g(s) + g(t) − 2ǧ(s, t))| ,
s,t∈[0,1]

and it is easy to see that this is bounded from above by 4kf − gk∞ . This
concludes the proof by Proposition 3.10.
Due to this result, we can indeed view (Te , de , ρe ) as a random variable, being the image of e by the continuous mapping f 7→ (Tf , df , ρf ). At
this point, one might wonder whether the Borel σ-field associated with the
Gromov-Hausdorff topology is the same as that obtained by pushing forward
the uniform topology on E by Tree, as we discussed at the end of the previous
section. This is indeed the case, as a consequence of the next exercise.
Exercise: Let (Tn , dn ), n ≥ 1 be a sequence of compact R-trees converging
in the Gromov-Hausdorff sense to a limiting R-tree (T , d). Show that there
exist excursion functions fn , n ≥ 1 converging uniformly to a limit f , such
that (Tfn , dfn ) is isometric to (Tn , dn ) for every n ≥ 1, and (Tf , df ) is isometric
to (T , d).
We finish this section with a statement for convergence of random trees
to the Brownian tree that does not refer anymore to encoding by contour
functions. As usual, Tn is a uniform random rooted plane tree with n edges.
Theorem 3.12. We have the following convergence in distribution in the
space (M(1) , dGH ):


dTn n
(d)
V (Tn ), √ , u0 −→ (Te , de , ρe ) .
n→∞
2n
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Proof. By using the Skorokhod representation theorem, let us assume
that we are working on a probability space under which the convergence of
Theorem 3.1 holds in the almost sure sense rather than in distribution. As
in many cases where this theorem is utilized, this is not absolutely necessary,
but this will ease considerably the arguments. We build a correspondence
between V (Tn ) and Te by letting Rn be the image of the set {(i, t : 0 ≤
i ≤ 2n, 0 ≤ t ≤ 1, i = b2ntc)} by the mapping (i, t) 7→ (uni , pe (t)) from
{0, 1, . . . , 2n} × [0, 1] to V (Tn ) × Te . This correspondence associates the
roots un0 and ρe of Tn and T√
e . With the help of (5), the distortion of Rn with
respect to the metrics dTn / 2n and de is then seen to be equal to
sup
s,t∈[0,1]

dC(n) (b2nsc, b2ntc) − de (s, t) ,

which converges to 0 as n → ∞ by the uniform convergence of C(n) to e.

3.5

Labeled trees and the Brownian snake

We now extend the preceding convergence results for labeled trees. Let
(Tn , `n ) be a uniform random element in Tn . Clearly, the tree Tn is then
uniform in Tn , and conditionally on Tn = t, the label function `n is uniform among the 3n admissible labelings. Yet another way to view `n is
the following. For every u ∈ V (t) distinct from the root vertex un0 , set
Yu = `n (u) − `n (¬u). Then it is simple to see that the random variables
(Yu , u ∈ V (t) \ {un0 }) are uniform in {−1, 0, 1}, and independent. Thus, if
we denote by u ≺ v the fact that u is an ancestor of v in the tree Tn , then
since `n (en0 ) = 0 by convention, we obtain
X
`n (u) =
Yu .
v≺u,v6=un
0

In other words, the label function `n can be seen as a random walk along
the ancestral lines of Tn , with uniform step distribution in {−1, 0, 1}, the
latter being centered with variance 2/3. Since a typical branch
of Tn , say the
√
one going from un0 to unb2ntc , has a length asymptotic to 2net , according to
Theorem 3.1, we understand by the central limit theorem that conditionally
on e,
 1/4
`n (unb2ntc )
9
p√ =
`n (unb2ntc )
p
8n
2/3 ×
2n
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should converge to a centered Gaussian random variable with variance et .
For this reason, we see a Gaussian field appearing in the labels `n . To
understand its covariance structure, note that given Tn , for u, v ∈ Tn , if
u ∧ v denotes their highest common ancestor, then `n (u) − `n (u ∧ v) and
`n (v) − `n (u ∧ v) are independent and independent of `n (u ∧ v). Indeed, the
latter is the sum of the Yw for w along the branch from un0 to u ∧ v, which is
the common part of the paths from un0 to u and v, while the former involves
sums of the variables Yw with w in two disjoint sets of vertices (the paths
from u ∧ v to u and v). For this reason, we see that the covariance of `n (u)
and `n (v) is 2/3 times the height of u ∧ v. If u = unb2nsc and v = unb2ntc , then
this height is none other than Čn (b2nsc, b2ntc). Again, this indicates that
(conditionally on e), for every s, t ∈ [0, 1]


9
8n

1/4

(d)

(`n (unb2nsc ), `n (unb2ntc )) −→ (N, N 0 ) ,
n→∞

where (N, N 0 ) is a Gaussian vector with variance-covariance matrix


es ě(s, t) .
ě(s, t) et
This discussion is the motivation for the following theorem. For i ∈ {0, 1, . . . , 2n},
let Ln (i) = `n (uni ) be the label of the i-th visited vertex in contour order exploration around Tn , and let Ln (t), 0 ≤ t ≤ 2n be the linear interpolation of
Ln between integer times. Let also

L(n) (t) =

9
8n

1/4
Ln (2nt) ,

0 ≤ t ≤ 1.

Theorem 3.13. It holds that
(C(n) , L(n) ) −→ (e, Z),
(d)

n→∞

in distribution in C([0, 1], R)2 , where the pair (e, Z) is described as follows.
The process e is a standard Brownian excursion, and conditionally on e, Z =
(Zt , 0 ≤ t ≤ 1) is a continuous, centered Gaussian process with covariance
Cov (Zs , Zt ) = ěs,t ,
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s, t ∈ [0, 1] .

We will not give the rather technical proof of this result here. The argument sketched above can easily be made rigorous to entail convergence of
finite marginal distributions, while tightness requires a good control on the
modulus of continuity of L(n) , e.g. using Kolmogorov’s criterion.
The process Z is sometimes called the head of the Brownian snake, due to
the fact that it can be described alternatively in terms of Le Gall’s Brownian
snake (really a conditioned version thereof), which is a more elaborate pathvalued process. The fact that the second displayed formula of Theorem 3.13
does define a covariance function on [0, 1], or that a Gaussian process Z with
this covariance admits a continuous version, are not obvious, and part of the
statement. See [18] for a proof of the first statement, and for the second,
note that for every s, t ∈ [0, 1], Zt − Zs is, given e, a centered Gaussian
random variable with variance de (s, t). Therefore, for every p > 0, α > 0
and s, t ∈ [0, 1],
pα/2
E[|Zs − Zt |p | e] = Cp de (s, t)p/2 ≤ 2p/2 Cp kekp/2
,
α |s − t|

where we have denoted by
|f (t) − f (s)|
|t − s|α
s,t∈[0,1]

kf kα = sup
s6=t

the α-Hölder norm of f . It is well-known that Brownian motion is α-Hölder
continuous, and hence has a finite α-Hölder norm, for every α ∈ (0, 1/2)
a.s., and the same is true of e from its definition via (4). We conclude from
Kolmogorov’s continuity theorem the following property.
Proposition 3.14. Almost surely, the process Z has a version that is Hölder
continuous with any exponent β ∈ (0, 1/4).
It is useful to understand what Z means in terms of the Brownian tree
Te . By analogy with `n , which describes a family of random walks indexed
by the branches of Tn , it is natural that Z should describe “Brownian motion
along the branches of the Brownian tree”. To understand this point, let us
show that Z is a.s. a class function for {de = 0}.
Proposition 3.15. Almost surely, for every s, t ∈ [0, 1], de (s, t) = 0 implies
Zs = Zt . Consequently, the function Z passes to the quotient and defines a
function on Te .
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Proof. We work conditionally on e. For every rational q ≥ 0, consider the
excursion intervals of e above level q, i.e. maximal intervals of S
the open set
{e > q}, and write them as a (possibly empty) countable union i∈Iq (aqi , bqi ).
Clearly, one has de (aqi , bqi ) = 0 and therefore Zaqi = Zbqi almost surely for every
q ∈ Q+ , i ∈ Iq . The result is obtained by an approximation argument: one
should check that for any excursion interval (a, b) of e above a real number r,
the numbers a, b can be approximated arbitrarily closely by numbers of the
form aqi , bqi . This is clearly the case, using the fact that e is not constant on
any non-trivial interval. From Proposition 3.14, we obtain that a.s., Za = Zb
whenever (a, b) is an excursion interval of e above any level r. It is not difficult
to conclude from there. Indeed, recall the well-known fact that Brownian
motion has a.s. pairwise distinct local minima, a fact that is transfered to
e by (4). From this, it is not difficult to see that the equivalence classes of
{de = 0} that are not singletons are either of the form {a, b}, where (a, b) is
an excursion interval of e above a certain level, or {a, b, c}, where both (a, b)
and (b, c) are excursion intervals of e above a certain level (in the latter case,
b is a time at which e achieves a local minimum).

3.6

The tree TZ

We should note that any function f : [0, 1] → R that is continuous and
satisfies f (0) = f (1) = 0 encodes an R-tree in a similar way to that discussed
in this chapter. Indeed, simply perform the Vervaat transform on f to get
a function V f that is non-negative and continuous, and set (Tf , df , ρf ) :=
(TV f , dV f , ρV f ). This can be directly defined from a pseudo-metric df on [0, 1]
that is defined by


df (s, t) = f (s) + f (t) − 2 max
inf f (u),
inf
f (u) .
u∈[s∧t,s∨t]

u∈[s∨t,1]∪[0,s∧t]

Note that the sets [s ∧ t, s ∨ t] and [s ∨ t, 1] ∪ [0, s ∧ t] on which the infima are
taken can be seen as the two arcs from s to t, if we view f as defined on the
circle S1 rather than the interval [0, 1], which is licit since f (0) = f (1). The
tree Tf is naturally rooted at the point ρf = pf (s∗ ), where s∗ is any point in
[0, 1] at which f achieves its overall minimum: f (s∗ ) = inf f .
In particular, we can also define a tree (TZ , dZ , ρZ ) from the random
function Z. As we will see later, this is by no means artificial, and has an
important role to play in the scaling limit of random maps.
34

4

First scaling limit results for random quadrangulations

In this chapter, we combine the CVS bijection of Section 2 with the scaling
limit results for labeled trees obtained in the preceding chapter, to derive our
first limiting results for distances in random quadrangulations.

4.1

Radius

The combination of the CVS bijection, together with our scaling limit results
for random trees discussed in the previous chapter, gives some interesting
results for random quadrangulations without much extra effort.
For m a map and u ∈ V (m), let R(m, u), the radius of m centered at u,
be the quantity
R(m, u) = max dm (u, v).
v∈V (m)

Theorem 4.1. Let Qn be uniformly distributed in Qn , and conditionally on
Qn , let v∗ be uniform in V (Qn ). Then it holds that
 1/4
9
R(Qn , v∗ ) −→ sup Z − inf Z,
8n
where Z is the head of the Brownian snake.
Let us make a preliminary remark, since a similar trick will be constantly
used later on. Let (Tn , `n ) be uniformly distributed in Tn as in the previous
chapter. Then we can assume without loss of generality that (Qn , v∗ ) is the
image of (Tn , `n ) by the CVS bijection (here we do not mention explicitly the
rooting convention for Qn , say that the root orientation is chosen uniformly
at random among the two possibilities compatible with the CVS bijection).
Indeed, the fact that Qn has n + 2 vertices a.s. implies that the marginal
law of Qn is unbiased, i.e. uniform over Qn , and that v∗ is uniform in V (Qn )
given Qn , as in the statement of the theorem.
Proof.
This is an immediate consequence of Theorem 3.13, once one
notices that
R(Qn , v∗ ) = max `(v) − min `(v) + 1 = sup Ln − inf Ln + 1,
v∈V (Qn )

v∈V (Qn )

due to (2.7).
35

Exercise. Prove that Theorem 4.1 remains true if one replaces v∗ by the
root vertex e−
∗ . Some information about the limiting distributions arising in
Theorem 4.1 can be found in Delmas [10].

4.2

Convergence as metric spaces

We would like to be able to understand the full scaling limit picture for
random maps, in a similar way as what was done for trees, where we showed,
using
Theorem 3.12, that the distances in discrete trees, once rescaled by
√
2n, converge to the distances in the CRT (Te , de ). We thus ask if there is
an analog of the CRT that arises as the limit of the properly rescaled metric
spaces (Qn , dQn ). In view of Theorem 4.1, the correct normalization for the
distance should be n1/4 .
Assume that (Tn , `n ) is uniformly distributed over Tn , let  be uniform
in {−1, 1} and independent of (Tn , `n ), and let Qn be the random uniform
quadrangulation with n faces and with a uniformly chosen vertex v∗ , which
is obtained from ((Tn , `n ), ) via the CVS bijection. We now follow Le Gall
[15]1 . Recall our notation un0 , un1 , . . . , un2n for the contour exploration of the
vertices of Tn , and recall that in the CVS bijection these vertices are also
viewed as elements of V (Qn ) \ {v∗ }. Define a pseudo-metric on {0, . . . , 2n}
by letting dn (i, j) = dQn (uni , unj ). A major problem comes from the fact that
dn (i, j) cannot be expressed as a simple functional of (Cn , Ln ). The only
distances that we are able to handle in an easy way are distances to v∗ ,
through the following rewriting of (2):
dQn (v∗ , uni ) = Ln (i) − min Ln + 1 .

(7)

We also define, for i, j ∈ {0, 1, . . . , 2n},


d0n (i, j) = Ln (i) + Ln (j) − 2 max min Ln (k), min Ln (k) + 2 .
i≤k≤j

j≤k≤i

Here, if j < i, the condition i ≤ k ≤ j means that k ∈ {i, i + 1, . . . , 2n} ∪
{0, 1, . . . , j} and similarly for the condition j ≤ k ≤ i if i < j.
1

At this point, it should be noted that [15, 19, 16] consider another version of Schaeffer’s
bijection, where no distinguished vertex v∗ has to be considered. This results in considering
pairs (Tn , `n ) in which `n is conditioned to be positive. The scaling limits of such pairs
are still tractable, and in fact, are simple functionals of (e, Z), as shown in [20, 14]. So
there will be some differences with our exposition, but these turn out to be unimportant.
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As a consequence of Proposition 2.8(i), we have the bound dn ≤ d0n .
We now extend the function dn to [0, 2n]2 by letting
dn (s, t) = (dse − s)(dte − t)dn (bsc, btc)
+(dse − s)(t − btc)dn (bsc, dte)
+(s − bsc)(dte − t)dn (dse, btc)
+(s − bsc)(t − btc)dn (dse, dte) ,

(8)

recalling that bsc = sup{k ∈ Z+ : k ≤ s} and dse = bsc + 1. The function
d0n is extended to [0, 2n]2 by the obvious similar formula.
It is easy to check that dn thus extended is continuous on [0, 2n]2 and
satisfies the triangle inequality (although this is not the case for d0n ), and
that the bound dn ≤ d0n still holds. We define a rescaled version of these
functions by letting

Dn (s, t) =

9
8n

1/4
dn (2ns, 2nt) ,

0 ≤ s, t ≤ 1 .

We define similarly the functions Dn0 on [0, 1]2 . Then, as a consequence of
Theorem 3.13, we have
(d)

(Dn0 (s, t), 0 ≤ s, t ≤ 1) −→ (dZ (s, t), 0 ≤ s, t ≤ 1) ,
n→∞

for the uniform topology on C([0, 1]2 , R), where by definition


dZ (s, t) = Zs + Zt − 2 max min Zr , min Zr ,
s≤r≤t

t≤r≤s

(9)

(10)

where if t < s the condition s ≤ r ≤ t means that r ∈ [s, 1] ∪ [0, t].
We can now state
Proposition 4.2. The family of laws of (Dn (s, t), 0 ≤ s, t ≤ 1), as n
varies, is relatively compact for the weak topology on probability measures
on C([0, 1]2 , R).
Proof. Let s, t, s0 , t0 ∈ [0, 1]. Then by a simple use of the triangle inequality,
and the fact that Dn ≤ Dn0 ,
|Dn (s, t) − Dn (s0 , t0 )| ≤ Dn (s, s0 ) + Dn (t, t0 ) ≤ Dn0 (s, s0 ) + Dn0 (t, t0 ) ,
37

which allows one to estimate the modulus of continuity at a fixed δ > 0:
sup |Dn (s, t) − Dn (s0 , t0 )| ≤ 2 sup Dn0 (s, s0 ) .

|s−s0 |≤δ
|t−t0 |≤δ

(11)

|s−s0 |≤δ

However, the convergence in distribution (9) entails that for every ε > 0,
!
!
lim sup P

sup Dn0 (s, s0 ) ≥ ε

|s−s0 |≤δ

n→∞

≤P

sup dZ (s, s0 ) ≥ ε

,

|s−s0 |≤δ

and the latter quantity goes to 0 when δ → 0 (for any fixed value of  > 0)
by the continuity of dZ and the fact that dZ (s, s) = 0. Hence, taking η > 0
and letting ε = εk = 2−k , we can choose δ = δk (tacitly depending also on η)
such that
!
sup P

sup Dn0 (s, s0 ) ≥ 2−k

|s−s0 |≤δk

n≥1

≤ η2−k ,

k ≥ 1,

entailing
(
P

\
k≥1

)!
sup Dn0 (s, s0 ) ≤ 2−k

|s−s0 |≤δk

≥ 1−η,

for all n ≥ 1. Together with (11), this shows that with probability at least
1 − η, the function Dn belongs to the set of all functions f from [0, 1]2 into
R such that f (0, 0) = 0 and, for every k ≥ 1,
sup |f (s, t) − f (s0 , t0 )| ≤ 2−k .

|s−s0 |≤δk
|t−t0 |≤δk

The latter set is compact by the Arzelà-Ascoli theorem. The conclusion then
follows from Prokhorov’s theorem.

At this point, we are allowed to say that the random distance functions
Dn admit a limit in distribution, up to taking n → ∞ along a subsequence:
(d)

(Dn (s, t), 0 ≤ s, t ≤ 1) −→ (D(s, t), 0 ≤ s, t ≤ 1)

(12)

for the uniform topology on C([0, 1]2 , R). In fact, we are going to need a
little more than the convergence of Dn . From the relative compactness of
the components, we see that the closure of the collection of laws of the triplets
((2n)−1 Cn (2n·), (9/8n)1/4 Ln (2n·), Dn ),
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n≥1

is compact in the space of all probability measures on C([0, 1], R)2 ×C([0, 1]2 , R).
Therefore, it is possible to choose a subsequence (nk , k ≥ 1) so that this
triplet converges in distribution to a limit, which is denoted by (e, Z, D)
(from Theorem 3.13, this is of course consistent with the preceding notation). The joint convergence to the triplet (e, Z, D) gives a coupling of D
and dZ such that D ≤ dZ , since Dn ≤ Dn0 for every n.
Define a random equivalence relation on [0, 1] by letting s ≈ t if D(s, t) =
0. We let S = [0, 1]/ ≈ be the associated quotient space, endowed with
the quotient distance, which we still denote by D. The canonical projection
[0, 1] → S is denoted by p.
Finally, let s∗ ∈ [0, 1] be such that Zs∗ = inf Z. It can be proved that s∗
is unique a.s., see [21] or [20], and we will admit this fact (although it is not
really needed for the next statement). We set x∗ = p(s∗ ). We can now state
the main result of this section.
Theorem 4.3. The random pointed metric space (S, D, x∗ ) is the limit in distribution of the spaces (V (Qn ), (9/8n)1/4 dQn , v∗ ), for the Gromov-Hausdorff
topology, along the subsequence (nk , k ≥ 1). Moreover, we have a.s. for
every x ∈ S and s ∈ [0, 1] such that p(s) = x,
D(x∗ , x) = D(s∗ , s) = Zs − inf Z .
Note that, in the discrete model, a point at which the minimal label in Tn
is attained lies at distance 1 from v∗ . Therefore, the point x∗ should be seen
as the continuous analog of the distinguished vertex v∗ . The last identity in
the statement of the theorem is then of course the continuous analog of (2)
and (7).
Proof. For the purposes of this proof, it is useful to assume, using the
Skorokhod representation theorem, that the convergence
((2n)−1/2 Cn (2n·), (9/8n)1/4 Ln (2n·), Dn ) −→ (e, Z, D)
holds a.s. along the subsequence (nk ). In what follows we restrict our attention to values of n in this sequence.
(n)
(n)
For every n, let i∗ be any index in {0, 1, . . . , 2n} such that Ln (i∗ ) =
min Ln . Then for every v ∈ V (Qn ), it holds that
|dQn (v∗ , v) − dQn (uni(n) , v)| ≤ 1
∗
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because dQn (v∗ , un(n) ) = 1 (v∗ and un(n) are linked by an arc in the CVS
i∗

i∗

bijection). Moreover, since (8n/9)−1/4 Ln (2n·) converges to Z uniformly on
[0, 1], and since we know2 that Z attains its overall infimum at a unique point
(n)
s∗ , it is easy to obtain that i∗ /2n converges as n → ∞ towards s∗ .
For every integer n, we construct a correspondence Rn between V (Qn )
and S, by putting:
• (v∗ , x∗ ) ∈ Rn ;
• (unb2nsc , p(s)) ∈ Rn , for every s ∈ [0, 1].
We then verify that the distortion of Rn (with respect to the metrics
(9/8n)1/4 dQn on V (Qn ) and D on S) converges to 0 a.s. as n → ∞. We first
observe that
sup |(9/8n)1/4 dQn (v∗ , unb2nsc ) − D(x∗ , p(s))|

s∈[0,1]

≤ (9/8n)1/4 + sup |(9/8n)1/4 dQn (uni(n) , unb2nsc ) − D(x∗ , p(s))|
∗

s∈[0,1]

= (9/8n)1/4 + sup |Dn (i(n)
∗ /2n, b2nsc/2n) − D(s∗ , s)|,
s∈[0,1]

which tends to 0 as n → ∞, by the a.s. uniform convergence of Dn to D,
(n)
and the fact that i∗ /2n converges to s∗ . Similarly, we have
sup |(9/8n)1/4 dQn (unb2nsc , unb2ntc ) − D(p(s), p(t))|

s,t∈[0,1]

= sup |Dn (b2nsc/2n, b2ntc/2n) − D(s, t)|
s,t∈[0,1]

which tends to 0 as n → ∞. We conclude that the distortion of Rn converges
to 0 a.s. and that the pointed metric spaces (V (Qn ), (9/8n)−1/4 dQn , v∗ ) also
converge a.s. to (S, D, x∗ ) in the Gromov-Hausdorff topology.
Let us prove the last statement of the theorem. Using once again the
2

We could also perform the proof without using this fact, but it makes things a little
easier.
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uniform convergence of Dn to D, we obtain that for every s ∈ [0, 1],
lim Dn (i(n)
∗ /2n, b2nsc/2n)
 −1/4
8n
dQn (v∗ , unb2nsc )
= lim
n→∞
9
 −1/4
8n
= lim
(Ln (b2nsc) − min Ln + 1)
n→∞
9
= Zs − inf Z ,

D(s∗ , s) =

n→∞

as desired.

4.3



The Brownian map

It is tempting to call (S, D) the “Brownian map”, or the “Brownian continuum random map”, by analogy with the fact that the “Brownian continuum
random tree” is the scaling limit of uniformly distributed plane trees with n
edges. However, the choice of the subsequence in Theorem 4.3 poses a problem of uniqueness of the limit. As we saw in the previous statement, only
the distances to x∗ are a priori defined as simple functionals of the process
Z. Distances between other points in S are much harder to handle. Let us
discuss these issues a little more.
Proposition 4.4. Almost surely, the random function D is a pseudo-metric
on [0, 1] that satisfies the following two properties
1. for every s, t ∈ [0, 1], if de (s, t) = 0 then D(s, t) = 0
2. for every s, t ∈ [0, 1], D(s, t) ≤ dZ (s, t).

Proof. This is obtained by a simple limiting argument. Again, let us
assume, using Skorokhod’s representation theorem, that (e, Z, D) is the almost sure limit of (C(n) , L(n) , Dn ). Let us take s < t such that de (s, t) = 0.
Then we can find in , jn ∈ {0, 1, . . . , 2n} such that in /2n → s, jn /2n → t, and
unin = unjn : this is a simple consequence of the almost sure convergence of C(n)
to e and of the fact that Cn is the contour process of the tree Tn . Clearly,
this implies that Dn (in /2ns, in /2nt) = 0, and we conclude since D(s, t) is
the limit of the latter quantity as n → ∞.
The second bound is obtained by a similar but simpler limiting argument,
using the fact that Dn (s, t) ≤ Dn0 (s, t) and the convergence of Dn0 (s, t) to
dZ (s, t).
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From these two properties, one can obtain a refined upper bound for D.
Let s, t ∈ [0, 1], and let s1 , t1 , s2 , t2 , . . . , sk , tk be points in [0, 1] such that
s1 = s, tk = t and de (ti , si+1 ) = 0 for every i ∈ {1, . . . , k − 1}. Then by the
triangle inequality, and by Proposition 4.4,
D(s, t) ≤

k
X
i=1

D(si , ti ) +

k−1
X
i=1

D(ti , si+1 ) ≤

k
X

dZ (si , ti ) .

i=1

Note that if k = 1, we just recover the bound D ≤ dZ . Therefore, we obtain
the upper bound
( k
)
X
D(s, t) ≤ D∗ (s, t) = inf
dZ (si , ti ) ,
i=1

where the infimum is taken over all k ≥ 1, and s1 , t1 , . . . , sk , tk as above. It is
now elementary to see that the function D∗ thus defined is a pseudo-metric on
[0, 1]. Clearly, it satisfies properties 1. and 2. in Proposition 4.4. Moreover,
the same argument as previously shows that d ≤ D∗ for any pseudo-metric d
on [0, 1] that satisfies properties 1. and 2., so that D∗ is the maximal pseudometric satisfying these two properties. The function D∗ is usually called
the quotient pseudo-metric of dZ with respect to the equivalence relation
{de = 0}: starting from dZ , it is the pseudo-metric that shrinks the distance
as little as it can, while complying to the identifications given by {de = 0}.
The true metric space obtained by taking the quotient S ∗ = [0, 1]/{D∗ =
0} and equipping it with the class function D∗ was called the Brownian
map in Marckert and Mokkadem [21], see also Le Gall [15], from which the
above description of D∗ is taken. Marckert and Mokkadem conjectured that
(S ∗ , D∗ ) is the unique scaling limit of rescaled random quadrangulations.
This is indeed the case, implying the following result in conjunction with
Theorem 4.3.
Theorem 4.5. Almost surely, it holds that the functions D and D∗ on
[0, 1]2 are equal. Consequently, the convergence of (V (Qn ), (9/8n)1/4 dQn ) to
(S, D) = (S ∗ , D∗ ) holds in the Gromov-Hausdorff topology, without having to
take an appropriate subsequence.
This result was proved in [17] and [23]. We are not going to prove it here,
but rather, we will give some of the properties of the space (S, D) which do
not depend upon knowing that Theorem 4.5 holds.
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4.4

Simple geodesics to x∗

The properties 1. and 2. depicted in Proposition 4.4 imply that the projection
p : [0, 1] → S factorizes through pe : [0, 1] → Te and pZ : [0, 1] → TZ .
Specifically, there exist surjective maps pe : Te → S and pZ : TZ → S such
that p = pe ◦ pe and p = pZ ◦ pZ . Yet otherwise said, the trees Te and TZ
are naturally “immersed” in S (see below for why we chose this term).
It is interesting to understand what these immersed trees represent in the
space (S, D). The tree Te is of course the natural analog of the tree Tn , we
will see later that it has a natural interpretation as a geometric locus in S.
On the other hand, it is natural to figure out what the tree TZ is. Indeed, in
the discrete picture, the geodesics in TZ from pZ (t) to ρZ correspond exactly
to the geodesic chains in Qn obtained by taking the consecutive successors
of a corner of Tn in the CVS bijection. It is thus natural that the “branches
of TZ ” should encode geodesic paths in (S, D).
For every t ∈ [0, 1], let ΓZt : [0, Zt − inf Z] → TZ be the geodesic path
from pZ (t) to ρZ in TZ . We let
Γt (r) = pZ (ΓZt (r)),

0 ≤ r ≤ Zt − inf Z,

which is a continuous path in (S, D).
Proposition 4.6. For every t ∈ [0, 1], the path Γt is a geodesic path in (S, D)
from p(t) to x∗ . The elements of the set {Γt , t ∈ [0, 1]} are called the simple
geodesics to x∗ in (S, D).
Proof. Recall that ΓZt (r) = pZ (γt (r)), where γt (r) is the infimum over all
s coming in cyclic order after t (where [0, 1] is identified with the circle S1 )
such that Zs < Zt − r. In particular, Zγt (r) = Zt − r and Γt (r) = p(γt (r)).
By definition, for every r, r0 ∈ [0, Zt − inf Z], we have dZ (γt (r), γt (r0 )) =
|r − r0 |. Therefore, D(γt (r), γt (r0 )) ≤ dZ (γt (r), γt (r0 )) = |r − r0 |. Since
we know that D(s, s∗ ) = Zs − inf Z = dZ (s, s∗ ), this implies, assuming for
instance that r ≤ r0 ,
r0 − r ≥ D(γt (r), γt (r0 )) ≥ D(γt (r), x∗ ) − D(γt (r0 ), x∗ ) = r0 − r,
by the triangle inequality. Hence the result.

4.5

Hausdorff dimension

The following result was proved by Le Gall in [15].
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Theorem 4.7. Almost surely, the space (S, D) has Hausdorff dimension 4.
Proof. We start with a preliminary lemma. Recall that λe (·) denotes the
mass measure on Te , which simply is the image of the Lebesgue measure on
[0, 1] under the projection pe : [0, 1] −→ Te .
Lemma 4.8. Almost surely, for every δ ∈ (0, 1), there exists a (random)
constant Cδ (ω) such that, for every r > 0 and every a ∈ Te ,
λe ({b ∈ Te : D(a, b) ≤ r}) ≤ Cδ r4−δ .
We omit the proof of this lemma. The lower bound is an easy consequence
of Lemma 4.8. Indeed, Lemma 4.8 implies that a.s., for every δ ∈ (0, 1), and
every x ∈ S, it holds that
lim sup
r↓0

µ(BD (x, r))
= 0,
r4−δ

where BD (x, r) = {y ∈ S : D(x, y) < r} is the open ball centered at x
with radius r. This last fact, combined with standard density theorems for
Hausdorff measures, implies that a.s. the Hausdorff dimension of (S, D) is
greater than or equal to 4 − δ, for every δ ∈ (0, 1).
For the upper bound, we recall from Proposition 3.14 that Z is a.s. Hölder
continuous with exponent α for every α ∈ (0, 1/4). From this, we deduce that
the projection p : [0, 1] → S is a.s. Hölder continuous with index α ∈ (0, 1/4)
as well. Indeed, using the fact that D ≤ dZ , where dZ is defined in (10), we
get
D(p(s), p(t)) = D(s, t)
≤ Zs + Zt − 2
≤ 2
≤

sup

s∧t≤u,v≤s∨t
Cp00 |s − t|α ,

inf

s∧t≤u≤s∨t

Zu

|Zu − Zv |

for some Cp00 ∈ (0, ∞). The fact that the Hausdorff dimension of (S, D) is
bounded above by 1/α is then a classical consequence of this last property.
This completes the proof of Theorem 4.7.
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4.6

The topology of the Brownian map

The goal of this section is to sketch the proof of the following result.
Theorem 4.9. Almost surely, the Brownian map (S, D) is homeomorphic to
the 2-sphere S2 .
This was first obtained by Le Gall and Paulin [19], by arguing directly
in the continuum, and this is the approach that we will develop below. A
different approach was considered in Miermont [22], which relies heavily on
the discrete approximations described in these notes. The idea is roughly
as follows: even though the property of being homeomorphic to S2 is not
preserved under Gromov-Hausdorff convergence, this preservation can be deduced under an additional property, called regular convergence, introduced
by Whyburn. This property heuristically says that the spaces under consideration do not have small bottlenecks, i.e. cycles of vanishing diameters that
separate the spaces into two macroscopic components.
The key property, is the following result identifying the equivalence relation {D = 0}.
Theorem 4.10. Almost surely, for every distinct s, t ∈ Te , D(s, t) = 0 if
and only if one of the two mutually exclusive situations occurs
• either de (s, t) = 0
• or dZ (s, t) = 0,
This result says in particular that {D = 0} = {de = 0} ∪ {dZ = 0}. It
is of course usually not the case that the union of two equivalence relation
is also an equivalence relation. But the statement about mutual exclusion
implies a stronger property.
Proposition 4.11. Almost surely, if s 6= t are such that de (s, t) = 0, then
pZ (s), pZ (t) are leaves of TZ . Similarly, if s 6= t are such that dZ (s, t) = 0,
then pe (s), pe (t) are leaves of Te .
Proof.
Let s 6= t be such that de (s, t) = 0. If pZ (s) was not a leaf
of TZ , then there would be a point u 6= s such that dZ (s, u) = 0. By
the preceding theorem, it holds that u 6= t. But then D(s, u) = 0 and by
transitivity D(u, t) = 0. Therefore it must hold that either de (u, t) = 0 or
dZ (u, t) = 0, and these are mutually exclusive. In the first case, we obtain
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de (s, u) = 0 by transitivity, a contradiction with the fact that dZ (s, u) = 0.
In the second case, we obtain that dZ (s, t) = 0, a contradiction with the fact
that de (s, t) = 0.
The other part of the statement is similar.
The proof of Theorem 4.9 relies on beautiful ideas coming from the world
of complex dynamics, and in particular techniques introduced by Thurston in
the context of the so-called “mating of polynomials” of Douady-Hubbard, and
we now sketch it briefly here. First of all, the Brownian map is homeomorphic
to the topological quotient [0, 1]/{D = 0}, and Theorem 4.10 shows that
{D = 0} = {de = 0} ∪ {dZ = 0}.
There is a way to look at the quotient [0, 1]/{D = 0} that starts with augmenting the base space [0, 1] in the following way. Since de (0, 1) = 0, we can
in fact view {D = 0} as an equivalence relation on the circle S1 = [0, 1]/0 ∼ 1,
and then we can in turn see S1 = ∂D as the boundary of the open unit circle in R2 . Now whenever x, y ∈ S1 are such that de (x, y) = 0, let us draw
a chord between x and y in the closure D of D (for reasons pertaining to
hyperbolic geometry, the chord in question is often chosen to be an arc of a
circle, that is a geodesic in the Poincaré disc model for hyperbolic space —
it also yields nicer pictures). The resulting collection of geodesics is called
a geodesic lamination, that is a collection of pairwise disjoint geodesics in
D. It can be shown that it is also maximal: any geodesic in the Poincaré
disc intersects at least one of the geodesics of the lamination. Let ∼e be the
smallest equivalence relation on D such that x ∼e y if and only if
• either x = y,
• or x and y belong to the same geodesic of the lamination (plus the
endpoints in S1 ),
• or x and y belong to the same (filled-in) ideal geodesic triangle of the
lamination (plus the endpoints).
It can be seen that [0, 1]/{de = 0} = Te = D/ ∼e . We define similarly
an equivalence relation ∼Z on D by drawing chords between points x, y of
S1 such that dZ (x, y) = 0, and identifying all the points of these respective
chords (together with the incident geodesic triangle if need be). Then TZ =
[0, 1]/{dZ = 0} = D/ ∼Z .
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Now let us distinguish the two constructions above by letting D be identified with the upper hemisphere H+ of S2 in the first construction, and with
the lower hemisphere in the second. We see that
[0, 1]/{D = 0} ' [0, 1]/({de = 0} ∪ {dZ = 0}) ' S2 /(∼e ∪ ∼Z ),
where X ' Y means that the topological spaces X and Y are homeomorphic.
Almost surely, the equivalence relation ∼=∼e ∪ ∼Z is a proper closed
subset of S2 × S2 , that satisfies the property that its equivalence classes
are closed connected subsets of S2 , whose complements are connected. It
is indeed a consequence of Proposition 4.10 that the non-trivial equivalence
classes of ∼ are exactly the non-trivial equivalence classes of either ∼e or ∼Z ,
which are either arcs or filled-in triangles. This is exactly what is needed to
apply a celebrated theorem by Moore [25], entailing that S2 / ∼ is homeomorphic to S2 .

Figure 13: Illustration of the proof of the sphericity theorem: equivalence
classes of ∼ are either equivalence classes for ∼e or ∼Z .
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5

Local limits of maps

In this section we will navigate in different seas of the random maps theory.
Namely, we will again consider taking limits of a random map, but this
time without renormalizing distances. This is captured by the notion of
local limit. Local limits of random planar maps were first considered by
Angel and Schramm [4] in the case of triangulations, shortly after, Angel [1]
found an important recursive construction of this limit that has many deep
implications.

5.1

Local topology

Let m, m0 be two rooted (plane) maps. We define
dloc (m, m0 ) =

1
,
sup{r ≥ 0 : Br (m) = Br (m0 )} + 1

where Br (m) is the ball of radius r around the root-vertex of m, for the
graph distance on m. To be more precise, the convention we adopt is that
Br (m) is the map made of the edges of m that have at least one extremity
at distance r − 1 from the root-vertex.
The quantity dloc (m, m0 ) is small whenever m and m0 have large isomorphic neighborhoods about their root-vertex, and in this case it is natural to
consider them to be close. It is not hard to see that dloc is indeed a distance
on the set Mf of rooted plane maps. We let (M, dloc ) be the completion of
the metric space (Mf , dloc ). An element of M∞ = M \ Mf can then be
represented as a sequence of maps Br , r ≥ 0 with the following consistency
relation
Br (Br+1 ) = Br ,
r ≥ 0.
It is natural to view such sequences as the balls about the root edge in some
“infinite map”, and indeed it can be shown that an element of M∞ can
always be seen as the proper, locally finite embedding of a graph in some
non-compact surface, in such a way that the connected components of the
complement of the embedding are simply connected. This is relatively clear
when the degrees of faces in Br , r ≥ 0 are uniformly bounded, since the map
together with the underlying surface can then be seen as an infinite CW
complex, i.e. the gluing of infinitely many topological polygons3 .
3

Things are a little more delicate when “faces of inifinite degree” are allowed to appear
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The local topology induced by dloc is appropriate to take limits of unscaled random maps. The first result in this vein was obtained by Angel and
Schramm [4].
Theorem 5.1. Let Tn be a uniformly distributed random rooted plane triangulation, with n vertices. Then Tn converges in distribution to a limit T∞ for
the local topology, as n → ∞. The limit can a.s. be seen as a map properly
embedded in the plane.
This theorem was in fact proved for triangulations that also have no selfloops, or no self-loops and multiple edges, but it is true also for general
triangulations, see for instance Stephenson [29]. The map T∞ was called the
uniform infinite planar triangulation by its inventors.
We are not going to prove this theorem, instead we focus on a nice variant
that is an infinite “half-planar triangulations”, introduced by Angel [2]. To
this end, let us focus for a minute on triangulations with a boundary. Namely,
for m ≥ 2 we say that a rooted map m is a triangulation of an m-gon if
• m has no self-loops
• the root face has degree m and its boundary is a simple curve, called
the boundary of the triangulation, and
• all other faces (the internal faces) have degree 3.
Again, the fact that we take quadrangulations with no self-loops is for
convenience, since the enumerative formulas to come are simpler in this case,
but is not really crucial in the discussion. A vertex of a triangulation of an
m-gon is internal if it is does not belong to the boundary m-gon.
Let Trn,m be the set of rooted triangulations of an m-gon, with n internal
vertices. One can enumerate this set exactly [12]: one gets
#Trn,m = 2n+1

(2m − 3)!(2m + 3n − 4)!
.
(m − 2)!2 n!(2m + 2n − 2)!

One can note that for m = 2 and n = 0, the formula gives 1 instead of the
perhaps more expected 0. This is due to the fact that we allow the map with
in the maps: for instance, the reader might think of two ways to embed the infinite binary
tree, one in the plane (the sphere deprived of one point), and one in the sphere deprived
of a Cantor set, with the properties required above.
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a single edge to be the unique element of Tr0,2 , and this is in fact crucial for
our study. This formula can be obtained from an exact computation of the
generating function
X
Trm (y) =
#Trn,m y n ,
n≥0

whose radius of convergence is α = 2/27. Moreover, one has the following
explicit formula at the radius of convergence:
Zm = Trm (2/27) =

(2m − 4)!  9 m−1
.
m!(m − 2)! 4

This is going to be important in the following.

5.2

Boltzmann triangulations

We now consider a natural model of triangulations of the m-gon, with a
random number of vertices,
called Boltzmann triangulations. Namely, let µm
S
∂
be the law on Trm = n≥0 Trn,m given by
µm ({m}) =

α|m|
,
Zm

where |m| is the number of internal vertices of m, and α = 2/27 as above. It
immediately follows from the definition of Zm that µm is indeed a probability
distribution.
Boltzmann distributions satisfy a beautiful ranching property that will be
key to us. Consider the (internal) triangle incident to the root (henceforth
called the root triangle) in a quadrangulation with a boundary (distinct from
the edge-map). Two possibilities can occur
• either the third vertex of that triangle is an internal vertex
• or this vertex lies on the boundary, k edges away from the root edge
when going counterclockwise for some k ∈ {1, 2, . . . , m − 2}.
We let A and Bk be the events corresponding to these two situations. When
A occurs, note that the map m with the root-triangle removed is a triangulation m0 of an m+1-gon, that we root according to some arbitrary convention.
Similarly, when Bk occurs, then the root triangle cuts the triangulation into
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two pieces m1 , m2 , that are triangulations of a k + 1-gon and an m − k-gon
respectively. These maps are also rooted according to an arbitrary convention. Note that when k = 1 or k = m − 2, then it is possible that m1 or m2 is
the edge-map. We should interpret this as the fact that the root triangle of
m has one or two of its edges that are in the boundary, besides the root-edge.
In these two situations, we call m0 , m1 , m2 the remaining parts of m, with
the idea that these parts are still unknown to us, and that the only thing we
know about m is which of the events A or Bk occurs.
Proposition 5.2. One has
µm (A) =

αZm+1
Zm

and conditionally given A, the remaining map has distribution µm+1 . Similarly,
Zk+1 Zm−k
µm (Bk ) =
Zm
and conditionally given Bk , the remaining two maps are independent, with
laws µk+1 and µm−k .
Proof. This is immediate by a counting argument. Namely, let m be the
unique map in A with remaining part given by m0 . Then |m| = |m0 | + 1 and
0

α|m | αZm+1
αZm+1
α|m|
=
·
= µm+1 ({m0 })
.
µm ({m}) =
Zm
Zm+1
Zm
Zm
Which gives the statement. The proof for the other case is similar, writing
µm ({m}) = µk+1 ({m1 })µm−k ({m2 })

Zk+1 Zm−k
Zm

whenever m is the unique map for which Bk occurs and with remaining parts
m1 and m2 .
This simple proposition implies that one can sample a Boltzmann map
using the so-called process of peeling [1]. Namely, starting from an “empty
m-gon”, we construct a random variable with law µm by revealing (peeling)
the triangle incident to the root edge (or any other fixed edge). This has the
effect of modifying the boundary of the explored map, and possibly to split
this boundary into two pieces (or more in subsequent steps): in each of these
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boundaries, we have the choice to either sample the map with the appropriate
law µk , or to execute one step of peeling, revealing only one triangle incident
to the boundary.
One of the striking facts of this construction is that it has a fantastic
freedom in its execution: namely, we can arbitrarily choose which edge to
“peel” at every step, in the sense that the edge can be chosen according to
some progressive algorithm in the natural filtration of the process. External,
independent randomness can also be used, for instance, by peeling one edge
uniformly at random at every step.
The algorithm always terminates in finite time, since it always samples a
random variable with law µm . Note that the way in which the algorithm can
terminate is only when exploring the inside of a 2-gon, in the case where the
event A does not occur, meaning that the triangulation is just the edge-map.
In this case, there is nothing to explore further.
A nice aspect of this algorithm is that it passes easily to the limit as
m → ∞. Namely, note that from the exact formula for Zm , one has
µm (A) −→

n→∞

2
,
3

and for any fixed k ≥ 1,
µm (Bk ) −→ 9−k Zk+1 ,
n→∞

and similarly
µm (Bm−k−1 ) −→ 9−k Zk+1 .
n→∞

Given this, it is natural to consider the following procedure generalizing the
peeling of Boltzmann maps when m is sent to infinity. Let us rename Bk
as Bkd and Bm−k−1 as Bkg , to emphasize the fact that the root triangle is
connected to a vertex k edges away from the root to the right or to the left,
respectively.
Start from an infinite boundary, which we picture as a doubly infinite
chain rooted at some edge. With probability 2/3, add a new vertex and link
it to the vertices incident to the root edge, creating an “internal triangle”.
With probability 2.9−k Zk+1 , either draw a triangle from the root edge to the
vertex of the boundary located k edges away from the root edge, to the right
or to the left with equal probability. This has the effect of “swallowing” a
finite region of boundary size k + 1: fill this region with a map with law µk+1 .
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In both cases, we see that we grow triangles in an infinite region, whose
boundary remains an infinite chain. We continue the algorithm indefinitely
(again, total freedom is left about which edge to choose as the root and peel).
Theorem 5.3. There is a unique law µ∞ on M∞ that is sampled by the
above algorithm, in the sense that
µ∞ (A) =

2
,
3

µ∞ (Bkg ) = µ∞ (Bkd ) = 9−k Zk+1

the law of the remaining part under µ∞ (·|A) is µ∞ , and the law of the infinite
remaining part under µ∞ (·|Bkg ) or µ∞ (·|Bkd ) is µ∞ , while that of the finite
remaining part is µk+1 .
In fact, a recent work by Angel and Ray shows that the law µ∞ is characterized by the following three properties
• µ∞ (A) =

2
3

• the law of µ∞ is invariant under rerooting the map one boundary edge
away to the right of the root edge
• the laws of the infinite remaining parts under µ∞ (·|A), µ∞ (·|Bkg ) or
µ∞ (·|Bkd ), is µ∞ .
The last property is called the domain Markov property and is of course
very much reminiscent of the analog properties of SLE and GFF.
There is a clever proof of Theorem 5.3 in [2, 1], that very roughy goes
as follows (we leave the details to the reader). First, let Mm be the set of
triangulations of the ∞-gon that contain m as a submap, where m is a finite
triangulation with boundary. One checks that if µ∞ exists, then the quantity
µ∞ (Mm ) is entirely characterized by the properties stated in the statement
of the theorem. Indeed, e.g. by choosing a spanning tree of the dual graph of
m, and exploring this tree in depth-first order starting from the dual of the
root edge of m, one can find a peeling algorithm that determines whether
a triangulation is in Mm or not: intuitively, this algorithm discovers the
triangles of m one by one, starting from the root triangle. Since the successive
probabilities for revealing the triangles are determined by m and the triangles
already explored, we see that µ∞ (Mm ) can be computed as a finite product
of probabilities of the form 2/3, 9−k Zk+1 . However, at this point it is not
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clear whether the formula we get depends or not on the exploration of m
that was chosen.
To see that this is consistent, note that µ∞ (Mm ) is also the limit of
µm (Mm ), which in turn is equal to the analog finite product of probabilities of
the form µm (A), µ(Bkg ), µ(Bkd ) as for µ∞ (Mm ) computed above. Now clearly
µm (Mm ) is well-defined and does not depend on the choice of the exploration,
and so µ∞ (Mm ) is also well-defined. This result shows that µ∞ , if is exists,
is unique, and is the weak limit of µm .
This reasoning almost gives existence of µ∞ as well: it is the vague limit
of µm , meaning that µ∞ can in principle be only a sub-probability (possibly
even the zero measure!). So to complete the proof, one need to show that
the algorithm samples an element of M with probability one. To see this,
we show that there is a peeling algorithm that discovers entirely the ball of
radius r a.s. infinite time, for every r > 0.
Indeed, note that for any vertex v on the boundary, if we choose to peel
the edge located to the left of v, then there is a positive probability (namely
1 − (2/3 + 1/6) = 1/6) that v is swallowed in a finite remaining part. If it
is not the case, then we again peel the newly appeared edge to the left of v,
and continue, so we see that v is swallowed in a geometric time of parameter
1/6. In this process, we reveal all the finite remaining parts that may appear,
and these are all a.s. finite maps. We call this procedure peeling the vertex
v. Taking v to be the root vertex, we see that after an a.s. finite time we
have found all vertices that are at distance 1 from the root, in the sense that
all other vertices that will be revealed subsequently will be at distance at
least 2. Then we peel successively these vertices from left to right of the
boundary of the remaining infinite part (except those vertices which might
be swallowed in finite parts during the process), and again, in a finite time,
we see that all possible vertices at distance 2 from the root are discovered.
Continuing in the same manner, for every r ≥ 0, a.s. after a finite time, we
have explored all the vertices that are at distance at most r from the root.
Hence the procedure constructs a.s. a well-defined element of M∞ , and this
concludes this sketch of proof.
A random map with law µ∞ is called “the” uniform infinite half-plane
triangulation (UIHPT).
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5.3

Percolation on the UIHPT

Let us conclude by showing how these results can be used to study percolation on the UIHPT. In this context, all vertices are colored black or which
with probability p and 1 − p respecively, independently (that is, of course,
conditionally given the realization of the map). Let Pp be the law of the pair
(T, ω) where T has law µ∞ , and ω is p-Bernoulli percolation on the sites of
T.
One can ask the same questions as in usual percolation theory. The
following result is in Angel [2].
Theorem 5.4. Consider the site percolation model on the UIHPT with the
following boundary conditions: all the vertices of the boundary are white,
except the root vertex ρ which is black. The percolation threshold is then 1/2,
in the sense that Pp ({ρ ↔ ∞}) > 0 if and only if p > 1/2, where {ρ ↔ ∞}
means that the black connected component containing ρ is infinite.
Proof. We will explore the components of black vertices connected to the
root vertex, and do so by peeling the edge to the left of it. If A occurs, then
a new interior vertex is added, and we reveal its color: with probability p, it
increases the size of the currently explored black connected component by 1,
and with probability 1 − p it does nothing.
If the event Agk occurs, we continue peeling the edge to the left of the
left-most black vertex that has been revealed.
If the event Adk occurs, then some of the explored black vertices are swallowed: k of them are lost, possibly all of them if k is larger than the number
of black vertices unveiled so far. In the latter case, the black segment is
blocked on the right and on the left by white boundary vertices.
So note that the length of the black boundary that we explore, at least
before the time where it might be swallowed, follows a random walk with
step distribution +1 with probability 2p/3 and −k with probability 9−k Zk−1 .
A computation shows that the expectation of this step distribution is
2p − 1
2p X
−
kZk+1 9−k =
.
3
3
k≥1
We see that if p > 1/2, there is a positive probability that the random walk
goes to ∞ while never reaching 0. This means that the black component of
the boundary is infinite with positive probability. Moreover, if p ≤ 1/2, then
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the walk oscillates or drifts to −∞. This means that it will reach 0 in finite
time, so that the black cluster is a.s. finite.
This result has been generalized to other percolation models by Angel &
Curien, see [3], who compute the explicit percolation threshold for edge and
face percolation on the UIHPT, and a similar object call the UIHPQ, which
is an infinite random half-plane quadrangulation. See also the recent paper
by Richier [27], that presents a more robust method to study site percolation
on such objects, less sensitive to boundary conditions, and computes the site
percolation threshold for the UIHPQ.
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