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Problem Statement



Differentiated Discount Rates

I Standard capacity expansion (generation and transmission):

minimize total discounted cost using a single discount rate.

I Differentiated discount rates represent different risk exposures.

They appeared in global (including demand sectors) energy

models after the first oil crisis.

I Differentiated risk exposures now occur both in generation

(even without demand side) and transmission problems.

I Generation capacity expansion can be cast in perfect

competition models. Not so for transmission.

I This talk: differentiated discount rates and associated risk

premium in generation capacity expansion, in perfect

competition models.



Risk factor and risk premium

I The risk premium decomposes into a premium on equities and

on debt: they obey different logics.

I The risk premium on equities pays for the risk borne by the

owners of the company (the stockholders). The risk premium

on debt pays for the default risk of the company’s bonds.

I The equity premium is most often valued through the

correlation of the return on investment with a single risk

factor (the ”Market” priced by the market (the Capital Asset

Pricing Model: CAPM).

I The bond premium corresponds to the guarantee against the

default of bonds of similar risk (depends on rating).

I We only model the equity premium. Bond default risk requires

modeling key indicators of the balance sheet (not particular

difficulty but beyond this work).



Is the problem relevant?

I It was not in the old days but has become relevant now:

I e.g. several studies on technology specific discount rates

conducted by DECC.

I An easy justification: different technologies in the energy transition

are exposed to different risks.

I But the implementation maybe difficult: the choice of the risk

factors (a ”Zoo” in Cochrane 2010 American Finance Association)

I CAPM with the ”Market” as the reference risk factor is the main

stream: an extensively literature (with + and - comments):

I There are issues: equity premium puzzle; circularity reasoning; past

vs. future correlations; hedging and CAPM interactions.

I In this paper: embed what we know (whatever its value) in

stochastic equilibrium models and try to get rid of some issues.





A textbook generation capacity expansion
model



Start from the standard investment criterion

I Project: k in K.

I Invest in t = 0; operate in t = 1, 2, · · · , T .

I Fuel costs: Ck(t), t = 1, · · · , T .

I Overnight Investment cost and interest during construction:

OIk(0) (including end of horizon effects).

I Demand: D(t); no time segment decomposition to simplify

the presentation.

I Discount factor of agent investing in technology k (“project

developer” investing in “project” k) : αk = 1
1+rk

.



Standard investment criterion

I Electricity price π(t), t = 1, · · · , T .

I Plant operation: yk(t), t = 1, · · · , T .

I Invest in 0 when

T∑
t=1

[
αk
]t[
π(t)− Ck(t)

]
yk(t)

−OIk(0) ≥ 0

I Generalize this criterium to a set of compatible projects that

can be undertaken by different agents a over several periods.



Extend to agent a selecting among projects k

Expand notation from k to (a, k) and solve:

max
xak,y

a
k

T∑
t=1

[
αak]

t
[
π(t)− Cak (t)

]
yak(t)

−
T−1∑
t=0

[
αak
]t
OIak (t)xak(t)

s.t.
t−1∑
τ=0

xak(τ)− yak(t) ≥ 0
[
αak(k)

]t
µak(t)

xak(t) ≥ 0 yak(t) ≥ 0

This model assumes that the developer can foresee π(t). We need

to add a market clearing condition to get π(t).



Nash equilibrium model in complementarity form

I The developers’ problems:

0 ≤ −π(t) + C
a
k (t) + µ

a
k(t) ⊥ y

a
k(t) ≥ 0, ∀ (a, k), t = 1, · · · , T

0 ≤
[
α
a
k)
]t
OI

a
k (t)−

T∑
τ=t+1

[
α
a
k

]τ
µ
a
k(t)⊥x

a
k(t) ≥ 0, ∀ (a, k, ), t = 0, · · · , T − 1

0 ≤
t−1∑
τ=0

x
a
k(τ)− y

a
k(t) ⊥

[
α
a
k

]t
µ
a
k(t) ≥ 0∀ (a, k), t = 1, · · · , T

I The market clearing condition:

0 ≤ −D(t) +
∑

(a,k)

y
a
k(t) ⊥ π(t) ≥ 0 t = 1, · · · , T

I Reminder αa
k is the discount factor of project (a, k).



Interpreted in deterministic or stochastic modes

I All dependencies with respect to t can be interpreted in a

deterministic sense; the discussion then only involves a deterministic

model run on scenarios, using standard discount rates.

I It is more realistic to interpret the dependence with respect to t in a

stochastic sense.

I In the stochastic model: run on event trees: the question is to

model discount rate as one cannot represent the same risk both in

the discount rate and in the scenarios (as is commonly done).

I Fuel costs Cak (t), investment costs OIak (t) and demand D(t) are exogenous processes.
I Electricity price π(t), investment xak(t) and plant operation yak(t) are endogenous processes.
I Scalar product expressions in t are then interpreted as expectations of the same expression

conditional on t− 1 information.



Issue: arbitrage!



Suppose several risk factors each with its own risk premium

I In principle, different risk factors drive electricity, fuel costs

and investment costs (with correlation that complicate

identifying the risk factors to retain)

I Simplify by assuming the same risk premium for the

exogenous input but a different risk factor for the endogenous

electricity output. This makes sense. Think of the usual

discourse on the variability/randomness of renewable:

electricity has its own risk factors.
I Write fuel costs Cak (t), investment costs OIak (t) in discounted

form Cdk(a, t) and OIdk (a, t), using this common discount rate.

I Cd
k(a, t) = αt Ca

k (t), ∀ (a, k), t = 1, · · · , T .

I OIdk (a, t) = αt OIak (t), ∀ (a, k), t = 0, · · · , T − 1.

I The same conversion cannot be done on the electricity price.

Introduce the discount rate on electricity price π(t).



Rewrite the complementarity model

I A (a, k) differentiated discounted electricity price in 0

0 ≤ −
[
αak
]t π(t) + Cdk(a, t) + µak(t) ⊥ y

a
k(t) ≥ 0 t = 1, · · · , T

0 ≤ OIdk (a, t)−
T∑

τ=t+1

µak(t) ⊥ x
a
k(t) ≥ 0 t = 0, · · · , T − 1

0 ≤
t−1∑
τ=0

xak(τ)− y
a
k(t) ⊥ µ

a
k(t) ≥ 0 t = 1, · · · , T

I But a common electricity price in t!!

0 ≤ −D(t) +
∑

(a,k)

y
a
k(t) ⊥ π(t) ≥ 0, t = 1, · · · , T.



This violates the law of the single price,

I This example applies the differentiated discount rate on electricity

I in order to show the embedded arbitrage in a forward electricity

market.

I This is something we want to exclude; there should be only one

price for a tradable commodity.

I We continue on a simpler static model.

I where we impose that agents see the same price, irrespectively of

discount factors

I but allow for different costs of capital and hence different plant

valuations.



A simpler static model



Adapt and simplify notation for a two stage model

I Drop time index t; introduce random scenario index ω when dealing

with a stochastic model.

I Aggregate (a, k) into k.

I Distinguish αk(ω) (stochastic discount factor including the risk

premium of k) from αf (ω) (the risk free stochastic discount factor,

equal to the inverse of the risk free rate for all components, also

noted αf ). These need to be carefully defined as we proceed.

I Ik is the annualized investment cost of k computed at risk free rate.

The overnight investment cost OIak (t) no longer appears.

I Recall: µk(ω) is the marginal rent of k in scenario ω and

αk(ω)µk(ω) the discounted marginal rent.

I EPαk(ω)µk(ω) is the expected discounted marginal rent of k

I EPα
f (ω)µk(ω) - EPαk(ω))µk(ω) is the risk premium due to

discounting at αk(ω).This risk premium takes different forms

depending on the theory invoked.



We get the following stochastic problem

I Producers’ problem:

0 ≤ −π(ω) + Ck(ω) + µk(ω) ⊥ yk(ω) ≥ 0, ∀ k, ∀ω

0 ≤ Ik− EP
[
αk(ω)

]
µk(ω)⊥xk ≥ 0, ∀ k,

0 ≤ xk − yk(ω) ⊥ µk(ω) ≥ 0, ∀ k, ∀ω

I Introduce a Consumer problem:

0 ≤ PC − π(ω) ⊥ z(ω) ≥ 0, ∀ω

I Market clearing:

0 ≤ −D(ω) +
∑
k

yk(ω) + z(ω) ⊥ π(ω) ≥ 0



Make the risk premium explicit

I Producers’ and consumer’s problem:

0 ≤ −π(ω) + Ck(ω) + µk(ω) ⊥ yk(ω) ≥ 0, ∀ k, ∀ω

0 ≤ Ik− α
f
EP µk(ω)− EP

[
(αk(ω)− α

f
))µk(ω)

]
⊥xkω) ≥ 0, ∀ k

0 ≤ xk − yk(ω) ⊥ µk(ω) ≥ 0, ∀ k, ∀ω

0 ≤ PC − π(ω) ⊥ z(ω) ≥ 0, ∀ω

I Market clearing:

0 ≤ −D(ω) +
∑
k

yk(ω) + z(ω) ⊥ π(ω) ≥ 0

I Assembling the risk premium in some B(z), one rewrite the problem

as: find z

0 3 (A(z) + B(z) +N≥0(z)

where z = (x, y, z, µ, π)



Problem splitting and risk premium models



Interpretation
The formulation has an immediate interpretation:

I

A(z) +N≥0(z)

are the KKT (primal dual) conditions of the (here simplified but)

standard capacity expansion model

I

B(z)

is a matrix of risk premium that here only depends on the

endogenous µ and the (so far exogenous) discount rates.

I some properties;

I A(z) +B(z) +N≥0(z) is copositive (risk premium are non

negative), but not monotone

I A(z) +N≥0(z) is monotone but not strictly monotone

I We keep A(z) +N≥0(z) the same throughout but cite different

interpretations for B(z)



Linear stochastic discount rates



B(z) and the CAPM

The most common approach: it derives from financial investments and is

commonly applied in capital budgeting (here the deterministic capacity

expansion model):

I The basis: the risk premium on a stock is a function of the

correlation of the return of the stock with the market’s return

I The idea is applied (”by analogy”) to capital budgeting

I Calibration: on historical data

I Complete by many other considerations

I Conditional or static CAPM



Two CAPM approaches
Common approach: work with a deterministic optimization model; drop

the ω; set B(z) as the sector of (αk − αf )µk:

I The model contains arbitrage (in this case on asset value at time of

investment and during operation) as seen before.

I The complementarity model is not monotone. It has at least one

solution; multiple isolated solutions?

I Implies an ante correlation of return on investment with ”Market”.

Alternatively: work with a stochastic optimization model; this can be

done by seeing the CAPM as a stochastic discount factor as discussed

next. For the time being note

I The stochastic optimization problem eliminates the arbitrage.

I The optimization model is convex with usual properties on existence

and multiplicity of solutions (convex set).

I One needs an ex ante calibration of stochastic discount rate but

that does not imply an ex ante calibration of correlation.



B(z) and stochastic discount factors

I By construction the CAPM prices the market and the risk free asset.

I Let R(M,ω) be the return of ”the market” in the scenarios of the

model (this requires ”the Market” to be included in the scenarios)

I Define a linear stochastic discount factor:

α(ω) = a− b×R(M,ω)

and impose that it prices the ”market” and the risk free asset by

setting a and b to satisfy (recall that αf is the risk free discount

factor).

EP [α(ω)] = αf

EP [α(ω)×R(M,ω)] = αf



More general stochastic discount factors

I Application: the so called Arbitrage Pricing Theory refers to risk

factors other than the CAPM.

I Take a set of risk factors (Fi, i ∈ I) that are relevant for generation

investments and are priced by the market.

I Let R(Fi, ω) be the return of risk factor Fi in the model (these risk

factors need to be embedded in the scenarios)

I Introduce a linear stochastic discount factor (b is now a vector):

α(ω) = a− b×R(F, ω)

and impose that it prices the Fi and the risk free asset by setting a

and b to satisfy

EP [α(ω)] = αf

EP [α(ω)×R(Fi, ω)] = αf ,∀ ı



Two SDF approaches

Common approach: work with a deterministic optimization model; drop

the ω; set B(z) with the elements EP (α(ω)− αf )µk:

I The models contains arbitrage (in this case on asset value at time of

investment and during operation) as seen before.

I The complementarity model is not monotone; it has at least one

solution. Possibly multiple disjoint sets of solutions?

I Correlation of return on investment is determined ex ante.

Alternatively: work with a stochastic optimization model; this can be

done (here and in the CAPM) by replacing EP (.) by EPα(.).

I The stochastic optimization problem eliminates the arbitrage

I The optimization model is convex with usual properties of convexity

of set of solutions.

I A bit more on correlation follows.



Remarks on the SDF

I The SDF implicitly uses

EP [α(ω)µk(ω)] = αfEP [µk(ω)] + cov[α(ω), µkω)].

The SDF transforms the complementarity problem into an

optimization problem but with a probability measure modified by

the SDF.

I The SDF is still calibrated on the past but the correlation of the

return of the equipment with the priced risk factor becomes

endogenous as shown by the formula.

I This makes sense economically. It also restores the monotonicity of

the problem, as long as the SDF is unique for all agents. The

property is lost with country specific SDF (e.g. country risk).

I Risk factors are supposed to be priced by the market. The next

extends these notions to non priced risky assets or a mix of priced

and non priced risky assets



Non linear stochastic discount factors



Reminder

I Producers’ and consumer’s problem:

0 ≤ −π(ω) + Ck(ω) + µk(ω) ⊥ yk(ω) ≥ 0, ∀ k, ∀ω

0 ≤ Ik− α
f
EP µk(ω)− EP

[
(αk(ω)− α

f
))µk(ω)

]
⊥xkω) ≥ 0, ∀ k

0 ≤ xk − ykω) ⊥ µkω) ≥ 0, ∀ k, ∀ω

0 ≤ PC − π(ω) ⊥ z(ω) ≥ 0, ∀ω

I Market clearing:
0 ≤ −D(ω) +

∑
k

ykω) ⊥ π(ω) ≥ 0

I where the whole thing is rewritten as

0 3 (A(z) + B(z) +N≥0(z)

where z = (x, y, z, µ, π)



We want to enrich EP

[
(αk(ω)− α))µk(ω)

]
By deriving αk(ω) from the risk function of the owner of plant k. k

designates (a, k) where a is an owner and k a technology. We keep the

simple single index notation for the sake of simplicity but consider two

cases :

I Project finance: each plant is valued on the basis of its sole

merits.

I Balance sheet financing: the owner has a portfolio of physical

and financial assets and the plant is valued taking into account

the risk exposure of the owner of this portfolio of assets.

We do not want to separate endogenous and exogenous discount factors:

the model should adapt to risk factors priced by the market, to contracts

priced inside the power sector and to non priced idiosyncratic risks.



Reminder: risk functions (risk valuations)

Definition

A coherent risk-adjusted valuation is a function ρ : Z → R
satisfying the following axioms.

- Monotonicity: ∀Z1, Z2 ∈ Z : if Z1 � Z2, then ρ(Z1) ≤ ρ(Z2).

- Cash invariance: ∀Z ∈ Z: if a ∈ R then ρ(Z + a) = ρ(Z) + a.

- Concavity: ∀Z1, Z2 ∈ Z,∀t ∈ [0, 1] : ρ(tZ1 + (1− t)Z2) ≥
tρ(Z1) + (1− t)ρ(Z2).

- Positive Homogeneity ∀Z ∈ Z, ∀λ ∈ R+ : ρ(λZ) = λρ(Z).

Definition

A concave risk measure only satisfies the three first axioms



Balance sheet financing

Each investor i has a portfolio of physical and financial assets.

I Consider only a set Ki of physical assets of investor i to simplify

notation. Investor’s i risk exposure is determined by its portfolio

Zi =
∑

k∈Ki
(xkµk) and each asset of a company is valued with

reference to the stochastic discount rate implied by this portfolio.

I Changing notation to differentiated exogenous and endogenous

stochastic discount fact, the SDF associated to this portfolio is

Q̄i(Zi) = {Qi ∈ ∂ρi(Zi)} and equal to the singleton ∇ρi(Zi) when

the risk measure is differentiable.

I The risk premium of an additional capacity of k for investor i is

EP

[
(Q̄i,Zi(ω)− αf )µk(ω)

]
. It adds to the valuation at the risk free

rate EP

[
αfµ

]



Project finance

Each project is valued on its sole merits: the risk exposure is µ(ω) and it

is used to value µ(ω).

I Consider now a set Ki of physical assets consisting of the sole

element k. The relevant portfolio is Zi = xkµk. Because of the

homogeneity of the valuation function each k is valued with

reference to the stochastic discount rate implied by this asset

independently of the rest of the portfolio.

I Changing again notation to differentiate exogenous and endogenous

stochastic discount factors. The SDF associated to this asset is

Q̄k(µk) = {Qk ∈ ∂ρk(µk)} and equal to the singleton ∇ρ(µk)

when the risk measure is differentiable.

I The risk premium of an additional capacity of k for investor i is

EP

[
(Q̄k(µk, ω)− αf )µk(ω)

]
. It adds to the valuation at the risk

free rate EP

[
αfµ

]
and the sum of the two is equal to ρ(µk)



Implementation: the good deal risk measure



The Good-deal risk measure
We now concentrate on the particular risk function ρ[Z(ω)] (Cochrane and Saá-Requejo, 2000) It is coherent risk

in the sense of Artzner et al. and defined as:

ρ(Z) = max
q(ω)

E [q(ω)Z(ω)]

s.t. q(ω) ≥ 0

EP
[
q(ω)fi1(ω)

]
= fi0

EP
[
q(ω)2

]
≤ 1+h2

(Rf )2

Particular relevance:

I special case: one embed the CAPM reasoning by

I making the q positive by setting h sufficiently small (non

negativity is a requirement for absence of arbitrage, positivity

is a requirement for ”equivalent risk measures” .

I introducing the CAPM instruments (the risk free asset and the

”Market”) as f i1(ω)

I This gives a mix of market pricing (CAPM) and idiosyncratic risk

valuation (not pricing)

I The mix is driven by the Sharpe ratios that reflects risk aversion



B(z) with hedging
One can show that, under certain common assumptions (common in

finance but not necessarily in its application to energy) the outcome of a

market with hedging instruments and assets priced by the market can be

formulated as the problem

ρ(xiµi,∀i) = max
qi(ω)

∑
i

E [qi(ω)xiµi(ω)]

s.t. qi(ω) ≥ 0

EP [qi(ω)fm1 (ω)] = fm0
EP [qi(ω)gn1 (ω)] = gn0
EP

[
qi(ω)2

]
≤ 1+h2

(Rf )2

where:

I the f denote the risk factors indexed by m priced by the market

I the g denote the hedging instrument indexed by n priced by trading

between the agents of the power market

The (qi(ω)− αf )µk(ω) for asset k valued by investor i are the elements

of B(z)



Application



The problem

Based on Germany.

I Targeting a Sharpe ratio of 0.7 for each investment

I 11 / 88 scenarios with hourly resolution

I Different CO2 emission reductions: 0, 50 and 100 %

Contracts

I no risk trading (no contract)

I all risk is traded (complete market)

I base load contract (payoff is averaged electricity price)

I seasonal contracts (base load on different seasons

I CO2 contract payoff is the price of CO2 emission

I capacity market



The system
Project finance : each agent in charge of one technology.

I A Battery

I Renewable: wind on shore and photovoltaic

I Thermal generators OCGT and CCGT.

I CO2 market

Model size (linear part).

I 11 scenarios (weather related uncertainties) on a representative

year, hourly resolution (to capture intermittency issues as

”Dunkelflaute” event), 5 technologies, 2 fuels (possibility to co-fire

fossil and biogas), and different contracts ⇒ computation time on a

laptop ∼ 2hrs.

I 88 scenarios: idem + crossed with 2 scenario on fossil gas price and

4 scenario on yearly demand ⇒ computation time on a laptop ∼
30hrs

















Conclusion



On methodology
A single modeling approach

I Based on a Nash equilibrium model (can add other agents) With

quite a lot of flexibility for modeling risk premium

I Non monotone problems due to market incompleteness

I Standard deterministic models cause problems of circularity, non

monotonicity and arbitrage; but these are eliminated by stochastic

discount rates

I Problem become convex when there is a single stochastic discount

factor (not a single deterministic discount rate), in the same way as

it is convex in a complete market.

I Issues remain on the computational side but progress are made:

convergence achieved on the most complex problem: looking for

some cases where one can prove convergence (contraction due to

properties of the risk premium).

I The fundamental non convexity problems due to incompleteness is

of a different nature.



On Risk

As stated in an illustrative slide at the beginning hedging may have

important redistribution effect on agents’ welfare.

I Counter intuitive but fully rationalizable results appear: thermal

plants suffer more from meteorological risk ????

I Contracts work well thanks to the very different risk exposure of

producers and consumers. But they require quite a lot of liquidity

I The seasonal base load contract works best.

I Capacity markets and CO2 contracts also do well.


