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Aim

The aim of these lectures is to introduce mathematical concepts and
methodology useful for the numerical approximation of a large number of
interesting PDE problems involving complex domains with interfaces and
free boundaries arising in some areas of cell biology. (Many other related
problems in materials science and fluids.)

Topics
PDEs
PDEs on evolving surfaces and domains
Coupled bulk surface equations
Geometric equations and surface energy
Surface deformation by point constraints and forces
Reaction diffusion forcing of geometric evolution
Surface phase separation
Free boundary on a free boundary
Geometric concepts
Hypersurface: Level set, parametrisation
Surface gradient
Curvature
Laplace Beltrami
Normal velocity
Material velocity

Perspective

Although the content is predominantly mathematical analysis and computational
methodology associated with the numerical analysis of PDEs in evolving and complex
domains, it also provides mathematical methodology for use within modelling processes in
cell biology, fluids etc.

The emphasis is on

Analysis Based Modelling

Analysis Based Computation

Analysis Based Modelling: What is involved?

Mathematical modelling
Here developments in large scale computing, analysis and numerical analysis allow
more ambitious models!
Formulation of PDEs In our context
Mechanics
Biochemistry
Geometry

Analysis: each formulation may require its own version of the analysis

Applications
Cell Biology
Biomembranes
Geometric biomembranes
Multi-component biomembranes and lipid phase separation
Protein interactions with biomembranes

Chemotaxis and cell motility
Reaction diffusion and chemoattractant
Receptor ligand dynamics

Fluids
Surfactant laden drops in viscous fluids
Surface fluids
Material Science
Phase separation
Phase transition
Grain boundary motion
Applications of curvature flow
Miscellaneous
Binary classification of data
Perimeter regularisation

ABC: Analysis Based Computation

Simulation
Parameter identification
Uncertainty
Prediction
Optimisation and Control

Analysis Based Computation: What is involved?

Development of numerical discretisation methods: each method depends on
formulation
Analysis of discretisation: usually based on well posedness theory of analysis
formulation
Development of numerical linear algebra and optimisation methods: each method
depends on formulation
Analysis of solvers: depends on discretisation and software requirements
Implementation

Generic mathematical problems involving geometry and moving domains

Γ(t) denotes a moving curved hypersurface - an n-dimensional hypersurface in Rn+1 .
Ω(t) may denote a moving bulk domain in Rn+1 with boundary Γ(t).
We may view Ω(t) as a flat n + 1-dimensional hypersurface in Rn+2 .
Boundary value problems
Interface problems in which Γ separates two domains in which bulk PDEs hold
Free boundary problems (interfaces) in which Γ is to be determined
Geometric PDEs Energetic unknown surfaces/interfaces; Γ is determined by
geometric quantities
Surface PDEs: PDEs on a stationary or evolving surface
Coupled bulk surface PDEs Coupling equations for and on a surface to equations in
the bulk
Interface/free boundary on an evolving surface

Example: Schematic depiction of the geometry of moving surfaces
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A space-time surface GT for dimension n = 1. Here each Γ(t) is a curve.

Tasks:
Formulate PDEs for the evolution of Γ(t) and processes on Γ(t)
Well posedness theory
Formulate complex models
Numerical analysis
Analysis Based Computation

Challenges:- Morphology: Biomembranes

Giant unilamellar vesicles Imaging coexisting fluid domains in biomembrane models
coupling curvature and line tension Baumgart, Hess, and Webb Nature. 425, pg 821
(2003)

Challenges, Morphology, Cell motility, chemotaxis

(Loading Movie)

Dictyostelium

Dealloying by selective dissolution

Dealloying of a binary alloy by the selective removal of one component via
electrochemical dissolution in an electrolyte such that there is surface phase
separation of the other component.
A protypical example is that of the etching of silver in an Ag-Au alloy whose surface
is immersed in an electrolyte.
The dissolution of silver atoms occurs at the surface whilst the surface gold atoms
agglomerate in clusters and expose the next layer of silver atoms for dissolution.
The result is the growth of porosity into the bulk.

Dealloying by selective dissolution

J. Erlebacher, M.J. Aziz, A. Karma, N. Dimitrov and K. Sieradzki Evolution of
nanoporosity in dealloying Nature 410(2001)

Mathematical model

Find
S a periodic evolving surface Γ(t), t ∈ (0, T ) and a surface periodic function
c : t∈[0,T ] Γ(t) → R, such that the surface moves in normal direction ν with the velocity
V
C.E. and Eilks JCP 2008
Surface dissolution equation
V = v0 (c) (1 − δH) ,
Mass conservation
∂ • c + c∇Γ · V ν + ∇Γ · q = c0 V,
Flux law
q = −M (c)∇Γ µ
Uphill diffusion:-Cahn-Hilliard
µ = −γ∆Γ c − W 0 (c)

Simulation on a periodic square: spinodal decomposition

Computational Experiment:- Surface dissolution:-etching a single pit

Etching for a single pit, random bulk concentration, t = 1.2 and t = 2.0 for vmax = 0.4

Computational Experiment:- Surface dissolution: etching a single pit,
increasing dissolution rate

Etching for a single pit, random bulk concentration, t = 0.3 and t = 0.5 for vmax = 1.6

Analysis Based Computation: What is involved?

In the context of Surface Finite Elements and Unknown Moving Domains:
Formulation of Partial Differential Equations in Evolving Domains
Evolving Finite Elements
Evolving Triangulated Domains
Evolving Finite Element Spaces
Analysis of Discretisation

Where it all began?

2003 Computational challenges in PDEs
INTERPHASE 2003 Numerical Methods for Free Boundary Problems
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