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Riemann-Hilbert Boundary Value Problems



Bernhard Riemann: The Origin

In 1851 Bernhard Riemann published his
thesis “Grundlagen für eine allgemeine
Theorie der Functionen einer veränder-
lichen complexen Grösse”.

This paper is well known as the origin of
the celebrated Riemann mapping
theorem, but Riemann himself considered
conformal mapping just as an example of
a more fundamental question:

What are “reasonable” boundary value
problems for holomorphic functions ?

Riemann’s project

Determine complex (holomorphic) functions from conditions on their
values at the boundary (of the domain) and/or at “discontinuities”.



Bernhard Riemann: The Origin

In 1851 Bernhard Riemann published his
thesis “Grundlagen für eine allgemeine
Theorie der Functionen einer veränder-
lichen complexen Grösse”.
This paper is well known as the origin of
the celebrated Riemann mapping
theorem, but Riemann himself considered
conformal mapping just as an example of
a more fundamental question:

What are “reasonable” boundary value
problems for holomorphic functions ?

Riemann’s project

Determine complex (holomorphic) functions from conditions on their
values at the boundary (of the domain) and/or at “discontinuities”.



Bernhard Riemann: The Origin

In 1851 Bernhard Riemann published his
thesis “Grundlagen für eine allgemeine
Theorie der Functionen einer veränder-
lichen complexen Grösse”.
This paper is well known as the origin of
the celebrated Riemann mapping
theorem, but Riemann himself considered
conformal mapping just as an example of
a more fundamental question:

What are “reasonable” boundary value
problems for holomorphic functions ?

Riemann’s project

Determine complex (holomorphic) functions from conditions on their
values at the boundary (of the domain) and/or at “discontinuities”.



Riemann’s Boundary Value Problems

Central question

What are “reasonable” (well-posed) boundary value problems for
holomorphic functions w = u + iv in a domain G ?

Riemann first considered a simple example, where the real part of the
unknown function is given on the boundary:

Es kann also, allgemein zu reden, u am
Rande (von G ) als eine ganz willkürliche
Function von s gegeben werden, und
dadurch ist v überall mit bestimmt . . .

Generally speaking, u can be
prescribed on the boundary (of G )
as an arbitrary function of s, which
then also defines v everywhere . . .

For the unit disc D the solution is given by Schwarz’ Integral formula,

w(z) =
1

2π

∫
T

t + z

t − z
u(t) |dt|+ i c , c ∈ R.
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Bernhard Riemann’s Vision

After some discussion Riemann comes up with the following conclusion:

“Die Bedingungen, welche so eben zur Bestimmung der Function hinreichend
und nothwendig befunden worden sind, beziehen sich auf ihren Werth . . . in
Begrenzungspunkten, . . . und zwar geben sie für jeden Begrenzungspunkt eine
Bedingungsgleichung . . . .”

The conditions which where just found to be sufficient and necessary for
determining the function are related to its values . . . at boundary points, . . .
namely, they give one equation for each boundary point.

Riemann-Hilbert Boundary Value Problem (RHP)

Let f : T× C→ R be a given function. Find all functions w which are holo-
morphic in the complex unit disk D and continuous on its closure D, such that
the boundary condition

f
(
t,w(t)

)
= 0

is satisfied for all t on the unit circle T = ∂D.
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Reading Riemann

Der Spielraum für die Wahl der Werthe von w am Rande umfasst daher eine
Mannigfaltigkeit von Einer Dimension für jeden Begrenzungspunkt, und die
vollständige Bestimmung derselben erfordert für jeden Begrenzungspunkt Eine
Gleichung, wobei es indess nicht wesentlich sein wird, dass jede dieser
Gleichungen sich auf den Werth Eines Gliedes in Einem Begrenzungspunkte allein
bezieht. Es wird diese Bestimmung auch so geschehen können, das für jeden
Begrenzungspunkt Eine mit der Lage dieses Punktes ihre Form stetig ändernde,
beide Glieder enthaltende Gleichung gegeben ist, oder für mehrere Theile der
Begrenzung gleichzeitig so, dass jedem Punkte eines dieser Theile n − 1
bestimmte Punkte, aus jedem der übrigen Theile einer, zugesellt und für je n
solcher Punkte gemeinschaftlich n mit ihrer Lage stetig veränderliche Gleichungen
gegeben sind.
Diese Bedingungen, deren Gesammtheit eine stetige Mannigfaltigkeit bildet und
welche durch Gleichungen zwischen willkürlichen Functionen ausgedrückt werden,
werden aber, um für die Bestimmung einer im Innern des Grössengebiets überall
stetigen Function zulässig und hinreichend zu sein, allgemein zu reden, noch einer
Beschränkung oder Ergänzung durch einzelne Bedingungsgleichungen
(Gleichungen für willkürliche Constanten) bedürfen, indem bis auf diese sich die
Genauigkeit unserer Schätzung offenbar nicht erstreckt.



The Intuition of Bernhard Riemann

1

Riemann observes that the boundary conditions determine the function
only up to a number of constants.
It is not essential that the boundary condition is related to a single point,
it is also possible that each boundary point t is associated with a number
of other points α(t), continuously depending on t, for which common
conditions are prescribed,

f
(
t,w(t),w(α(t))

)
= 0.

Riemann emphasizes geometric aspects
(“manifold of one dimension”).
His statements are rather vague
(The whole section contains only one formula).
He had the right intuition
(One can prescribe “one half” of the boundary values,
we may need additional parameters and/or equations).

Mathematics
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Example: Conformal Mapping

To illustrate his general ideas, Riemann considered conformal mappings of
the unit disc D onto a simply connected domain G ,

“. . . wo also für jeden Begrenzungspunkt des Abbildes eine Ortscurve, und
zwar für alle dieselbe, . . . gegeben ist.”

. . . where for all boundary points of the image a curve is given, namely
one and the same for all points.

Conformal mappings D→ G are (special) solutions of the RHP

f (w(t)) = 0 for all t ∈ T, (1)

where f (w) = 0 is an equation describing the boundary of the domain G .

Besides univalent conformal mappings the Riemann-Hilbert problem (1)
also admits constant solutions and multiple coverings of G .
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Example: Inner Functions

An inner function is a bounded holomorphic function in the unit disk D
which is unimodular almost everywhere on the unit circle T := ∂D,

|w(t)| = 1, t ∈ T.

The solvability of this RHP depends on the class of admitted functions w .
If we only admit solutions that extend continuously onto D, these are
exactly the finite Blaschke products

w(z) = c
n∏

j=1

z − zj
1− z jz

, c ∈ T, zj ∈ D (n = 0, 1, 2, . . .).

If we admit all bounded holomorphic functions, the solution set consists of
all inner functions, which also comprises infinite Blaschke products and
singular inner functions.
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Example: The Modulus Problem

More generally, finding a holomorphic function in D from its modulus on T,

|w(t)| = r(t), t ∈ T, (1)

is another well-known (Riemann-Hilbert) problem.

Under some mild regularity assumptions on r there exist solutions

w(z) = c exp

(
1

2π

∫ π

−π

t + z

t − z
log r(t) dτ

)
, |c | = 1. (2)

These so-called outer functions have no zeros in D.
The general solution of (1) is then obtained by multiplying w from (2) by
an arbitrary inner function.
A fundamental theorem (Beurling) says that any bounded holomorphic
function in the disk is the product of an inner and an outer function.
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Example: Linear Riemann-Hilbert Problems

What about prescribing the argument of a holomorphic function on the
boundary of its domain?

This can be rephrased (though not equivalently) as the homogenous linear
Riemann-Hilbert problem

Im
(
f (t)w(t)

)
= 0,

with a given non-vanishing function f : T→ C, say f (t) = exp(iϕ(t)).
Replacing the right-hand side by an arbitrary function c : T→ R, we
obtain the general (scalar) linear Riemann-Hilbert problem

Im
(
f (t)w(t)

)
= c(t).

The function f is called the symbol of the problem, and its global
topological behavior (the winding number of the curve f (T)) is crucial for
the solvability of the RHP.
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Milestones in the History of Linear RHPs

B. Riemann 1851:
statement of the problem in a very general (geometric) form as the
fundamental boundary problem for analytic functions

D. Hilbert 1904:
statement and first solutions of the linear problem, reduction to
integral equations, introduction of Hilbert operator

F. Noether 1921:
points out a flaw in Hilbert’s paper(s), introduces the index, gives
complete (formal) solution

N.I. Muskhelishvili, F.D. Gakhov, I.N. Vekua 1935–1940:
problems with Hölder continuous coefficients in Hölder spaces

I.B. Simonenko 1960:
problems with piecewise continuous coefficients in Hardy spaces
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Scalar Linear Problems: Summary

Hardy space H2 of holomorphic functions in D with norm

‖w‖22 = sup
0<r<1

∫
T
|w(rt)|2 |dt| <∞.

Boundary values of w ∈ H2 exist almost everywhere on T as nontangential
limits and the boundary function belongs to L2.

Theorem

If f ∈ C (T) and f (t) 6= 0 on T, then the Riemann-Hilbert operator

Rf : H2 → L2R, w 7→ Im
(
f w
)

is Fredholm (we should better say Noether), with

dimkerRf = max (0, 2κ+ 1), codim imRf = max (0,−2κ− 1)

where κ := wind f is the winding number of the symbol f about the origin.
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Nonlinear Riemann-Hilbert Problems

Riemann-Hilbert problems have been considered from different perspectives:

≥ 1851 : geometric setting, conformal mapping

≥ 1903 : integral equations, Hilbert transform

≥ 1920 : singular integral equations, operator theory, index

≥ 1935 : theory of linear problems in Hölder spaces

≥ 1947 : fixed point theorems of Banach and Schauder

≥ 1972 : degree theory, back to Riemann’s original setting

≥ 1982 : problems on multiply connected domains

≥ 1987 : geometric function theory, extremal principles

≥ 1988 : several complex variables, holomorphic disks

≥ 1997 : transmission problems and vector-valued RHPs

≥ 2002 : problems on bordered Riemann surfaces

≥ 2010 : RHPs in circle packing



Geometric Setting



Back to Bernhard Riemann

Bernhard Riemann 1851: “Die Bedingun-
gen . . . beziehen sich auf ihren Werth ent-
weder in Begrenzungs- oder in Unstetig-
keitspunkten; . . .
Bezieht sich jede derselben nur auf Einen
Begrenzungspunkt, so werden sie durch
eine Schaar von Curven repräsentirt, von
denen für jeden Begrenzungspunkt Eine
den geometrischen Ort bildet.”

The conditions . . . are related to the
function values . . . at boundary points
or at points of discontinuity; . . . If
each one is related to only one boun-
dary point, they are represented by a
family of curves, and for each boun-
dary point one of those [curves] forms
the locus [of the corresponding boun-
dary value].



Geometric Setting: the Target Curves

Riemann’s geometric setting of the problem was practically out of sight for
more than a century, until it was revived by A. Shnirel’man in 1972.
Following Riemann, we introduce the family of target curves

Mt := {w ∈ C : f (t,w) = 0}, t ∈ T,

and write the boundary condition f (t,w(t)) = 0 as w(t) ∈ Mt .
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Geometric Setting: the Target Manifold

To untangle the family of target curves Mt we lift them from C to T×C.

The target manifold is the set

M := {(t,w) ∈ T×C : f (t,w) = 0}

The figure shows three colored points
t1, t2, t3 on T, the associated planes
{tj} ×C containing the target curves
and the target manifold.

The red line
on M is the graph of the boundary
function of a solution w , said to be
the trace of w ,

trw := {(t,w(t)) : t ∈ T}.



Geometric Setting: the Target Manifold

To untangle the family of target curves Mt we lift them from C to T×C.

The target manifold is the set

M := {(t,w) ∈ T×C : f (t,w) = 0}

The figure shows three colored points
t1, t2, t3 on T, the associated planes
{tj} ×C containing the target curves
and the target manifold. The red line
on M is the graph of the boundary
function of a solution w , said to be
the trace of w ,

trw := {(t,w(t)) : t ∈ T}.



Classification of RHPs

Depending on the shape of the target manifold, there are several classes of
Riemann-Hilbert problems. Basically, the target curves can be closed
(bounded) or open (unbounded), generating target manifolds which are
compact or non-compact, respectively.

A target manifold generated from simple closed curves (left) and part of a target

manifold composed of simple unbounded curves (right).



Linear RHPs Revisited



Geometric Interpretation of Linear RHPs Skip

The target curves of linear RHPs are straight lines

Mt = {w ∈ C : Im (f (t)w) = c(t)}

The winding number of f is the twisting number of the target manifold,

M := {(t,w) ∈ T× C : Im (f (t)w) = c(t)}.

indM = 0 indM = 1



Linear RHPs: Geometry of Solutions

If the symbol f of the linear
RHP Im (f (t)w(t)) = c(t) has
a nonnegative winding number κ,
the solutions form an affine linear
space of dimension 2κ+ 1.

If f is Hölder continuous and has
winding number zero, then the
traces of all solutions cover the
target manifold in a schlicht man-
ner, thus (together with the tar-
get curves) providing a natural
parametrization of the target ma-
nifold.



Linear RHPs: Non-Orientable Target Manifolds

If the symbol f of the linear
RHP Im (f (t)w(t)) = c(t) has
a nonnegative winding number κ,
the solutions form an affine linear
space of dimension 2κ+ 1.

Why does the dimension of the kernel jump by 2?

We are missing the non-orientable target manifolds! Even if the target
manifold is smooth, these cannot be described by a continuous symbol,
the argument of the symbol must jump by ±π, and the corresponding
“winding numbers” κ are in Z + 1/2.
For all κ ∈ Z/2 the Riemann-Hilbert operator satisfies

dimkerRf = max (0, 2κ+ 1), codim imRf = max (0,−2κ− 1)

For the Moebius strip with κ = −1/2 the operator Rf is invertible.
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Torus-Like Target Manifolds

Smooth target manifolds which are built from closed target curves are
called torus-like. The corresponding RHPs generalize conformal mapping
onto smoothly bounded domains.

The standard example is the problem |w(t)| = 1 with M = T× T.

A torus-like target manifold M is said to be admissible, if it has a
parametric representation µ ∈ C 1(T× R) such that

M = {(t, µ(t, s)) : t, s ∈ T},

(i) for any t ∈ T the mapping s 7→ µ(t, s) is injective,

(ii) there exists a constant C > 1 such that for all s, t ∈ T

0 < 1/C ≤ |∂sµ(t, s)| ≤ C .
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Winding Numbers of Solutions

Every curve on a torus-like manifold M has two winding numbers. For
traces of solutions one of these is equal to 1.
The second one is said to be the winding number of w about M.

windMw = 0 windMw = 2

If the origin is contained in the interior of every target curve, the winding
number of w about M coincides with the number of zeros of w in D.
More generally, a torus-like target manifold M is said to be regular, if there
exists a holomorphic function w0 ∈ H∞ ∩ C with w0(t) ∈ intMt , t ∈ T.
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Fundamental Solutions of Regular Problems

The fundamental solutions of a RHP are those with winding number zero
about M. The set of these solutions is denoted W0.

Theorem (A.I. Shnirel’man 1972, E.W. 1987)

Any regular (admissible) torus-like target manifold M is covered by the
traces of fundamental solutions in a schlicht manner.

coordinate space
torus (t, s) ∈ T2

−→

target
manifold

Together with the target curves, the traces of all solutions with winding
number zero provide the target manifold with a canonical parametrization.
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Solutions with Arbitrary Winding Numbers

In the standard case M = T × T the
(continuous) solutions of the RHP are
all finite Blaschke products

w(z) = c
n∏

k=1

z − zk
1− zkz

,

with c ∈ D, zk ∈ D.

Theorem

Let M be an (admissible) torus-like target manifold with 0 ∈ intMt .
Then, for arbitrary points t0 ∈ T, w0 ∈ Mt0 , and z1, . . . , zn ∈ D the RHP
w(t) ∈ Mt has a unique solution w ∈ H∞ ∩ C with

windM w = n, w(t0) = w0, w(zk) = 0 (k = 1, . . . n).
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Circular Target Manifolds

Skip



RHPs with Circular Target Curves

Generalizing the modulus problem, we consider RHPs with circular target
curves,

|w(t)− c(t)| = r(t), t ∈ T, (1)

with given functions r : T→ R+, c : T→ C. Assuming that the problem
is regular, we may w.l.o.g. suppose that |c(t)| < r(t) for all t ∈ T.

Theorem (Ch. Glader, E.W.)

Let r , c ∈ Cα(T) with 0 < α < 1 and 0 ≤ |c| < r on T. Then, for each
nonnegative integer n, t0 ∈ T, w0 ∈ C with |z0 − c(t0)| = r(t0), and
z1, . . . , zn ∈ D, the problem |w(t)− c(t)| = r(t) has a unique solution
w ∈ H∞(D) ∩ Cα(D) with winding number n about M which satisfies the
interpolation conditions

w(t0) = w0, and w(zj) = 0 for j = 1, . . . , n.
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Generalized Nevanlinna-Parametrization

Since a circle is determined by three of its points, the target manifold of a
circular RHP can be reconstructed from three solutions w1,w2,w3.

Question: Is it also possible to construct all solutions from just three
special solutions?

Theorem (Ch. Glader, E.W.)

Let r , c ∈ Cα(T) with 0 < α < 1 and r > 0, and assume that the
Riemann-Hilbert problem |w − c | = r is regular. Then there exist
holomorphic functions P,Q,R,S ∈ H∞ ∩ Cα such that the fibered
Möbius transformation

N : B 7→ N (B) :=
P B + Q

R B + S
, (2)

establishes a homeomorphism between the finite Blaschke products and
the solution set W ⊂ H∞ ∩ C of the Riemann-Hilbert problem.



Generalized Nevanlinna-Parametrization

Since a circle is determined by three of its points, the target manifold of a
circular RHP can be reconstructed from three solutions w1,w2,w3.
Question: Is it also possible to construct all solutions from just three
special solutions?

Theorem (Ch. Glader, E.W.)

Let r , c ∈ Cα(T) with 0 < α < 1 and r > 0, and assume that the
Riemann-Hilbert problem |w − c | = r is regular. Then there exist
holomorphic functions P,Q,R,S ∈ H∞ ∩ Cα such that the fibered
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General Solutions of Circular Riemann-Hilbert problems

The coefficients P,Q,R, S of the Nevanlinna parametrization

w(z) =
P(z)B(z) + Q(z)

R(z)B(z) + S(z)
.

can be determined algebraically from
three fundamental solutions of the RHP.

Plugging in finite Blaschke products B
we get all continuous solutions.

Plugging in inner functions B we get all
(bounded) solutions.

Alternatively, P,Q,R,S can be constructed from one solution with
arbitrary winding number using the Hilbert transform

.
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Band-Like Target Manifolds

Skip



Band-Like Target Manifolds

A non-compact target manifold M is said to be admissible if it has a
parametrization M = {(t, µ(t, s)) : t ∈ T, s ∈ R} with µ ∈ C 1(T× R)
such that

(i) for any t ∈ T the mapping R→ C, s 7→ µ(t, s) is injective

(ii) there exists a constant C > 1 such that for all s ∈ R, t ∈ T

0 < 1/C ≤ |∂sµ(t, s)| ≤ C

(iii) the limits lims→±∞ ∂sµ(t, s) =: µ±, lims→±∞ s−2∂tµ(t, s) = 0
exist uniformly with respect to t ∈ T.

We call such target manifolds (and the corresponding RHPs) band-like.



The Index of Band-Like RHPs

The index of (admissible) nonlinear RHPs with band-like target curves is
defined as indM := windµ±. Geometrically, this is the twisting number of
the target manifold.

indM = 0 indM = 1

Note that the assumptions imply that M is orientable, there is a
corresponding class of RHPs with smooth non-orientable target manifold.
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Solvability of Problems with Arbitrary Index

Theorem (E.W.)

Let M be an admissible non-compact target manifold.

(i) If indM < 0 the Riemann-Hilbert-Problem has at most one solution.

(ii) If indM = 0 the target manifold is covered by the traces of solutions
in a schlicht manner.

(iii) If indM = n ≥ 0 then, for all t0 ∈ T, w0 ∈ Mt0 , z1, . . . , zn ∈ D,
w1, . . . ,wn ∈ C, the RHP has a unique solution which satisfies the
interpolation conditions w(t0) = w0, w(zk) = wk (k = 1, . . . , n).

A similar result (which is qua-
litatively the same as for linear
RHPS) holds for RHPs with non-
orientable band-like target mani-
folds.
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Flow around a porous shell
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Filtration Through Porous Cylinder

Plane potential flow past porous
cylindrical shell

q∞ – velocity at infinity
p∞ – pressure at infinity
J – circulation around cylinder

Filtration law:

V (s) = vν(s) = F
(
s, p(s)− pi (s)

)
V – filtration velocity,
p(s) – exterior pressure at s ∈ ∂G ,
pi (s) – interior pressure at s ∈ ∂G .

Problem: Find pressure distribution and velocity field.
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Nonlinear Boundary Value Problem

Model 1: constant pressure pi inside cylinder.

Model 2: potential flow inside cylinder.

Introduce velocity potential Φ harmonic in exterior domain

∆Φ ≡ ∂2xΦ + ∂2yΦ = 0,

velocity components are ∂xΦ, ∂yΦ.

Eliminating the pressure in the filtration law by Bernoulli’s equation

p +
%

2

(
(∂xΦ)2 + (∂xΦ)2

)
= const,

we get a nonlinear boundary value problem for harmonic functions

V ≡ ∂nΦ = F
(
., (∂xΦ)2 + (∂yΦ)2 − c

)
.
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Nonlinear Oblique Derivative Problem

Linear oblique derivative problem for harmonic functions in G

a(s) ∂xΦ(s) + b(s) ∂yΦ(s) = c(s) on ∂G .

General nonlinear oblique derivative problem

F (s, ∂xΦ(s), ∂yΦ(s)) = 0 on ∂G .

The function Φ is harmonic if and only if

w ≡ u + iv := ∂xΦ− i∂yΦ

is holomorphic. The nonlinear oblique derivative problem is equivalent to
the Riemann-Hilbert-Problem

f
(
s,w(s)

)
= 0, f (s, u + iv) := F (s, u,−v).
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Solvability of Filtration Problem

Given: q∞ – speed at infinity
p∞ – pressure at infinity
p0 – pressure inside cylinder
J – circulation around cylinder

Find: Q – flux through cylinder
~v – velocity field in exterior domain
p – pressure distribution

Growth of filtration law determines shape of target curves:
F (., p) ∼ pα, if α < 1/2 non-compact, if α > 1/2 compact.

Riemann-Hilbert problem depending on parameter Q.

Theorem (v. Wolfersdorf, E.W.) Under “reasonable” assumptions the
filtration problem has a unique solution which is physically relevant.
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Numerical Solution of Filtration Problem

Nonlinear Riemann-Hilbert problems can be solved numerically using
iterative methods of Newton type.

Since only the boundary function is
involved we get a 1D-problem (boundary integral equation method).

We see the streamlines and the pressure (blue high, red low)
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Numerical Solution of Filtration Problem

Nonlinear Riemann-Hilbert problems can be solved numerically using
iterative methods of Newton type. Since only the boundary function is
involved we get a 1D-problem (boundary integral equation method).

Q = 0, J = 4 Q = −4, J = 0

We see the streamlines and the pressure (blue high, red low)



Numerical Solution of Filtration Problem

Nonlinear Riemann-Hilbert problems can be solved numerically using
iterative methods of Newton type. Since only the boundary function is
involved we get a 1D-problem (boundary integral equation method).

Q = 3, J = 2 Q = 9, J = 9

We see the streamlines and the pressure (blue high, red low)



Electrochemical Machining



Electrochemical Machining

In electrochemical machining metal is eroded from a workpiece (anode) by
electrolysis.

The tool (cathode) is moving from left to right so that the workpiece is
cut through.

The process is assumed to be quasi-stationary: tool and free surface of the
workpiece move at the same horizontal speed.
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electrolysis.
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A Free Boundary Value Problem

Parameters:

α, δ – overcuts
β, γ – endpoints of insulation
u0 – voltage
v0 – velocity of tool

Free boundary problem I:
For given positions β, γ, find
the overcuts α, δ and the sha-
pe of the workpiece (anode).

Free boundary problem II:
Which positions β, γ of the insulated parts produce prescribed overcuts
α and δ? What is the shape of the workpiece?
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The Model of Electrochemical Machining

Electric potential u harmonic in G .
Boundary conditions:

(1) ∂nu = 0 on A+B

(2) u = 0 on BC

(3) ∂nu = 0 on CD+

(4) u = u0 on D−A−

Cathode moves with constant speed v0, determines erosion rate:

(5) σ ∂nu = v0 cos (n, x) on D−A−
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Transformation to a Fixed Domain

Let v be conjugate harmonic to u. Boundary conditions:

(1) v = v1 = const on A+B
(2) u = 0 on BC
(3) v = v2 = const on CD+

(4) u = u0 on D−A−
(5) λ v = y on D−A−

The function Φ = u + iv is holomorphic in G and maps G conformally
onto the square A′B ′C ′D ′.



A Discontinuous Riemann-Hilbert-Problem

Riemann-Hilbert-Problem for W := (Ψ ◦ Φ)−1: Find holomorphic function
W in D with

W (t) ∈ A+D+ if t ∈ T and Im t > 0
W (t) ∈ Mt if t ∈ T and Im t < 0.

Here A+D+ is the given boundary of cathode, and

Mt = {z ∈ C : λ Im z = ImΨ−1(t)}.

Nonlinear Riemann-Hilbert Problem with discontinuous boundary
condition.



The Target Curves of the RHP

The target curves of the
discontinuous RHP are
shown in blue. These
can be modified
(without losing relevant
solutions !) to get a
RHP with differentiable
non-orientable target
manifold with
indM = −1/2 (target
curves shown in red).



Solvability of the ECM-Problem

Theorem (Oestreich, E.W.) Let the boundary of the tool be C 2-smooth
and convex, and assume that its isolated ends are parallel straight lines.
Then the ECM problem has a unique solution for arbitrarily given
overcuts α, δ.

Solution and parameters
can be computed nume-
rically (more challenging
than for the filtration pro-
blem). The figure shows
the shape of the free sur-
face (right) and the inten-
sity of the electric field in
the electrolytic gap.
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