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A Motivation



• In classical mechanics, we first encounter mass 
through Newton’s second law, F=ma.  

• Mass is an  intrinsic property associated with 
bodies.     

• In some quantum field theories (QFTs), mass is an 
emergent concept. By this, I mean a microscopic   
theory with no mass parameter in its Lagrangian  
at all may induce a mass. This is roughly  what 
happens in nature. 

• The part of Standard Model that generate almost 
all mass of visible matter in universe is called 
QCD. 

Mass 



• The quarkless version of QCD is called Yang-Mills. It is  
generalization of Maxwell’s electromagnetism. e.g. the electric field Ex  
is replaced by a general traceless (3 x 3) matrix. 

• In Maxwell’s theory: the propagation of wave (energy) occurs, in vacuum,  at 
the speed of light and can possess any positive frequency (energy) ≥0, i.e, 
there is no mass  gap.  The classical Maxwell’s equation are linear and we 
observe them all the time (right now, while you are reading this page.) This 
is the reason we teach these waves at high school.

• The Yang-Mills equations are non-linear, they have non-linear solutions 
which also, classically,  travel at the speed of light.   But we never observe 
these waves!   This is due to mass gap, a quantum phenomenon.   This is the 
reason that we do not teach these waves at high school. 

Electromagnetism vs. Yang-Mills theory, and 
a statement of mass gap problem



from: S. Bethke, hep-ex/0407021

QCD and Asymptotic freedom: 
Scale dependence of interactions
Asymptotic freedom: Shorter 
distance, weaker  coupling  
g2(Q) <<1. Longer distance, 
stronger coupling g2(Q) ~1

Weak coupling, perturbation 
theory: successful. Strong 
coupling, there is no first 
principle analytic approach yet!

Gross, Wilczek, Politzer,  2004 Nobel Prize in Physics:
 "for the discovery of asymptotic freedom in the theory of the strong interaction".

1 GeV, theory becomes strongly 
coupled around this scale. 



QFT is defined with a cut-off… eg. Lattice spacing. 
The scale at which the theory becomes strongly coupled is called 
“the strong scale”. It is given by, in YM theory: 

Note that g2    appears as exp[-A/g2] and hence, represents an essential 
singularity at g2=0. We will call the strong scale “non-perturbative” as it 
does not admit a perturbative expansion in g2. 

Mass gap in the theory is dictated by strong scale. 

⇤ = µe
� 8⇡2

g2(µ)�0

µ is renormalization group scale.

What sets the scale in the theory? 

�0 = �0(G) = 11
3 N for SU(N) Yang-Mills theory.



Broader perspective in QFT



“A good deal of mathematical work starts with the Euclidean functional
integral. There is no essential difficulty in rigorously defining a
Gaussian functional integral, in setting up perturbation theory, and in
developing the BRST and BV formulations (see e.g. K. Costello’s work).

A major difficulty, indeed many mathematicians would say the main
reason that QFT is still "not rigorous," is that standard perturbation
theory only provides an asymptotic (divergent)  expansion…….

Motivation: Can we make sense out of  QFT?    
When is there a continuum definition of QFT?  
Quoting from M. Douglas comments,  in  Foundations of QFT, talk at String-Math 2011 

Dyson(50s), 
‘t Hooft (77),  



In 2011, I was invited  by M. Douglas to a small 
workshop to talk  about supersymmetric lattice  
formulation of N=4 SYM (topological twisting), later 
coined as  GL-twist.  Douglas thought our 
construction could  be used by  mathematians to make 
proofs about N=4 SYM. 

However, I was already under the spell of semi-classics 
and resurgence.  I said Douglas that there is something 
more interesting that is keeping my mind busy and I 
asked him if I could talk about it.  

So, my adviser D.B. Kaplan ended up talking about 
lattice susy and I was demoted  to a short talk on 
semi-classics on R3 x S1  with a bare mention of 
resurgence,  essentially stating my optimism about it 
at the end. 

But the good thing is Gerald came to that conference 
so we could chat and both of us pulled a paper out of 
our bags describing resurgence idea.





The common concept, which most of these folks seem to be highly influenced  
by (and which was virtually unknown in physics community)  is a “recent” 
mathematical  progress, called 

Resurgence Theory:  Jean Ecalle (80s) 

Hyperasymptotics (Dingle-Berry-Howls) 

Important works in QM:  Delabaere, Dillinger, Pham, (DDP),  Voros, Zinn-
Justin, Bogomolny, ……

Resurgence theory changed (is changing) the overall perspective on asymptotic 
analysis, for both mathematicians and physicists alike. 

Earlier hints that a resurgent structure must underlie QFT. 

In the last 10 years, some people are attempting to answer this type of questions, whether/
when  a n.p. continuum definition of QFT may exist and  reinvigorate this problem. 

Dunne, Argyres, MÜ,..: Resurgence in QFTs, QM, complexification of path integral(2012)
Marino, Schiappa, Aniceto, Gukov,..: Resurgence in strings and matrix models (2008-..)
Kontsevich: many recent talks (PI 2013, Simons,2014, 2015, IHES workshop 2019) 
Resurgence from the path integral perspective 
Garoufalidis, Costin: Math and Topological QFTs

Witten:(with no mention of resurgence) Analytic continuation of path integrals



An asymptotically free theory with a complex projective target space.  
Large-N, successful. Many problems  unresolved at finite-N. 

1) Pert. theory is an asymptotic (divergent)  expansion even after regularization and 
renormalization. Is there a meaning to pert. theory? 

2) Invalidity of  the semi-classical dilute instanton gas  “approximation”.
This assumes inter-instanton separation  much larger than the instanton size, but the 
latter is a moduli, hence no meaning to the assumption.  “Infrared embarrassment” 
Coleman’s lectures. 

3) A resolution of 2) was suggested by considering the theory in a small thermal box. 
But in the weak coupling regime, the theory  always lands on the deconfined regime. 
(Affleck, 80, Gross-Pisarski-Yaffe 81) No semi-classical approx. for the confined phase/
regime!

4) Incompatibility of large-N with dilute instanton gas. It better be so, we trust former 
and not the latter. (Witten, Jevicki, 79)

5) The renormalon ambiguity (technical, but deeper, to be explained), (‘t Hooft,79)

Motivation from QFT:  e.g. CP(N-1) puzzles
verbatim in 4d QCD 



• Adiabatic Continuity (analyticity)  

• Reliable Semi-classics (calculability)

• Resurgence theory and Trans-series 

• Complex Morse Theory (or Picard-Lefschetz theory) 
and complexification of path integral

In order to say something new on an old problem, we must have  
either new perspective or  new tools or both if lucky. 

Berry says: “I like new things in old things”. I think I also belong 
to this philosophy….



QM and the importance of 
critical points at infinity



Simpler question: Can we make sense of the 
semi-classical expansion of  QFT?     

f(�~) ⇠
1X

k=0

c(0,k) (�~)k +
1X

n=1

(�~)��n e�nA/(�~)
1X

k=0

c(n,k) (�~)k

pert. th.                     n-instanton factor     pert. th. around n-instanton

All series appearing above are asymptotic, i.e., divergent as  c(0,k) ~ k!. The 
combined object is called trans-series following resurgence terminology.

Argyres, MÜ,
Dunne, MÜ, 2012 

Borel resummation idea: If P (g2) =
P1

q=0 aqg
2q has convergent Borel trans-

form

BP (t) :=
1X

q=0

aq
q!
tq

in neighborhood of t = 0, then

B(g2) = 1

g2

Z 1

0
BP (t)e�t/g2

dt .

formally gives back P (g2), but is ambiguous if BP (t) has singularities at t 2 R+:



C+

C�

t

C̃�

C̃+

g2

Perturbation theory: Borel plane,  lateral Borel sums, ambiguity

Directional (sectorial) Borel sum. S✓P (g2) ⌘ B✓(g2) =
1
g2

R1·ei✓
0 BP (t) e�t/g2

dt

B0±(|g2|) = ReB0(|g2|)± i ImB0(|g2|), ImB0(|g2|) ⇠ e�2SI ⇠ e�2A/g2

The non-equality of the left and right Borel sum means the series is non-Borel summable or 
ambiguous. The ambiguity has the same form of a 2-instanton factor (not 1). The 
measure of ambiguity (Stokes automorphism/jump in g-space interpretation): 

 left and right Borel sums
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Same structure by analytic 
continuation

 Ecalle, 80s



c) Representatives of  n!instanton events,  sketched according to the resurgence triangle.   
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1!instantons:

2!instantons:

3!instantons:

4!instantons:

Perturbative vacuum:

a) Dilute gas of 1!instantons 

b) Dilute gas of 1!instantons, 2!instantons,  and other molecular!events 

 

Instantons and Bogomolny--Zinn-Justin (BZJ) prescription
BZJ, QM (80s): for double well potential, 
Here,  I show it for a periodic potential. 
Dilute instanton, molecular instanton gas.

C̃�

C̃+

g2

How to make sense out of  correlated events? 

          Evaluate quasi-zero mode integral.Easy. 

            Naive calculation  meaningless* at g2 >0. 
The quasi-zero  mode integral is dominated at small-
separations where a molecular instanton is 
meaningless. BZJ: Continue to g2 <0, evaluate there, 
and continue back to g2 >0: two fold-ambiguous!

[II]✓=0± = Re [II] + i Im [II]✓=0±

*: Retrospectively, it better be so, because we are on a Stokes line.

Textbook picture

More realistic picture

[IĪ]

[II]

rI ⌧ r[II] ⇠ `qzm ⌧ dI ⌧ d[II],
# # # #
L ⌧ L log

⇣
1
g2

⌘
⌧ LeS0 ⌧ Le2S0 .



resurgence: fluctuations about the instanton/anti-instanton saddle are determined by those 
about the vacuum saddle. (This is actually implicit in Delabaere, Dillinger, Pham (DDP) 
formula, but seeing pure numbers coming out of calculation has positive impact on 
physicists. )

Borel-Ecalle summability



ImB0,✓=0± + Im [II]✓=0± = 0 , up to O(e�4SI )

Remarkable fact:  Leading ambiguities cancel. 

Non-Borel summable. But a generalized notion of summability exits. 
First step of Borel-Ecalle summability. 

Data from P.T. Data from N.P. sector

Borel-Ecalle summability

Two different discontinuities in two different sectors conspire a meaningful and 
continuous result across arg(g)=0. Stokes phenomenon. 



Why is this happening? Stokes phenomena
Supernumerary rainbows. Oscillations close to the main bow, fainter and not equally well-
structured as the main bow.  Quite rare! Understanding requires interference, a wave 
phenomenon, impossible to explain in corpusclar theory (of the time).

For each color, the intensity profile across the rainbow is an Airy function square

Michael Berry, Stokes and the rainbow, 
http://www.newton.ac.uk/webseminars/stokes/berry/

Beautiful colloquium.
Some of my reasoning in the upcoming 
few pages follows Berry. 

 “On the intensity of light in the neighborhood of a caustic”
Airy’s original title

http://www.newton.ac.uk/webseminars/stokes/berry/
http://www.newton.ac.uk/webseminars/stokes/berry/
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Stokes was trying to understand Airy’s integral. He found the correct 
result, but he was puzzled about one aspect of it over ten years!  
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Bright side Dark side

Two rays, sum of two exponentials One evanescent wave, one exponential.
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Airy’s computation: 
only two oscillations, 
by working with a 
Taylor series of ~20 
terms. 

He wanted to explain experimental observations
on the interference side.  
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dt e
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⌘



Stokes’ puzzle  
He was very pleased with his result, but also deeply puzzled by one aspect of it which 
we can summarize as 1 ≠ 2. 

How a continuous function can be represented by two exponentials on one side and by 
just one on the other?  Continuation of exp(-2/3x3/2) decay to -x   becomes exp(2/3 i x3/2), 
how did the second exponential emerged? 

Stokes’ realization: The expressions he wrote are the first  terms of  a 
divergent series! 
Let us re-express his work from modern perspective. 
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Stokes phenomenon:

θ=0, one-saddle, 
dark-side of the caustic 

θ <2𝛑/3, still one-saddle, but 
contour approaches red saddle  

θ = 2𝛑/3, two-saddles, 
one-dominant, one-recessive

2𝛑/3< θ <𝛑, two-saddles, 
one-dominant, one-recessive

θ =𝛑, two-saddles, 
equal contributions,
bright-side of the caustic, oscillatory

Start here End up there
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Stokes phenomenon:
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Left/right Borel sum = Integration over Lefschetz thimble! 
Borel ambiguity=Ambiguity in the choice of the cycle 
on a Stokes line



Compactify R ! S1
�
in order to study Z(�) = Tr [e��H ].

The interaction between two events is modified in a fairly obvious way into:

S(⌧) = ±A

g

⇣
e�⌧ + e�(��⌧)

⌘

Critical points at infinity,  Lefschetz thimbles and bions

Critical point is at ⌧ =
�
2 and moves to 1 as � ! 1. In Coleman [Aspects of

Symmetry, the uses of instantons (1977)], it was suggested that the true critical

point of action is to be found at infinity (Page 275). However, unlike the many

advises of the wiseman, this one is not taken by heart by physics community.

arXiv:1802.04202]  
Tying up instantons with anti-instantons 
N. Nekrasov

[arXiv:1803.11533]   
Critical Points at Infinity, Non-Gaussian Saddles, and Bions 
A. Behtash, G. V. Dunne, T. Schaefer, T. Sulejmanpasic, M. Unsal

In 2014, after my paper with Dorigoni and Cherman, Witten asked me if the
bion configurations were ”critical points at infinity” and as such, generalization
of Pham’s (another wiseman) finite dimensional examples.

http://arxiv.org/abs/1802.04202
spires-search://a%20nekrasov,%20nikita
http://arxiv.org/abs/1802.04202
spires-search://a%20nekrasov,%20nikita
http://arxiv.org/abs/1803.11533
spires-search://a%20behtash,%20alireza
spires-search://a%20dunne,%20gerald%20v.
spires-search://a%20schaefer,%20thomas
spires-search://a%20sulejmanpasic,%20tin
spires-search://a%20unsal,%20mithat
http://arxiv.org/abs/1803.11533
spires-search://a%20behtash,%20alireza
spires-search://a%20dunne,%20gerald%20v.
spires-search://a%20schaefer,%20thomas
spires-search://a%20sulejmanpasic,%20tin
spires-search://a%20unsal,%20mithat


L⇣ =
1

2g

⇣
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 SUSY, QES and in between 
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Instanton interactions in the presence of fermions or quantum tilting



[II] = I+(⇣, g)⇥ [I]2

=
⇣ g

A

⌘⇣
�(⇣)⇥ SI

2⇡

h
cdetMI
detM0

i�1
e�2SI

=
1

2⇡

⇣ g

32

⌘⇣�1
�(⇣)e�2SI .

lim
�!1

e�
2A
g (e��/2)e�⇣�/2 = 0 .

I+(⇣, g) ⌘
Z

�✓=0±
QZM

d⌧ e�
A
g (e

�⌧+e�(��⌧))e�⇣⌧

Critical points at infinity

I�(⇣, g) ⌘
Z

�✓=0±
QZM

d⌧ e
A
g (e

�⌧+e�(��⌧))e�⇣⌧

lim
�!1

e
2A
g (e��/2)e�⇣�/2 = 0

[IĪ]± = I�(⇣, g)⇥ [I]2

= e±i⇡⇣
⇣ g

A

⌘⇣
�(⇣)⇥ SI

2⇡

h
cdetMI
detM0

i�1
e�2SI

=
1

2⇡

⇣ g

32

⌘⇣�1
�(⇣)e�2SIe±i⇡⇣ .

log[A/g]

[II] thimble

[II] thimble



Critical point at infinity and bions

log[A/g]

[II] thimble

Unlike Gaussian critical point, the critical point at infinity itself does not contribute.  
However, it’s thimble gives major contribution. 

The dominant contribution on the thimble comes  from configurations (bions) which are
exact solutions to quantum modified  holomorphic equations of motions.   The equations are 
for a holomorphic classical mechanical systems, and holomorphic version of Newton’s 
equations.   These are called real and complex bions.
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SUSY case: If complex saddle is not included, real saddle gives negative ground state energy! 
In violation of Susy algebra. (a would-be genuine disaster)!



Wrapping up with QFT:
Sigma model and Yang-Mills 



Can the mechanism in QM  work in QFT? 
QCD on R4  or CP(N-1) on R2? 

‘t Hooft(77)                             :No, on R4,      Argyres, MÜ: Yes, on R3 x S1,
F. David(84), Beneke(93)  : No,   on  R2.   Dunne, MÜ: Yes, on R1 x S1  

Why doesn’t it work, say for CP(N-1) on R2? 

         contribution, calculated in some way, gives an ±i exp[-2SI].
Lipatov(77): Borel-transform BP(t) has singularities at tn= 2n g2 SI.

BUT, BP(t) has other (more important) 
singularities closer  to the origin of the 
Borel-plane.  (not due to factorial growth of
number of diagrams.)

‘t Hooft called these IR-renormalon 
singularities with the hope that they would be 
associated with a saddle point like instantons. 
No such configuration is known! 

A real problem in QFT, means pert. 
theory, as is, ill-defined. How to cure 
starting from micro-dynamics? (n=1,2,...)

t

nπ

CP(N−1) on R x S

   

IR renormalons:
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t CP(N−1) on R

nπ

UV
renormalons:

/βnπ 

UV

0
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/βnπ

11
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/Ν

(n=2,3,...)

singularities:  t =
Instanton−−anti−instanton   

 8π , 16 π , ...

singularities:  t =
Instanton−−anti−instanton   

 8π , 16 π , ...

t = 8

t = 8

0t = −8 

t = −8

Neutral bions:

[IĪ]



Standard view emanating from late 70s:  

Marino (2012):  “ In realistic QFTs, perturbation theory is so wild that it is not 
feasible to pursue the program, but in some special QFTs namely, those without 
renormalons, like Chern{Simons (CS) theory in 3d or N = 4 Yang-Mills theory 
there are some partial results.” 

“The ideas of resurgence, which have been very powerful in
the context of ODEs and Quantum Mechanics, have scarcely been used in QFT 
(see however [11] for recent work in this direction).”

’t Hooft(77):
Can we make sense out of QCD?

Parisi(78): 



New Question: What happens if we can make the most interesting 
QFTs semi-classically calculable? Yang-Mills, CP(N-1), Supersymmetric 
Yang-Mills,…..

Is this even possible???? 

In 2007, many people thought that this was very obviously impossible in 
non-supersymmetric QFTs in thermodynamics limit. 

But in 2007, this perspective started to change. (I was able to convince some 
brilliant people like Shifman,  Yaffe, Poppitz, Argyres, Dunne, Aharony, …. but  
larger community responded to this idea by ignoring it at first. More precisely, 
both QCD as well as SUSY QCD communities exhibited Meissner effect, and for 
orthogonal reasons. 

Semi-classical calculability



high� T low � T

We want continuity

Rd�1 ⇥ S1�Rd�1 Rd

Rd�1 ⇥ S1L

Thermal: Rapid crossover or  phase transition 

New idea from physics: Prevent phase transition by using circle compactification or  
judicious matter choice or (twisted/non-thermal) boundary conditions. 

Supersymmetric theories: Continuity and analyticity (Witten,80). 

Non-supersymmetric theories, including QCD-like theories: 
The possibility of  is realized in 2007 (M.Ü., w/ Yaffe, Shifman 07, 08)
Semi-classical version of the beautiful large-N reduction idea (Eguchi, Kawai 82)! 

Z(�) = tre��H

Z(L) = tr[e�LH(�1)F ]

Adiabatic continuity idea



Sigma connection holonomy  

(a) (b) (c)

Define: sigma-connection holonomy  ⇔  Wilson line Polyakov loop (gauge th.) 
=Twisted boundary conditions for dynamical fields

Thermal:
Eigenvalue attraction

Spatial:
Eigenvalue repulsion

Strong coupling
Randomization

(a) means a different “phase”(regime), not good for our purpose, good for thermal physics.
(b) means semi-classical calculability!  
(c) means incalculable with known methods: Volume independence/large-N reduction 
demands (c)!

Difference of (a) and (b):  van Baal, Kraan, Lee, Yi (97/98) in gauge th. on R3 x S1  

Dunne,MÜ, 2012 (not the U(1) holonomy, it is size-N matrix. Counterpart of  Wilson line!
n(x1, x2 + L) = ⌦Fn(x1, x2)

⌦F = Diag(1,!, . . . ,!N�1)



The dependence of perturbative spectrum to the  flavor 
holonomy background

Same as gauge theory on R3 x S1: Spectrum become dense in the L=fixed, and N-large  
⟹ Imprint of the large-N volume independence (large-N reduction).

Here, we will study non-pert. effects in the long-distance effective theory within 
Born-Oppenheimer approx. in case (b) for finite-N. 

/(     )
/(     )

π L2  /
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π L2  /π

π π π

0 00

L2  /

L4  / L
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L4  / 4  /
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(c) Center−symmetric     (a) Center−broken 
N

(b) Center−symmetric     
→ ∞

⌦F = Diag(1,!, . . . ,!N�1)⌦F = 1N



Mixed anomalies e.g. (PSU(N) vs. Charge-conjugation)

The true symmetry of the CP(N-1) model is not quite SU(N), but rather PSU(N), 
because  Z(N)  abelian  discrete symmetry  is common with U(1) gauge redundancy, 
hence  not a global symmetry.  

On infinite volume, there exists a mixed ’t Hooft anomaly between PSU(N) and C. 
Gauging  PSU(N) , C is lost. (Komargodski et.al.) 

To see this,  just consider the topological term.  
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The mixed anomaly can be preserved upon compactification if and only if one uses a 
unique flavor twisted boundary condition.  In this sense, the compactified theory 
keeps the anomaly structure of the decompactification  limit intact. 
(Tanizaki, Misumi, Sakai 2017, Cherman, MU (unpublished,2017))

In supersymmetric N=(2,2) CP(N-1) model, there is a mixed anomaly between PSU(N) 
and Z(2N) discrete chiral symmetry.   A way to preserve the mixed anomaly is again to use 
the same twisted boundary condition that Gerald and I used in sigma models. 

The story is quite general. If there is a mixed anomaly, the twisted boundary condition we used
guarantees persistence of anomaly. 

However, twisted boundary condition can  preserve adiabatic continuity  even in the absence  
of  mixed anomalies.     (e.g. Principle chiral model, CP(N-1) at theta=0) enforced  by the 
dynamics of the theory. 

Mixed anomalies and adiabatic continuity 
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Mixed anomalies and adiabatic continuity 

Quantum distillation in Hilbert space. What does twisting achieve in the Hilbert space?
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At large-N, only ground state contribute to the graded state sum of bosonic theory, morally 
similar to  supersymmetric index in susy theories. 



In thermal box, and high T, associated with trivial holonomy, the fractionalization does 
not occur (Affleck, 80s). Plot is for CP(2)

In spatial box, and small-L, associated with non-trivial holonomy, the fractionalization 
does occur. Large-2d BPST instanton in CP(2) fractionates into 3-types of kink-instantons.

Topological configurations: With or without you (twist)



Topological configurations, 1-defects, formally 
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Kink-instantons: (1d-instanton and twisted instantons)  Associated with the N-
nodes of the affine Dynkin diagram of SU(N) algebra.  The twisted-instanton is 
present only because the theory is  locally 2d! Also derived in Bruckmann et.al.(07, o9)
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Gauge theory counter-part on  R3 x S1 :   
Monopole-instantons or 3d-instanton and twisted instanton.  
(caloron constituents) : van Baal, Kraan, (97/98), Lee-Yi (97)
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k_i , r = rank[su(N)]

k_i Dual Kac labels, all 1 for su(N) algebra, multiplicity of kink-instanton

Sum of Dual Kac labels= Dual Coxeter number= Beta function 
Fractionalization formula of  the instanton, or non-instanton saddle! (universal)

Nitta, Misumi, Sakai:2014 
Nitta 2014 



Neutral bion and non-perturbative ambiguity 
in semi-classical expansion 
Naive calculation of neutral bion amplitude, as you may guess following QM example, 
meaningless at g2 >0. The quasi-zero mode integral is dominated at small-separations 
where a molecular event is meaningless. Apply BZJ.  Result is two fold-ambiguous! 
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As it stands, this looks terrible.   Is semi-classical expansion at second order void of 
meaning? This is a general statement valid for many QFTs admitting semi-classical 
approximation, including the Polyakov model (77)! And it has not been addressed in 
literature until recently.

In QFT literature, people rarely discussed second or higher order effects in semi-classics, 
most likely, they thought no new phenomena would occur, and they would only calculate 
exponentially small subleading effects. The truth is far more subtler! 



Disaster or blessing in disguise?
Go back to pert. theory, for the compactified center-symmetric CP(N-1) theory. We 
reduce the long-distance effective theory to simple QM with periodic potentials.  
Thankfully, the large-order behavior of pert. theory in such QM problems is studied 
by Stone, Reeve (78), Sulejmanpasic, MU. by using Bender-Wu analysis (69-73). 
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Divergent non-alternating series, non-Borel summable, but right and left Borel 
resummable, with a result:
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Remarkably,

At this stage, in fact a magic happens:
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Neutral bions:

Semi-classical renormalons as  neutral bions

Claim: Neutral bions and  neutral topological molecules are semi-classical realization of ‘t 
Hooft’s elusive renormalons, and it is possible to make sense out of combined perturbative 
semi-classical expansion.  

More than four decades ago, ‘t Hooft gave a famous set of (brilliant) Erice lectures(77): Can 
we make sense out of QCD (QFT)?  He was thinking a non-perturbative continuum formulation. 
It seem plausible to me that, we have a chance, at least, in the semi-classical regime of QFT.

This description was the missing link between ‘t Hooft renormalons (late 70s) and van Baal’s 
fractional-instantons/caloron constituents (late 90s). 

The ambiguities which cancel are at  exp[-2SI/N] order. 
Exactly in the IR-renormalon territory  [’t Hooft(77), David(81)].



David Gross, 2012, at the end of  my KITP talk: 

Tell me, except for ’t Hooft, who would care about what you did? 



David Gross, 2012, at the end of  my KITP talk: 

Tell me, except for ’t Hooft, who would care about what you did? 

I was actually flattered by the question. He thought ’t Hooft would care. 
And to me, ’t Hooft is one of the deepest thinker’s this field ever produced. 

I said: I care. I have three friends who care. But in principle, we 
[QFT community]  should all care.  



David Gross,  2014: 

"One way that has not been used for constructing the theory
(Yang-Mills) ---which might in the end turn out to be proof of both
the existence and its properties----is to make mathematical sense out
of these divergent expansions.

Much like you can make mathematical sense out of other asymptotic
series and mathematical objects, if you can control various
singularities you get when you construct Borel transform.

There is in fact revived interest in making physical sense out of such
expansions. That might be actually  a way of -- a different way then
people typically used---to define the theory and prove its existence.

Millennium Prize Problem: Yang-Mills Theory
http://online.kitp.ucsb.edu/online/colloq/gross1/ 

http://online.kitp.ucsb.edu/online/colloq/gross1/
http://online.kitp.ucsb.edu/online/colloq/gross1/


 Condensates vs. neutral bions
The precise matching of the neutral bion with the IR renormalon is a numerical accident 
(due to matching of leading beta function coefficient with 1/N).   

The best we are entitled to expect from adiabatic continuity is a pole around 1/N of the two-
instanton action.  

In Yang-Mills on R4, leading  IR-renormalon pole, associated with gluon condensate is located at:

While on small R3 x S1  in deformed YM theory continuously connected to pure YM on R4, the 
leading semi-classical configuration leads to an ambiguity that is associated with a pole at:

This is not an inconsistency.  There is a pure number difference between the two location.   There 
are  good reasons to believe that both are true, and there must exist a flow between the two as a 
function of radius. (Borel flow?)

In fact, the ambiguity in the gluon condensate and neutral bions are not distinct  effects. In semi-
classical domain, the latter sources the former, and condensates are L dependent. 
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tR
3⇥S1

bion =
1

N
2SI =

1

N
t[IĪ]



Conclusions and prospects
It seems plausible that resurgence, Lefschetz thimble decomposition  can 
be used in combination to provide a definition of path integral, and 
perhaps,  non-perturbative continuum definition of asymptotically free 
theories, and more general QFTs.

The construction may have practical utility and region of overlap with 
lattice field theory. One can check predictions of the formalism numerically.

Resurgence provides a more refined classification of non-perturbative
saddles with respect to topological classification, e.g., as in resurgence 
triangle.

Non-self-dual saddles and critical points at infinities  are meaningful and 
should carefully be incorporated. 


